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Preface

We are stunned that twenty-seven years after publishing the first edition of our text. we
find ourselves preparing this third edition. The first edition resulted from our teaching
a graduate level course in data analysis in the 1980s at the University of Colorado (Judd,
C. M., & McClelland, G. H. (1989). Data analysis: A model comparison approach.
Orlando, FL: Harcourt Brace Jovanovich). The second edition was published in 2008,
with the invaluable assistance of Carey Ryan (Judd, C. M., McClelland, G. H., & Ryan,
C. S. (2008). Data analysis: A model comparison approach. New York, NY: Routledge).
Now we once again find ourselves happy to see the continuing interest in our approach
and our book, as revealed by the continuing course adoptions and the enthusiasm of our
publisher.

There is much that is new and different in this third edition. At a later point in this
Preface, we make clear the significant changes that we have undertaken. At the same
time, our basic model comparison approach and our way of thinking about data have
not changed at all and remain the core of the book. Accordingly, we reproduce below
parts of the Preface of the second edition, making clear our assumptions and our approach
from the very beginning.

GOALS AND ASSUMPTIONS

Statistics courses, textbooks, and software are usually organized in the same way that a
cookbook is organized. Typically, various recipes are given in different chapters for
different kinds of research designs or data structures. In fact, numerous statistics books
include a chart at the beginning, pointing the reader to various chapters and ostensibly
different statistical procedures, depending on what their data look like and the kinds
of questions that they wish to answer. As a result, social and behavioral scientists, as
consumers of statistics, typically organize their statistical knowledge in much the same
way: “With this sort of data, I know to do this test. With that sort of data, I know to do
that test.”

This book has been written under the assumption that this sort of organization for
statistical knowledge has distinct costs. To extend the cookbook analogy, cooks who
rely on cookbooks do not know how to proceed when they wish to prepare a dish for
which no recipe has been included. When students are confronted with data that do not
fit nicely into one of the categories for which they have learned a statistical procedure,
frustration and error frequently occur. The student may proceed to use the wrong test,
making inappropriate assumptions about the structure of the data in order to use a well-
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learned statistical procedure. We have encountered students who have bludgeoned their
data to fit an orthogonal analysis of variance with equal sample sizes because it is the
only test they know. We have also heard some of our colleagues moan that a given data
analysis problem would be simple if only they had a particular specialized computer
program that was available at their previous university.

A totally different sort of organization forms the basis of this book. Our focus is on
how statistical procedures can be seen as tools for building and testing models of data.
A consistent framework is used throughout the book to develop a few powerful techniques
for model building and statistical inference. This framework subsumes all of the different
statistical recipes that are normally found in the cookbooks, but it does so in a totally
integrated manner. As we build and test models, we develop a consistent vocabulary to
refer to our models and inference procedures. At each step, however, we clearly show
the reader how our vocabulary and models can be translated back into the recipes of the
old cookbooks.

We are convinced that this integrated framework represents a better way to learn
and think about data analysis. Students who understand data analysis through our
framework will be able to ask the questions of their data that they want to ask instead
of the questions that the designer of some textbook or of some computer statistical
package assumed they would want to ask. In the end, students will use theory and their
own intelligence to guide their data analysis instead of turning over the analysis to a
cookbook set of procedures or to a computer program. Intelligent data analysis is our
goal. Rather than applying recipes that have been learned by rote, we wish to enable
students to write their own recipes as they do data analysis.

A few words are in order concerning our assumptions about the reader and the
structure of the book. We assume that the reader is a student or professional researcher
in the behavioral or social sciences, business, education, or a related field who wants to
analyze data to answer significant theoretical or practical questions in a substantive
discipline. We assume that the reader does not want to become a statistician but is more
interested in the substantive discipline, with data analysis being a tool rather than an
end in itself.

We assume that the reader is reasonably facile with basic algebraic manipulations
because almost all of our models for data are expressed algebraically. But we do not
assume any other mathematical training such as calculus or matrix algebra. A very
important assumption is that the reader has access to a good multiple regression program
in a statistical software package. But, importantly, we do not care which one.

The book is appropriate for semester or year-long statistics and data analysis courses
emphasizing multiple regression and/or analysis-of-variance and taught at the upper
undergraduate or graduate levels. Previous editions have been successfully used with
students from psychology, sociology, anthropology, political science, linguistics,
cognitive science, neuroscience, biology, geology, geography, museum sciences, applied
mathematics, marketing, management science, and organizational behavior.

Our assumptions about the reader and our goal of training data analysts instead of
statisticians have prompted several decisions about the structure of the book:

1. We present only enough mathematical derivations to provide conceptual clarity. We
will generally assume that the mathematical statisticians have done their job correctly,
and so we will use many of their results without proving them ourselves. At the



Preface

iX

same time, however, we cannot abandon all mathematical details because it is
extremely important that the data analyst be able to recognize when the data analysis
and particularly the model of the data are inappropriate or in need of modification.
The choice of which derivations to include is therefore guided by the goal of training
educated data analysts and not mathematical statisticians.

We let the computer do the computational work. Most statistics cookbooks present
many different formulas for each statistic. The different formulas facilitate hand
calculation for different organizations of the raw data. We assume that the reader
is interested in the science and not the calculations and will use the most efficient
means to do the calculations—the computer. Ironically, the old hand-calculation
formulas can be disastrous when implemented in computer programs because of
problems of rounding errors and other computer idiosyncrasies. Neither the
computational formulas that are best for computers nor the hand-calculation formulas
are very conceptual. Hence, we avoid both computer- and hand-oriented formulas.
We present instead formulas that emphasize the concepts but may not be useful for
direct computations either by hand or by computer.

We try as much as possible to work from the general to the specific so that an
integrated framework emerges. Many statistics books begin with details and simple
statistics and then slowly build up to more general models, changing concepts and
notation frequently along the way. Although we begin with simple models of data
and work up, we do so within the context of a consistent overall framework, and
we present the simple models using the same concepts and notation that we use
with the more complex models presented later. Most importantly, we use the same
inferential statistics throughout.

We do not try to cover all of statistics. There are many statistical procedures that
we have left out either because they are infrequently used or because the same thing
can be accomplished with a more general model that we do cover. We provide the
data analyst with a limited stock of models and statistical procedures, but the models
we do provide are quite general and powerful. The goal is to learn a few powerful
techniques very thoroughly.

Our framework for data analysis is consistent with what has been termed the
regression approach or the general linear model. Historically, the regression approach
has often been contrasted, erroneously, with an analysis-of-variance approach. And,
in this tradition, regression has been more often associated with surveys, quasi-
experiments, and nonexperimental data, while analysis of variance has more
frequently been used for randomized, laboratory experiments. These historical
associations caused many people to have a false belief that there is a fundamental
difference between the two approaches. We adopt the more general regression
approach and show how all of analysis of variance can be accomplished within this
framework. This has the important advantage of reducing the number of specialized
statistical techniques that must be learned for particular data analysis problems. More
importantly, we show how the regression approach provides more control in the
analysis of experimental data so that we can ask specific, theoretically motivated
questions of our data—questions that often differ from the standard questions that
the procedures of a traditional analysis of variance presume we want to ask.

We had a difficult decision to make about the vocabulary to be used in this book.
On the one hand, we are convinced that the traditional names for the various
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statistical tests perpetuate false distinctions. For that reason, we would have preferred
to abandon them in favor of a shorter list of names from our integrated framework.
However, to do so would have been irresponsible because many readers of this book
will have had an introductory course using the traditional names, will have to talk
to colleagues who have not read this book, and will have to read journal reports of
data analysis that perpetuate the traditional names. We therefore do both: Consistent
terminology and notation are used throughout the book to provide an integrated
framework, but we also provide translations, usually at the beginning and end of
each chapter, between our terms and their traditional counterparts.

HOW THE BOOK IS ORGANIZED AND WHAT IS NEW
THIS TIME AROUND

The preface or introduction in most statistics textbooks describes alternative orders in
which the chapters may be studied, which is precisely what we think is wrong with most
statistics textbooks. When each chapter or section is self-contained, students are often
befuddled by the abrupt change of topics across chapter boundaries. To avoid these abrupt
changes, we have organized the chapters in a specific sequence and used a unifying
framework for data analysis throughout. Each chapter generally focuses on a single
concept, but the understanding of that concept will depend on the concepts developed
in the previous chapters. Thus, we do not think the chapters should be read in any order
other than the one in which we present them. This means, of course, that our book cannot
be used as a cookbook. But then, we have made clear that we think the cookbook
organization of statistical knowledge is misguided.

While the reader who uses our book to look up a specific test may be frustrated by
the sequential organization of our book, we are convinced that this organization represents
a better way to learn statistics. It substantially reduces the number of separate concepts
that must be mastered and allows progressive accumulation of integrated knowledge
about data analysis rather than disconnected amassing of discrete recipes.

Chapter 1 presents an overview of data analysis through the concepts of data, model,
and error and integrates them in the equation:

DATA = MODEL + ERROR

The concept of proportional reduction in error (PRE) is introduced as a tool for sorting
our way through alternative models for a given set of data. Chapter 2 considers alternative
definitions of error and shows the implications for the model for each of the alterna-
tive definitions. In the course of examining the alternative definitions of error, we develop
the usual descriptive statistics for location and spread. However, we prefer to view these
descriptive statistics in terms of models of data. Chapter 3 introduces a small set of
reasonable assumptions about error and uses those assumptions, in conjunction with the
concept of sampling distributions of statistics, to choose from among the alternative
definitions of error offered in Chapter 2. The sum of squared errors (SSE) is chosen to
be our standard definition of error. This chapter also introduces the concept of sampling
distributions of statistics. New to this edition, this chapter also contains an intui-
tive explanation of maximum likelihood estimation. Chapter 4 uses the material of
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Chapter 3 to make inferences about models and their parameters. The inferential test
developed in this chapter is equivalent to a test usually identified as the one-sample #-
test , but we present it in a more general form that we are able to use in all later chapters.
All the necessary concepts for statistical inference used throughout the book are contained
in Chapters 2, 3, and 4, although the models that are explored in these chapters are
very simple.

The remainder of the book is mostly about building models that vary in their
complexity and appropriateness for different kinds of data. Chapter 5 is about models
that make conditional predictions of data based on a single continuous variable. Such
models are usually referred to as simple regression. This chapter uses the inferential
techniques developed in Chapter 4 to ask questions about the simple regression models
and their parameters. Chapter 6 extends the concepts of Chapter 5 to models making
conditional predictions of data based upon multiple continuous variables. Elsewhere,
the material in this chapter is often referred to as multiple regression. An important
concept in this chapter is redundancy among predictors. Chapter 7 introduces the
important technique of including multiplicative products of continuous predictor variables
in models. We then use that technique to develop curvilinear models and to consider
the interaction between two or more predictor variables. Chapters 5—7 contain all the
essential information for what is generally known as regression analysis.

Chapters 8—11 consider models that use categorical variables to make conditional
predictions of data. Such models are often known as the analysis of variance. The key
link between this material and the previous chapters is provided by Chapter 8, which
introduces contrast codes. The use of contrast codes allows all the model-building and
testing techniques of regression analysis (Chapters 5—7) to be applied without modifi-
cation to models with categorical predictor variables. Chapter 8 develops these important
contrast codes for the case of single categorical predictor variables, often known as one-
way analysis of variance. Chapter 9 shows how models using products, developed in
Chapter 7, can be applied to the contrast codes of Chapter 8 to produce models of
increasing complexity when there are multiple categorical predictor variables. These
models are often referred to as analysis of variance for factorial designs. Chapter 10
makes the easy generalization to models that include both continuous and categorical
predictor variables; these models are sometimes known as analysis of covariance and,
more recently, mediational analyses. Also included here are models that include pro-
ducts of continuous and categorical variables, models known elsewhere as moderated
regression models.

An important assumption underlying statistical inference with all the models is that
each data observation is independent from all other observations. This assumption is
unlikely to be true when more than one observation comes from each unit of analysis
(e.g., when each person or group provides more than one data observation). Chapters
11 and 12 present an approach for building models in such situations that is entirely
consistent with the material in previous chapters. This problem is known in psychology
as within-subject or repeated measures analysis of variance, in contrast to the models
in Chapters 8—10 that apply to between-subject analysis of variance. More generally,
this problem is referred to as nonindependent or correlated errors. Chapter 11 presents
the basics of our approach for analyzing data with correlated errors. This approach
consists of developing a separate set of contrast codes for the multiple observations from
each unit of analysis, using those codes to construct new data variables, and then using
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the machinery of previous chapters to model those new data variables. Chapter 12 extends
that approach to what might be called within-subject regression by including continuous
predictor variables that can vary either between or within the nonindependent observations
in a dataset. Included here is an introduction to what are called linear mixed models,
that allow random error variance to accrue from multiple sources rather than a single
one. By extension we provide an introduction to what are called multilevel or hierarchical
models as well as models for data with crossed random factors. This material is new to
this edition.

Chapter 13 considers the problems of outliers and other violations of the assumptions
about error made in Chapter 3. We use the concepts developed in previous chapters to
develop an outlier model that provides a principled method for detecting outliers and
mitigating their effects on the model for the remainder of the data. This chapter also
considers techniques for the detection and treatment of violations of assumptions
underlying the procedures for model building and statistical inference presented in the
previous chapters. The effect of all the remediation techniques presented is to transform
data or otherwise restructure the problem so that all the machinery previously developed
may be appropriately applied.

New to this edition is Chapter 14 which deals with logistic regression, permitting
the analysis of dichotomous rather than continuous outcome or dependent variables.
Although the inferential machinery for these models is rather different, the basic model
comparison approach that we have developed has a nice parallel in logistic models.

Also new to this edition are exercises that supplement each chapter. These exercises
and their answers can be found at our supplementary website, www.dataanalysis
book.comy/.

Our enhanced website, www.dataanalysisbook.com/ also contains additional
materials for instructors and students including PowerPoint presentations and other tools
that demonstrate the concepts in the book, datasets, R code and SAS output for all
analyses, additional examples and problem sets, and test questions.

In preparing this revision we realize the huge debt that we owe all of our students
over the years. We thank them for the many ways in which they have made us think
harder and deeper as teachers and data analysts.


http://www.dataanalysisbook.com/
http://www.dataanalysisbook.com/
http://www.dataanalysisbook.com/

Introduction to Data
Analysis

This book is about data analysis. In the social and behavioral sciences we often collect
batches of data that we hope will answer questions, test hypotheses, or disprove theories.
To do so we must analyze our data. In this chapter, we present an overview of what
data analysis means. This overview is intentionally abstract with few details so that the
“big picture” will emerge. Data analysis is remarkably simple when viewed from this
perspective, and understanding the big picture will make it much easier to comprehend
the details that come later.

OVERVIEW OF DATA ANALYSIS

The process of data analysis is represented by the following simple equation:
DATA = MODEL + ERROR

DATA represents the basic scores or observations, usually but not always numerical,
that we want to analyze. MODEL is a more compact description or representation of
the data. Our data are usually bulky and of a form that is hard to communicate to others.
The compact description provided by the model is much easier to communicate, say, in
a journal article, and is much easier to think about when trying to understand phenomena,
to build theories, and to make predictions. To be a representation of the data, all the
models we consider will make a specific prediction for each observation or element in
DATA. Models range from the simple (making the same prediction for every observation
in DATA) to the complex (making differential predictions conditional on other known
attributes of each observation). To be less abstract, let us consider an example. Suppose
our data were, for each state in the United States, the percentage of households that had
internet access in the year 2013; these data are listed in Figure 1.1. A simple model
would predict the same percentage for each state. A more complex model might adjust
the prediction for each state according to the age, educational level, and income of the
state’s population, as well as whether the population is primarily urban or rural. The
amount by which we adjust the prediction for a particular attribute (e.g., educational
level) is an unknown parameter that must be estimated from the data.

The last part of our basic equation is ERROR, which is simply the amount by which
the model fails to represent the data accurately. It is an index of the degree to which the
model mispredicts the data observations. We often refer to error as the residual—the part
that is left over after we have used the model to predict or describe the data. In other words:

ERROR = DATA — MODEL
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FIGURE 1.1 Percentage of households that had internet access in the year 2013 by US state

i US State Percentage i US State Percentage
1 AK 79.0 26 MT 721
2 AL 63.5 27 NC 70.8
3 AR 60.9 28 ND 72.5
4 AZ 73.9 29 NE 72.9
5 CA 77.9 30 NH 80.9
6 Cco 79.4 31 NJ 79.1
7 cT 77.5 32 NM 64.4
8 DE 74.5 33 NV 75.6
9 FL 743 34 NY 753

10 GA 72.2 35 OH 71.2

11 HI 78.6 36 oK 66.7

12 1A 72.2 37 OR 77.5

13 ID 73.2 38 PA 72.4

14 IL 74.0 39 RI 76.5

15 IN 69.7 40 SC 66.6

16 KS 73.0 41 SD 711

17 KY 68.5 42 TN 67.0

18 LA 64.8 43 TX 71.8

19 MA 79.6 44 uT 79.6

20 MD 78.9 45 VA 75.8

21 ME 72.9 46 VT 753

22 Ml 70.7 47 WA 78.9

23 MN 76.5 48 WiI 73.0

24 MO 69.8 49 WV 64.9

25 MS 57.4 50 WYy 75.5

The goal of data analysis is then clear: We want to build the model to be a good repre-
sentation of the data by making the error as small as possible. In the unlikely extreme
case when ERROR = 0, DATA would be perfectly represented by MODEL.

How do we reduce the error and improve our models? One way is to improve the
quality of the data so that the original observations contain less error. This involves better
research designs, better data collection procedures, more reliable instruments, etc. We
do not say much about such issues in this book, but instead leave those problems to
texts and courses in experimental design and research methods. Those problems tend to
be much more discipline specific than the general problems of data analysis and so are
best left to the separate disciplines. Excellent sources that cover such issues are Campbell
and Stanley (1963), Cook and Campbell (1979), Judd and Kenny (1981a), Maruyama
and Ryan (2014), Reis and Judd (2014), Rosenthal and Rosnow (2008), and Shadish,
Cook, and Campbell (2002). Although we often note some implications of data analysis
procedures for the wise design of research, we in general assume that the data analyst
is confronted with the problem of building the best model for data that have already
been collected.

The method available to the data analyst for reducing error and improving models
is straightforward and, in the abstract, the same across disciplines. Error can almost always
be reduced (never increased) by making the model’s predictions conditional on additional
information about each observation. This is equivalent to adding parameters to the model
and using data to build the best estimates of those parameters. The meaning of “best
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estimate” is clear: we want to set the parameters of the model to whatever values will
make the error the smallest. The estimation of parameters is sometimes referred to as
“fitting” the model to the data. Our ideal data analyst has a limited variety of basic models.
It is unlikely that any of these models will provide a good fit “off the rack™; instead, the
basic model will need to be fitted or tailored to the particular size and bulges of a given
data customer. In this chapter, we are purposely vague about how the error is actually
measured and about how parameters are actually estimated to make the error as small
as possible because that would get us into details to which we devote whole chapters
later. But for now the process in the abstract ought to be clear: add parameters to the
model and estimate those parameters so that the model will provide a good fit to the
data by making the error as small as possible.

To be a bit less abstract, let us again consider the example of internet access by
state. An extremely simple model would be to predict a priori (that is, without first
examining the data) that in each state the percentage of households that has internet
access is 75. This qualifies as a model according to our definition, because it makes a
prediction for each of the 50 states. But in this model there are no parameters to be
estimated from the data to provide a good fit by making the error as small as possible.
No matter what the data, our model predicts 75. We will introduce some notation so
that we have a standard way of talking about the particulars of DATA, MODEL, and
ERROR. Let ¥, represent the ith observation in the data; in this example Y, is simply
the percentage of households that have internet access for the ith state. Then our basic
equation:

DATA = MODEL + ERROR
for this extremely simple model becomes:
Y, =75+ ERROR

We can undoubtedly improve our model and reduce the error by using a model that
is still simple but has one parameter: predict that the percentage is the same in all states,
but leave the predicted value as an unspecified parameter to be estimated from the data.
For example, the average of all 50 percentages might provide a suitable estimate. We
will let B, represent the unknown value that is to be estimated so that our slightly more
complex, but still simple, model becomes:

Y,= B, + ERROR

It is important to realize that we can never know S, for certain; we can only estimate it.

We can make our model yet more complex and reduce the error further by adding
more parameters to make conditional predictions. For example, innovations reputedly
are adopted on the east and west coasts before the middle of the country. We could
implement that in a model that starts with a basic percentage of internet use (3,) for all
states, which is adjusted upward by a certain amount (3,) if the state is in the Eastern
or Pacific time zones and reduced by that same amount if the state is in the Central or
Mountain time zones. More formally, our basic equation now has a more complex
representation, namely:

Y,= B, + B, + ERROR if the state is in the Eastern or Pacific time zones

Y, = B, — B; T ERROR if the state is in the Central or Mountain time zones



4 Data Analysis: A Model Comparison Approach

In other words, our model and its prediction would be conditional on the time zone in
which the state is located.

Another slightly more complex model would make predictions conditional on a
continuous, rather than a categorical, predictor. For example, we might make predictions
conditional on the proportion of college graduates in a state, presuming that college
graduates are more likely to be internet users. We again start with a basic percentage of
internet users (3,) for all states, which is adjusted upward by a certain amount (3,) for
each percentage point a state’s proportion of college graduates is above the national
average and reduced by the same amount for each percentage point a state’s proportion
of college graduates is below the national average. More formally, letting X, represent
the amount a state’s proportion of college graduates is above or below the national
average:

Y. =B, + B,X;+ ERROR

In words, the percentage of college graduates is the condition in this model on which
we base our differential or conditional prediction of a state’s internet use.

We can continue making our model yet more complex by adding parameters to make
similar adjustments for income, urban versus rural population, etc. By so doing we will
be adding still more implicit hypotheses to the model.

It might appear that the best strategy for the data analyst would be to add as many
parameters as possible, but this is not the case. The number of observations in DATA
imposes an inherent limit on the number of parameters that may be added to MODEL.
At the extreme, we could have separate parameters in our model for each observation
and then estimate the value of each such parameter to be identical to the value of its
corresponding DATA observation. For example, our prediction might contain statements
such as, if the state is Kentucky, then estimate its parameter to be 68.5, which is the
percentage of households in Kentucky that have internet access. That procedure would
clearly reduce the error to zero and provide a perfect fit. But such a model would be
uninteresting because it would simply be a duplicate of data and would provide no new
insights, no bases for testing our theories, and no ability to make predictions in slightly
different circumstances. A paramount goal of science is to provide simple, parsimonious
explanations for phenomena. A model with a separate parameter for each observation
is certainly not parsimonious. Our ideal model, then, is a compact description of the
data and has many fewer parameters than the number of observations in data.

We now have an obvious conflict. The goal of reducing the error and providing the
best description of DATA leads us to add parameters to the model. On the other hand,
the goal of parsimony and the desire for a compact, simple model lead us to remove
parameters from the model. The job of the data analyst is to find the proper balance
between these two conflicting objectives. Thus, the ultimate goal is to find the smallest,
simplest model that provides an adequate description of the data so that the error is not
too large (“too large” will be defined later). In still other words, the data analyst must
answer the question of whether it is worthwhile to add yet more parameters to a model.

Returning to the example of internet access, we will want to ask whether the extra
complexity of making predictions conditional on time zone, educational level, income,
urban versus rural population, etc. is worth the trouble. By so doing, we will simul-
taneously be asking whether the hypotheses implicit in the more complex models are
true. For example, if we decide that conditioning our prediction of internet access on
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the percentage of college graduates is not worthwhile, then we will have effectively
rejected the hypothesis that college education is related to higher internet access. This
is the essence of testing hypotheses.

Although we are still being vague about how to measure the error, we can be more
precise about what we mean by: “Are more parameters worthwhile?” We will call the
model without the additional parameters the compact model and will refer to it as Model
C. The alternative, augmented model, Model A, includes all the parameters, if any, of
Model C plus some additional parameters. The additional parameters of Model A may
reduce the error or leave it unchanged; there is no way the additional parameters can
increase the error. So it must be that:

ERROR(A) = ERROR(C)

where ERROR(A) and ERROR(C) are the amounts of error when using Models A and
C, respectively. The question of whether it is worthwhile to add the extra complexity
of Model A now reduces to the question of whether the difference between ERROR(C)
and ERROR(A) is big enough to worry about. It is difficult to decide based on the absolute
magnitude of the errors. We will therefore usually make relative comparisons. One way
to do that is to calculate the proportional reduction in error (PRE), which represents
the proportion of Model C’s error that is reduced or eliminated when we replace it with
the more complex Model A. Formally:

ERROR(C) - ERROR(A)
ERROR(C)

PRE =

The numerator is simply the difference between the two errors (the amount of error
reduced) and the denominator is the amount of error for the compact model with which
we started. An equivalent expression is:

ERROR(A)
ERROR(C)

PRE=1-

If the additional parameters do no good, then ERROR(A) will equal ERROR(C), so PRE
= 0. If Model A provides a perfect fit, then ERROR(A) = 0 and (assuming Model C
does not also provide a perfect fit) PRE = 1. Clearly, values of PRE will be between 0
and 1. The larger the value of PRE, the more it will be worth the cost of increased
complexity to add the extra parameters to the model. The smaller the value of PRE, the
more we will want to stick with the simpler, more parsimonious compact model.

For example, ignoring for the moment how we calculate the error, assume that total
ERROR = 50 for the simple model that says that internet access is the same in all states
and that ERROR = 30 for the model with the additional parameter for the percentage
of college graduates. Then, ERROR(C) = 50, ERROR(A) = 30, and:

30
PRE=1-—=.40
50

That is, increasing the complexity of the model by considering educational level would
reduce the error by 40%.

Let us review where we are. We have transformed the original problem of the
conflicting goals for the model (parsimony and accurate representation of data) into a
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consideration of the size of PRE for comparing Model C and Model A. Unfortunately,
we have still not solved the problem of the conflicting goals for the model, because
now we must decide whether a given PRE (e.g., the 40% reduction in the previous
example) is big enough to warrant the additional parameter(s). The transformation of
the original problem has moved us closer to a solution, however, for now we have a
PRE index that will be used no matter how we finally decide to measure the error. More
importantly, PRE has a simple, intuitive meaning that provides a useful description of
the amount of improvement provided by Model A over Model C.

Deciding whether a PRE of, say, 40% is really worthwhile involves inferential
statistics. An understanding of inferential statistics must await the details of measuring
the error, sampling distributions, and other topics that are developed in Chapters 2, 3,
and 4. We can, however, now specify two considerations that will be important in
inferential statistics. First, we would be much more impressed with a PRE of, say,
40% if it were obtained with the addition of only one parameter instead of with four or
five parameters. Hence, our inferential statistics will need to consider the number of
extra parameters added to Model C to create Model A. PRE per parameter added will
be a useful index. Second, we noted that », the number of observations in DATA, serves
as an upper limit to the number of parameters that could be added to the model. We will
be more impressed with a given PRE as the difference between the number of parameters
that were added and the number of parameters that could have been added becomes
greater. Hence, our inferential statistics will consider how many parameters could have
been added to Model C to create Model A but were not. In other words, we will be more
impressed with a PRE of 40% if the number of observations greatly exceeds the number
of parameters used in Model A than if the number of observations is only slightly larger
than the number of parameters.

The use of PRE to compare compact and augmented models is the key to asking
questions of our data. For each question we want to ask of DATA, we will find
appropriate Models C and A and compare them by using PRE. For example, if we want
to know whether educational level is useful for predicting the percentage of households
that have internet access, we would compare a Model C that does not include a parameter
for educational level to a Model A that includes all the parameters of Model C plus an
additional parameter for educational level. If Model C is a simple model (i.e., a single-
parameter model that makes a constant prediction for all observations), then we are asking
whether educational level by itself is a useful predictor of internet access. If there are
other parameters in Model C, then we are asking whether educational level is a useful
predictor of internet access over and above the other parameters. (We discuss this at
length in Chapter 6.) As another example, if we want to ask whether several factors,
such as time zone, educational level, urban versus rural population, and income, are
simultaneously useful in predicting internet access, we would use PRE to compare a
Model C that did not have parameters for any of those factors to a Model A that did
have those parameters in addition to those in Model C.

In the usual language for statistical inference, Model C corresponds to the null
hypothesis and Model A corresponds to the alternative hypothesis. More precisely, the
null hypothesis is that all the parameters included in Model A but not in Model C are
zero (hence, the name “null”) or equivalently that there is no difference in error between
Models A and C. If we reject Model C in favor of Model A, then we reject the null
hypothesis in favor of the alternative hypothesis that is implied by the difference between
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Models C and A. That is, we conclude that it is unreasonable to presume that all the
extra parameter values in Model A are zero. We discuss this fully in Chapter 4.

NOTATION

To facilitate seeing interrelationships between procedures, we use consistent notation
throughout. Y, represents the ith observation from DATA. The first observation is
numbered 1 and the last is #, for a total of 7 observations in DATA. Y, represents the
Model’s prediction of the ith observation. Y will always represent the variable that we
are trying to predict with our model. Other variables giving information about each
observation on which we might base conditional predictions will be represented by X.
In other words, X will always be used to represent the predictor(s) of Y. So, X;; represents
the value of the jth predictor variable for the ith observation. For example, in the internet
access example the 50 percentages would be represented as, Y|, Y,, . . . ¥, with n = 50.
X, could be 1 if the state is in the Eastern or Pacific time zones, and —1 if the state is
in the Central or Mountain time zones. In this example, we could use X,, to represent
the proportion of college graduates, in which case the value of X;, would be the proportion
of college graduates for the ith state.

For model parameters we will use B, B, . . ., B, - - ., B, ;, for a total of p parameters.
Even if we were to know the values of these parameters exactly, we would not expect
the model to predict the data exactly. Instead, we expect that some random error will
cause the model to predict less than perfectly. We let ¢ represent the unknown amount
by which we expect the model to mispredict Y,. Thus, for the simple model, the basic
equation:

DATA = MODEL + ERROR
can be expressed in terms of the true parameter 3, and the error &, as:
Yi=Bte

We can never know the true B8 parameters (or &) exactly. Instead, we will have
estimates of B that we will calculate from the data. These estimates will be labeled, b,,

by, ..., b, ..., b, respectively. We use Y, to represent the prediction for the ith

observation based on the calculated b values. We then let e, represent the amount by
which the predicted value or Y, mispredicts Y;; that is:

Q:Z_ﬁ

The Greek letters 8 and & represent the true but unknowable parameters and the Roman
letters b and e represent estimates of those parameters calculated from DATA. For the
simple model, the model part of the basic data analysis equation is:

MODEL: Y, = b,

and we can express that basic equation in terms of our parameter estimates as either:
K:ﬁ+ﬁ

or

Yi=byte
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Either of the two previous equations are estimates for the basic equation expressed in
terms of the unknown parameters as:

Y,=B,te¢

The quantity B8.X); tells us how much we should adjust the basic prediction for the
ith observation based on the jth predictor variable. For example, if X equals the
proportion of college graduates in a state, then §; specifies how much to adjust, upward
or downward, depending on the sign of B, the internet access prediction for particular
states. A more complicated model involving more parameters can be expressed as:

=Bt BXytBXpt. . . +BX;+...+B, X, &

);,., the MODEL portion of the data analysis equation, is then represented in terms of the
parameter estimates as:

MODEL: ¥, = by + b,X, + b,X, + ...+ b X;+...+b

-1

X,

ip-1
The equation:
DATA = MODEL + ERROR
can again be expressed in two ways:
Z:ﬁ+q
or

Yi=by+b Xy +bXy+ ... +bX;+...+b, X, te

1

Note that when B values are used on the right side of the equation the appropriate symbol
for the error is always ¢; and when b values (i.e., estimates of 3s) are used on the right
side of the equation the appropriate symbol for the error is always e,. The reason is that
in the first instance the error ¢; is unknown, while in the second instance an estimated
value e; can actually be calculated once };l is calculated.

We will have to develop a few special symbols here and there, but in general the
above notation is all that is required for all the models we consider in this book.

SUMMARY

The basic equation for data analysis is:
DATA = MODEL + ERROR

The data analyst using this equation must resolve two conflicting goals: (a) to add
parameters to MODEL so that it is an increasingly better representation of DATA with
correspondingly smaller ERROR, and (b) to remove parameters from MODEL so that
it will be a simple, parsimonious representation of DATA. Resolving this conflict is
equivalent to asking whether the additional parameters are worth it. We use PRE, the
index of the proportional reduction in error, to answer this question by comparing
appropriately chosen Models C and A. In the traditional language of statistical inference,
this is equivalent to comparing a null hypothesis and an alternative hypothesis. The next
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several chapters provide the information necessary to judge when PRE is large enough
to warrant rejecting Model C in favor of Model A.

We use consistent notation throughout the book to specify our statistical models. Y
represents the variable that we are trying to predict (“y-hat,” that is, Y, represents a
predicted value of Y) and X represents a predictor variable. Lower-case Greek letters
represent true, but unknown, characteristics of the population and Roman letters represent
the estimates of those characteristics. Thus, B represents a true, but unknown, population
parameter and b represents an estimate of that parameter, which is calculated from DATA.
Similarly, &; represents the true, but unknown, error of prediction and e, represents an
estimate of that error, which is calculated from DATA. The same statistical model might
therefore be expressed using unknown population parameters, for example, ¥, = 8, +
B.X;, * &, or using symbols that represent estimates that are calculated from DATA, for
example, ¥, = b, + b X, + e, Finally, we may also express the model in terms of predicted
values, for example, );l =by,+ b.X,,.



Simple Models

Definitions of Error and
Parameter Estimates

In this chapter we consider the very simplest models—models with one or even no
parameters. These simple models make the same prediction for all data observations;
there are no differential predictions conditioned on whatever else we might know about
each observation. Such a simple model may not seem very realistic or useful. However,
this simple model provides a useful baseline against which we can compare more
complicated models, and it will turn out to be more useful than it might appear at first.
For many of the questions we will want to ask about our data, the appropriate Model C
will be the simple model with no parameter or one parameter; this will be compared to
the more complex Model A. Also, the simple model provides a useful first-cut description
of data.

OVERVIEW OF THE SIMPLE MODEL

Formally, the simplest model is:
Yi=B,+¢

where B, is some specified value not based on this particular batch of data (i.e., it is a
specific a priori numeric value), and ¢, is the true error or the amount by which Y, differs
from B,,. This simple model in which no parameters are estimated from the data is not
frequently used in the social sciences because we seldom have theories sufficiently
powerful to make an explicit prediction for a parameter. Such models are much more
common in fields such as biology. For example, a medical study measuring human body
temperature might reasonably consider the model: except for error, all temperatures are
37°C. In this case, B, = 37 so the formal model would be:

Y,=37+e¢

Although we will sometimes want to consider a specified or hypothesized value of
B, in order to ask an explicit question about data, it is much more common to consider
the equation:

V=B t¢

where 3, is a true parameter that is estimated from the data. Continuing with the medical
example, suppose that the body temperatures were all from people who had taken a certain
drug. We might suspect that, except for error, they all have the same body temperature,
but it is not the usual body temperature of 37°C. We use S, to represent whatever the
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body temperature might be for those who have taken the drug. It is important to realize
that B, is unknowable; we can only estimate it from the data. In terms of these true
values, ¢, is the amount by which Y, differs from S, if we were ever to know B, exactly.
We use b, to indicate the estimate of 3, that we derive from the data. Then the predicted
value for the ith observation is:

Y, = b,

1

and

DATA=MODEL + ERROR
becomes

Yi=b,*e

where ¢, is the amount by which our prediction misses the actual observation. Thus, e;
is the estimate of &, The goal of tailoring the model to provide the best fit to the data
is equivalent to making the errors:

e,=Y,—b,

as small as possible. We have only one parameter, so this means that we want to find
the estimate b, for that one parameter 3, that will minimize the errors. However, we are
really interested not in each e, but in some aggregation of all the individual e, values.
There are many different ways to perform this aggregation. In this chapter, we consider
some of the different ways of aggregating the separate e, into a summary measure of
the error. Then we show how each choice of a summary measure of the error leads to
a different method of calculating b, to estimate 8, so as to provide the best fit of the
data to the model. Finally, we consider expressions that describe the “typical” error.

Measures of location or measures of central tendency are the traditional names for
the parameter estimates of B, developed from the different definitions of error. These
names are appropriate because the parameter estimate in the simple model tells us about
the location of a typical observation or about the center of a batch of data. Specific
instances include the mode, median, and mean. Measures of variability or measures
of spread are the traditional names for the expressions for typical errors. These names
are appropriate because expressions for typical errors tell us how variable the observa-
tions are in a batch of data or, equivalently, how far the data spread out from the
center. Specific instances include the median absolute deviation and standard deviation.
Together, measures of central tendency and spread are known as descriptive statistics.
However, this suggests a false distinction between these statistics and those to come
later. We want to emphasize that the parameter estimates for B, in the simple model
are no more nor less descriptive than the parameter estimates we will develop for
more complicated models. Models and their parameter estimates always provide
descriptions of data. Hence, we will generally avoid the phrase “descriptive statistics”
and just refer to parameter estimates. The reader should be aware, however, that when
other textbooks refer to descriptive statistics they are generally referring to the material
in this chapter.
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CONCEPTUAL EXAMPLE

Before considering simple models and measures of error more formally, we consider
some conceptual examples that will help to build useful intuitions so that the subsequent
mathematical formulas will be less abstract. Suppose that the data consisted of the five
observations 1, 3, 5, 9, 14, representing the number of books read over the summer by
each of five elementary school students. These observations are plotted in Figure 2.1.

The simple model makes the same prediction for all five observations. The horizontal
line represents the value of that constant prediction. The vertical lines drawn from each
observation to the prediction line represent the amount by which the prediction misses
the actual data value. In other words, the length of the line is e;. One way to find the
best value for ¥ and, equivalently, the best estimate b, for B, is to adjust the Y line up
or down so that the length of the lines is a minimum. (Note that we have dropped the
subscript i from fl because all the predictions are the same for the simple model.) In
other words, we can use trial and error to find the best estimate. For example, we might
want to try 7 as our estimate. The data, the prediction line for Y= b, =17, and the errors
are graphed in Figure 2.2. Note that the five line lengths are now 6, 4, 2, 2, 7, with a
sum of 21.

For an estimate of 5, the line lengths were 4, 2, 0, 4, 9, with a sum of 19. The
estimate b, = 5 thus produces less total error than b, = 7, so we can eliminate 7, in favor
of 5, as an estimate if our goal is to minimize the total error. We can continue to try
other estimates until we find the best one. Figure 2.3 shows the sum of the line lengths
for different choices of b, between 0 and 10. The sum of the line lengths reaches a
minimum of 19 when b, = 5, so that is our best estimate of 8;,. We would get more total
error, a larger sum of line lengths, if we used a value of b, that was either lower or
higher than 5. Hence, b, = 5 is the optimum estimate. Note that 5 is the middle of our
five observations; the middle observation in a batch of data that have been sorted from
smallest to largest is often called the median.

It is interesting to ask how we would have to adjust the estimate b, if one of the
observations were dramatically changed. For example, what if the 14 were replaced by
140 so that the five observations were 1, 3, 5, 9, and 140? Before reading on, test your
intuitions by guessing what the new value for b, will be. Figure 2.4 shows the sum of
the line lengths for different possible values of b,. Although all of the sums are much
larger than before, the minimum of 145 still occurs when b, = 5! The middle or median

FIGURE 2.1 Error as the sum of line lengths FIGURE 2.2 Error as the sum of line lengths
(estimate is Y= b, =5) (estimate is Y= b, =7)
15 — 15—
10 10
E T E T ¥= by=7
5 l l = Y=b,=5 51 l l
e =4 =2 =0 ¢g-= e5=9 e =6 =4 =2 ¢=2 e=7
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FIGURE 2.3 §um of absolute error (SAE) as a
function of Y;

FIGURE 2.4 §um of absolute error (SAE) as a
function of Y; with extreme observation (140)
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observation is still the best estimate even though one of the observations has been
increased by a factor of 10.

Above we used the sum of the error line lengths as an aggregate summary index of
error. This simple sum may not always be reasonable. For example, the simple sum
implies that several small errors (e.g., four errors of length 1) are equivalent to one large
error (e.g., one error of length 4). Instead, we may want to charge a higher penalty in
the error index for big errors so that an error of 4 counts more than four errors of 1. One
way to accomplish this is to square the line lengths before summing them. For example,
42 = 16 adds a lot more to the error sum than 12 + 12 + 12 + 12 + 4. Figure 2.5 depicts
the original set of five observations with this new definition of error; each e, is now
represented by a square, the length of whose side is determined by the distance between
the observation and the horizontal line representing the constant prediction fl of the simple
model. The aggregate error is simply the sum of those squares.

Again, we can use brute force to find a value of I;l and b, that will make that sum
of squares as small as possible. Let us consider the possible estimates of 5 and 7, which
we evaluated when we were using the sum of the line lengths as the error measure. For
b, =5, the five areas of the squares are:

£=16, 22=4, 02=0, 4=16, 9*=38l

FIGURE 2.5 Error as the sum of squares (estimate is Y, =b,=5)
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and the sum of those squares is 117. For b, = 7, the five areas are 36, 16, 4, 4, 49, and
the sum of squares is 109. So b, =5, which was the best estimate when using line lengths,
is no longer the best estimate when we use squares, because b, = 7 produces a smaller
sum of squares or smaller error. Figure 2.6 shows the sum of squares for different possible
values of b, between 0 and 10. The best value for b, is about 6.4 with a minimum sum
of squares of about 107. The estimates of 5 and 7 are not bad—sums of squares of 117
and 109, respectively—but clearly inferior to the optimum estimate of 6.4. Although
not obvious, we will prove later that the best estimate when using squared errors is simply
the arithmetic average or mean of the observations. For the five observations:

1+3+5+9+14 2
5 5

6.4

which produces b, the best estimate of B,

It is interesting to ask again what would happen to the estimate b, if one of the
observations were dramatically changed: say, the 14 were replaced by 140. Before reading
on, again check your intuition by guessing the new estimate b,. Figure 2.7 shows the
sum of squares for the revised set of observations. The minimum sum of squares no
longer occurs when b, = 6.4; instead, the minimum now occurs when b, is a whopping
31.6, which is again the average of the five observations. But note that although that
estimate is the best, it is not very good, with a total sum of squares of about 14,723.

Before formalizing these examples in equations, it is useful to summarize the
concepts introduced. First, the best estimate b, for a simple, one-parameter model is the
constant prediction Y, which minimizes the sum of the errors. Although we will generally
have better ways to estimate the parameter than brute force, it is important to realize
that the best estimate could be found by trial and error until we could no longer make
the error any smaller. In fact, computer programs sometimes use precisely this strategy.
Second, the choice of a method for summarizing or expressing the error—the lengths
of the error lines or their squares in the above examples—affects the best estimate b,
We will soon see that there are many other plausible choices for error terms. Third, if
total error is the sum of the line lengths, then the median of the observations provides
the best estimate b, where the median is simply the middle observation. Fourth, if total
error is the sum of the squared line lengths, then the best estimate b, is the arithmetic

100

15,000

FIGURE 2.6 Sum of squared errors (SSE) as a FIGURE 2.7 Sum of squared errors (SSE) as a

function of Y; function of Y; with extreme observation (140)
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average or mean of the observations. Fifth, the median does not change when an extreme
observation is made more extreme, but the mean can change dramatically. Sixth, many
times in this book we will encounter the phrase “sum of squares”; it is useful to realize
that it can indeed be represented geometrically as a literal summation of squares.

FORMALITIES FOR SIMPLE MODELS

As always, we begin with the basic equation for data analysis:
DATA = MODEL + ERROR

For simple models, MODEL states that all observations in DATA are essentially the
same, SO:

Y,=Byt+ g

where S, represents the true, but unknown, parameter and &; represents the individual
error disturbances around the unknown parameter. Then b, is the estimate of that
parameter based on the data at hand. So the actual model used for predicting each Y,
becomes:

MODEL: Y, = b,
The basic data analysis equation can then be written as:
Y, = Yi-‘rei or Y;=by+e

The error or residual associated with each observation is then simply the difference
between the data and the model prediction, or:

Q:Z*ﬁ

Our problem is how to select a single value for b to represent all of the data. Clearly,
we want b, to be in the “center” of the data so that it will be more or less close to all
of the observations. Hence, estimates of b, are often called measures of central tendency.
But we need to be much more precise about defining the center and what we mean by
“close.” As always, the key is to make e; as small as possible. Instead of looking at each
individual e, we need to consider ways of aggregating the separate e, values into a
summary measure of the total error. Once we have done that, it should be a simple
procedure to choose a b, that will make the summary measure of error as small as possible.
We now turn to a consideration of possible summary measures.

Count of errors (CE)

One possibility is simply to count the number of times Y, does not equal Yl This ignores
the size of the individual errors and only counts whether an error occurred. Formally:

ERROR = > I(e) = > I(Y,= ¥)= > (¥, by)
i=1 i=1 i=1

where I(e;) = 1 if ¢, = 0 and I(e;) = 0 if e; = 0. Functions such as / () are often called

indicator functions and are simply a fancy way of representing whether or not something

is to be included in an equation.
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Sum of errors (SE)

In order not to lose information about the size of the e, we might add all the e; values
so that:

ERROR = > ¢,= > (¥,- ¥) = > (¥, by)
i-1 i=1 i=1

But this is clearly unsatisfactory because it allows positive and negative errors to cancel
one another. For example, suppose that b, underestimated one observation by 1000 and
overestimated another observation by the same amount so that e, = 1000 and e, =—-1000.
Adding those two errors would produce zero, incorrectly implying that there was no
error. We have no reason to be more interested in overestimates than underestimates,
so one solution is to ignore the positive and negative signs of the e,.

Sum of absolute errors (SAE)

One way to remove the signs is to sum the absolute values of the errors:

ERROR = ) le| = > |Y;~ V|= > |~ b
i=1 i=1 i=1

The sum of absolute errors is the formal equivalent of summing the line lengths in
Figure 2.1. As noted in the conceptual example above, it may not always be desirable
to count one big error (e.g., an error of 4) as being the same as the equivalent amount
of small errors (e.g., four errors of 1). The conceptual example therefore suggests the
next measure of error.

Sum of squared errors (SSE)

Another way to remove the signs from the e, is to square each one before summing
them:

ERROR = D ¢ = > (Y,= V)= > (Y,= by}
i=1 i=1 i=1

The sum of squared errors is the formal equivalent of adding up the error squares in

Figure 2.5. Besides removing the signs, the squaring has the additional effect of making

large errors more important.

Weighted sum of squared errors (WSSE)

So far, all of the suggested error measures have given equal weight to each observation.
For a variety of reasons we may want to give more weight to some observations and
less weight to others when calculating the aggregate error. For example, we may have
reason to believe that certain observations are questionable or suspect because they were
collected with less precision or less reliability than the other observations. Or we may
not want to count an error of 10 as being the same when );l = 1000 as when );l = 5.
In the former instance, the error of 10 amounts to only a 1% error, while in the latter



2 - Simple Models: Definitions of Error and Parameter Estimates

17

instance it is an error of 200%. Or, finally, we might be suspicious of a couple of extreme
observations just because they are “outliers” with respect to other observations. Whatever
our reasons, it is easy to incorporate a weight w, for each observation into the formal
definition:

n

ERROR = > w,éi = > w,(Y,= V) = > w(Y, - by)?
i=1 i=1 i=1
The weights w; might be assigned a priori based on judgments of data quality or some
formal index of each observation’s reliability. One possibility is to weight all observations
equally, in which case w; = 1 for all i. This weighted sum of squared errors becomes
simply the sum of squared errors above.

Statisticians have created some very clever ways of defining weights to solve a variety
of complicated problems. We will encounter examples of those weights later in the
context of specific problems. For now, just be aware that the use of weights gives us a
great deal of flexibility in defining the aggregate measure of error.

ESTIMATORS OF g,

As demonstrated by the conceptual examples presented earlier in this chapter, the choice
of a method for aggregating the e, influences the estimate b,. It should not be surprising,
therefore, that for each definition of aggregate error presented above there is a different
way of calculating b, from the data. We could use the brute-force method for each
definition of error by trying different values of b, until we found the one that gave the
minimum value for error. However, it turns out that for each of the above definitions of
error we can define a way of calculating b, from the data so that b, is guaranteed to
produce the minimum possible value for error. While we will almost always use the
calculation method, it is important to remember that the definition of the best estimate
of B, is the value of b, that produces the least error. We list in Figure 2.8 the definition
of b, for each definition of error considered so far.

Proof that the Mean Minimizes SSE

In this section, we present a formal proof that the mean Y does indeed produce the
smallest possible value of SSE. Although we generally avoid proofs, we think it is
important to understand that the choice of the mean as an estimator is not arbitrary;
instead, the choice of SSE as an aggregate measure of ERROR also dictates the choice
of the mean as the best estimator. Similar proofs can be given to show that the indicated
estimator minimizes the corresponding definition of error in the list in Figure 2.8.

FIGURE 2.8 Estimators for each definition of error

Error definition b, estimator of B,

Count of errors Mode = most frequent value of Y;

Sum of absolute errors Median = middle observation of all the Y;
Sum of squared errors Mean = average of all the Y;

Weighted sum of squared errors Weighted mean = weighted average of all the Y;
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Let us begin by assuming that Y, the best estimator for reducing the sum of squared
errors, is something other than

n

D,

i=1

Y=
n
(Note that here Y does not have an i subscript because we make the same prediction for
all observations in the simple model.) Our strategy is to proceed with that assumption
until we reach a point where we can see that it is a bad assumption. At that point we
will know that the only reasonable assumption is Y=7.
The sum of squared errors is:

(Y, - vy

1

SSE =

n

1

Obviously, ¥ — Y = 0; we can add zero within the parentheses without changing the
sum of squared errors. That is:

SSE =) (¥, - ¥y
i=1

Rearranging the terms slightly, we get:

SSE= D [(Y,- T+ (V- D

Squaring gives:

SSE= D [(¥,= 7+ 2(¥,= D= D+ (7= D)}

Breaking the sums apart yields:

n n

SSE= D (¥,- 1+ D [2(Y,= 1) (T= D]+ > (V- I

i=1 i=1

The last term contains no subscripts so the summation is equivalent to adding up the
same quantity z times; hence, the summation sign can be replaced by multiplication by
n. Similarly, the quantities without subscripts in the middle term can be taken outside
the summation sign to give:

SSE= (Y, PP+ 2(F= 1) > (Y= D+ (V- 12
i=1 i=1
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Now let us concentrate on the middle term. Note that:
D (Yi=D=D Y-n¥
i=1 i=1

” DR
=;Yi—n _—

i=1 i=1

-0

S

Hence, the middle term of SSE includes a multiplication by zero, which eliminates that
term. We are left with:

SSE = > (Y,- 1)+ n(¥ - ¥)

i=1

and Y are whatever they happen to be. We do, however, have freedom to choose Y, in

the second term to make SSE as small as possible. Clearly, n(Y — )})2 is positive, so it
is making SSE larger. But if we let ¥ = ¥ , then n(Y — Y)? = 0 and we are no longer
adding anything extra to SSE. For any estimate of Y other than ¥, we will be making
SSE larger. Hence, SSE is as small as possible when Y = ¥, and the minimum is:

We want SSE to be as small as possible. We have no freedom in the first term: Y,

SSE= ) (¥,- I’
i=1

Any other choice for ¥ would produce a larger SSE; thus, the mean is the best estimator
for reducing SSE in the simple model.

Describing Error

If the goal is simply to describe a batch of data, then we can apply the simple model
and use one or all of the measures of central tendency—mode, median, and mean—as
descriptive statistics. When doing so, it is also useful to present a description of the
typical error. Reporting the total error (e.g., SAE or SSE) is not desirable because the
total depends so heavily on the number of observations. For example, aggregate error
based on 50 observations is likely to be larger than aggregate error based on 15
observations, even if the typical errors in the former case are smaller. For each measure
of central tendency there is a corresponding customary index of the typical error. We
consider each below.
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Modal error

When we use the count of the errors (CE) as the aggregate index of error, there can only
be two values for e;: either ¢, = 0 when Y, = Y or e;=1 when Y, = Y. The typical error
is simply the more frequent or modal error. Modal error is seldom used, but we have
presented it for completeness.

Median absolute deviation

When we use the sum of absolute errors (SAE) as the aggregate index of error, it is
customary to use the median absolute error or deviation from the prediction to represent
the typical error. To find the median absolute deviation, simply sort the |e;| into ascending
order and find the middle one.

Standard deviation

When we use the sum of squared errors (SSE) as the aggregate index of error, the index
is somewhat more complex. We will be making extensive use of SSE throughout this
book. To avoid having to introduce more general formulas later, we present the more
general formula now and then show how it applies in the case of simple models. In
a general model with p parameters, those p parameters have been used to reduce the
error. In principle, the maximum number of parameters we could have is n—one
parameter for each observation—in which case the error would equal zero. Thus, there
are n — p potential parameters remaining that could be used to reduce the remaining
error. A useful index of error is then the remaining error per remaining potential
parameter. This index has the name mean squared error (MSE) and is given by:

SSE D (Y- Y
n-p  n-p

MSE =

For the simple model considered in this chapter there is only the one parameter B, to
be estimated, so p = 1 and the estimate of Y, is b, = Y , the mean value. For the simple
model, MSE has the special name variance and is commonly represented by s2, that is:

SSE _ D (Y- Ty

n-1 n-1

Variance = s> = MSE =

MSE represents the typical squared error; to express the typical error in the units in
which the original data were recorded, it is useful to take the square root of MSE, which
is often referred to, especially on computer printouts, as ROOT MSE. For the simple
model, the square root of the variance or the MSE has the special name standard
deviation and is given by:

Standard deviation = s = {MSE =
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Another index sometimes used when SSE is used as the aggregate index of error is
the coefficient of variation. It is common for the size of the standard deviation to be
proportional to the size of the mean. For example, if Y = 10,000, we would expect the
typical error or standard deviation to be much larger than when Y = 10. Although this
need not be the case, it usually is true. To remove the effect of the overall magnitude
of the data from the description of the error, the coefficient of variation expresses the
size of the standard deviation as a proportion of the mean, that is:

N

Coeflicient of variation = CV = ?

An example

We will use the percentage of households that had internet access in the year 2013 by
US state, which are listed in Figure 1.1, as an example to illustrate the simple model
and the descriptors of central tendency and error. To facilitate finding the mode and the
median, we have rearranged the data of Figure 1.1 in Figure 2.9 in order of increasing
percentages. Our goal is to fit to these data the simple model that has just one parameter.
Thus, the basic data analysis equation is:

Yi=Byt¢g

and we want to fit the model to the data by finding the estimate b, for 8, that minimizes
error—the e, in the equation:

Y;=byte¢

How we find the estimate b, depends on which definition of aggregate error we adopt.

If CE is adopted as the criterion, then the best estimate for 3, is the mode. To find
the mode, we simply observe which percentage is the most frequent. For these data,
there are eight values that occur twice (i.e., 72.2, 72.9, 73.0, 75.3, 76.5, 77.5, 78.9, and
79.6) and none that occurs more than twice. Thus, there are really eight modes. It is
frequently the case with continuous variables that there is no mode, or at least not a
single mode, so the mode is usually not as useful as either the median or the mean for
such data. If we were to round the data to the nearest whole number, there would be
only two modes of 73 and 79. Using a mode of 73 (or 79) to predict the rounded data,
the prediction would be accurate 6 times and incorrect 44 times.

If SAE is adopted as the criterion, then the best estimate for 3, is the median. There
are 50 observations, so there are two middle values—the 25th and 26th. (If there is an
odd number of observations then there will be only one middle observation.) The 25th
and 26th values are both 73.0; so, in this case, the best estimate is 73.0. (If the two
middle observations were different, they could be averaged to produce the single estimate
of the median.) The middle columns of Figure 2.10 present the prediction fi, the error
e=Y — fi, and the absolute error based on the median as the estimate b,. In this case,
total error = 200.3. Any other estimate for 8, would produce a larger value for SAE.
Although it is not obvious from Figure 2.10, the 25th and 26th largest absolute errors
are 3.20 and 3.30, so the median absolute deviation or MAD = 3.25.

If SSE is adopted as the criterion, then the best estimate for 3, is the mean. The
average of the 50 observations gives 72.806 as the estimate b,. The last set of columns
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FIGURE 2.9 Percentage of households that had internet access in 2013 by US state (sorted by percentage)

i State Percentage Rank i State Percentage Rank
24 MS 57.4 1 49 Wi 73.0 26
4 AR 60.9 2 12 ID 73.2 27
1 AL 63.5 3 3 AZ 73.9 28
31 NM 64.4 4 13 IL 74.0 29
18 LA 64.8 5 9 FL 74.3 30
48 WV 64.9 6 8 DE 74.5 31
40 SC 66.6 7 32 NY 75.3 32
36 OK 66.7 8 45 VT 75.3 33
42 N 67.0 9 50 WY 75.5 34
17 KY 68.5 10 28 NV 75.6 35
14 IN 69.7 11 46 VA 75.8 36
25 MO 69.8 12 23 MN 76.5 37
22 Ml 70.7 13 39 RI 76.5 38
33 NC 70.8 14 7 cT 77.5 39
41 SD 71.1 15 37 OR 77.5 40
35 OH 71.2 16 5 CA 77.9 41
43 X 71.8 17 11 HI 78.6 42
26 MT 721 18 20 MD 78.9 43
10 GA 72.2 19 47 WA 78.9 44
15 1A 72.2 20 2 AK 79.0 45
38 PA 72.4 21 30 NJ 79.1 46
34 ND 72.5 22 6 co 79.4 47
19 ME 72.9 23 21 MA 79.6 48
27 NE 72.9 24 44 ut 79.6 49
16 KS 73.0 25 29 NH 80.9 50

in Figure 2.10 gives the values of Y (or b in the case of the simple model), e = Y — Y R
and ¢2. Note that the sum of the errors equals zero exactly and, necessarily, that the sum
of the data observations equals the sum of the predictions. This is characteristic of
predictions based on minimizing the SSE. The actual SSE equals 1355.028. Again, any
other estimate for 8, would produce a larger SSE. The variance or, more generally, the

MSE equals:
, SSE 1355.028
sf=——=—"T—"=27.654
n-1 49

and the standard deviation or root-mean-squared error equals:

= JMSE = /27.654 = 5.259

Finally, CV is given by:

Note that in this particular example the three estimates of B, (using the three
definitions of error) were very similar: 73 (the first mode), 73.0, and 72.806. This is
often the case for “well-behaved” data, but there is no guarantee that data will be well
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FIGURE 2.10 Predictions and errors using the median and mean to estimate b, in the simple model

Medlian Mean
i USstate  Percentage Y & lel Y, & e?
1 AK 79.0 73 6.0 6.0 72.806 6.194 38.366
2 AL 63.5 73 -9.5 9.5 72.806 -9.306 86.602
3 AR 60.9 73 -12.1 12.1 72.806 -11.906 141.753
4 AZ 73.9 73 0.9 0.9 72.806 1.094 1.197
5 CA 77.9 73 4.9 4.9 72.806 5.094 25.949
6 co 79.4 73 6.4 6.4 72.806 6.594 43.481
7 cT 77.5 73 4.5 4.5 72.806 4.694 22.034
8 DE 74.5 73 1.5 1.5 72.806 1.694 2.870
9 FL 74.3 73 1.3 1.3 72.806 1.494 2.232
10 GA 72.2 73 -0.8 0.8 72.806 -0.606 0.367
" HI 78.6 73 5.6 5.6 72.806 5.794 33.570
12 IA 72.2 73 -0.8 0.8 72.806 -0.606 0.367
13 ID 73.2 73 0.2 0.2 72.806 0.394 0.155
14 IL 74.0 73 1.0 1.0 72.806 1.194 1.426
15 IN 69.7 73 -3.3 33 72.806 -3.106 9.647
16 KS 73.0 73 0.0 0.0 72.806 0.194 0.038
17 KY 68.5 73 -4.5 4.5 72.806 -4.306 18.542
18 LA 64.8 73 -8.2 8.2 72.806 -8.006 64.096
19 MA 79.6 73 6.6 6.6 72.806 6.794 46.158
20 MD 78.9 73 5.9 5.9 72.806 6.094 37.137
21 ME 72.9 73 -0.1 0.1 72.806 0.094 0.009
22 M 70.7 73 -2.3 23 72.806 -2.106 4.435
23 MN 76.5 73 3.5 3.5 72.806 3.694 13.646
24 MO 69.8 73 -3.2 3.2 72.806 -3.006 9.036
25 MS 57.4 73 -15.6 15.6 72.806 -15.406 237.345
26 MT 721 73 -0.9 0.9 72.806 -0.706 0.498
27 NC 70.8 73 2.2 2.2 72.806 -2.006 4.024
28 ND 72.5 73 -0.5 0.5 72.806 -0.306 0.094
29 NE 72.9 73 -0.1 0.1 72.806 0.094 0.009
30 NH 80.9 73 7.9 7.9 72.806 8.094 65.513
31 NJ 79.1 73 6.1 6.1 72.806 6.294 39.614
32 NM 64.4 73 -8.6 8.6 72.806 -8.406 70.661
33 NV 75.6 73 2.6 2.6 72.806 2.794 7.806
34 NY 75.3 73 23 2.3 72.806 2.494 6.220
35 OH 71.2 73 -1.8 1.8 72.806 -1.606 2.579
36 OK 66.7 73 -6.3 6.3 72.806 -6.106 37.283
37 OR 77.5 73 4.5 4.5 72.806 4.694 22.034
38 PA 72.4 73 -0.6 0.6 72.806 -0.406 0.165
39 RI 76.5 73 3.5 3.5 72.806 3.694 13.646
40 SC 66.6 73 -6.4 6.4 72.806 -6.206 38.514
41 SD 71.1 73 -1.9 1.9 72.806 -1.706 2.910
42 N 67.0 73 -6.0 6.0 72.806 -5.806 33.710
43 > 71.8 73 -1.2 1.2 72.806 -1.006 1.012
44 uT 79.6 73 6.6 6.6 72.806 6.794 46.158
45 VA 75.8 73 2.8 2.8 72.806 2.994 8.964
46 ) 75.3 73 2.3 23 72.806 2.494 6.220
47 WA 78.9 73 5.9 5.9 72.806 6.094 37.137
48 Wi 73.0 73 0.0 0.0 72.806 0.194 0.038
49 WV 64.9 73 -8.1 8.1 72.806 -7.906 62.505
50 WY 75.5 73 2.5 2.5 72.806 2.694 7.258

Sum 3640.3 3650 -9.7 200.3 3640.3 .000 1355.03
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behaved and that the three estimates will be similar. Later we will see that a major
discrepancy between the three estimates, especially between the median and the mean,
should alert us to special problems in the analysis of such data. Note also in this example
that the median absolute deviation and the standard deviation produce different estimates
for the typical error—3.25 and 5.26, respectively. This is not surprising given the
different definitions of error used.

SUMMARY

In terms of the basic data analysis equation:
DATA = MODEL + ERROR

the simple model with one parameter is expressed as:
Yi=B,te

Fitting the model to the data consists of finding the estimator b, of B, that makes the
errors e; as small as possible in the equation:

Yi=byte

To fit the simple model to data, we must first define how the individual error terms e,
are to be aggregated into a summary index of error. Once we have chosen an aggregate
index of error, we can find, by trial and error if necessary, the best estimate b,, of 3, that
minimizes error. Important definitions of aggregate error are: (a) the count of errors, (b)
the sum of absolute errors, and (c) the sum of squared errors. For each of these definitions,
there is a different, well-defined best estimator for 3, that can be found by calculation
rather than by trial and error. These estimators are, respectively: (a) the mode—the most
frequent value of Y,, (b) the median—the middle value of all the Y,, and (c) the mean—
the arithmetic average of all the Y,. Also, for each of these three definitions of aggregate
error there is an expression for representing the “typical” value for e,. These expressions
are, respectively: (a) the modal error, (b) the median absolute deviation, and (c) the
standard deviation. Collectively, these best estimators and these expressions for the typical
error are known as descriptive statistics because they provide a first-cut description of
a batch of data. We prefer to view them simply as estimators for the simple model using
different definitions of error.

In Chapter 3, we will choose one of the three definitions of error to be our standard
definition. We will make this choice on the basis of reasoned principles. However, the
estimates and aggregate indices for the sum of squared errors are more easily obtained
from the standard computer statistical systems than are those for other definitions of
aggregate error. The reader should therefore anticipate that we will choose the sum of
squared errors to be our standard definition of aggregate error.



Simple Models

Models of Error and Sampling
Distributions

In Chapter 2 we considered alternative aggregate summary measures for error and saw
how different choices of an aggregate error index led us to different estimates for the
single parameter of the simple model. Now we need to make a choice of which aggregate
index of error we will generally use. To do so, we must state our assumptions about the
behavior of the errors &;. We need to have a model for error. In this chapter, we consider
a reasonable model of error that is often appropriate and show how that model of error
directs us to a certain aggregate index. In later chapters, we show how to check the
appropriateness of the chosen model for error and then consider what remedies to apply
in our data analysis when the model for error is inappropriate.

In this chapter, our focus is on the error term &, which should be included in the
full statement of our models. For the simple model, the complete statement is:

MODEL: Y, = B, + &,

This model says that were it not for random perturbations represented by the &, all the
Y; would equal B, exactly. What are these random perturbations? They are anything that
causes the observed datum Y, to deviate from the true value B,. For the internet access
example, the delivery or installation of equipment may have been unusually slow in
some states; other states may have had either unusually good or unusually poor record-
keeping procedures; still others may have had unusually high or low numbers of
individuals whose work involved internet use. Any of these or countless other factors
may have caused the observed percentages of households with internet access to deviate
from the single value B, predicted by the simple model.

You might object that a factor such as internet use at work ought to be included in
the model of household internet access rather than in the error. Indeed, internet use at
work and the other factors listed above as causes of error may be important predictors
that ought to be included in the model. However, if we are using a simple model with
only one parameter, then we must include all those factors in the error because those
factors cause the observed Y; to deviate from the single value 3, predicted by the model.
Later we will consider more complex models that will allow us to move such factors
from the error to the model. To the extent that moving a factor from the error to the
model reduces the error, we will have improved our model and its predictions. How to
do that must await subsequent chapters; for now our problem is what assumptions we
can reasonably make about the nature of the error.
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SAMPLING DISTRIBUTIONS

As was shown in Chapter 2, for each aggregate index of error there is an associated
estimator of S, in the simple model. For example, for the sum of absolute errors the
median is the best estimator, and for the sum of squared errors the mean is the best
estimator. Part of our strategy for selecting an aggregate index of error will be to
examine the performance of various estimators under some reasonable assumptions about
the behavior of the errors &. Below we develop a metaphorical representation of the
simple model, which will help our intuitions about error and provide a context for
examining the relative performance of the median and the mean.

Metaphorical Representation of Error

Suppose that Nature has a bag containing a large number of tickets and on each ticket
is written a particular value for ¢, Figure 3.1 is a list of 100 values for &, that might be
on the tickets.

To determine the value for a particular observation Y,, Nature reaches into her bag
of tickets and randomly draws one ticket; she then adds the number on the ticket, the
value of the error ¢, to the true value $3,. Let us assume, for example, that 8, = 50 so
that the simple model becomes:

MODEL: ¥, =50 + &,

Suppose the following 20 values were on tickets randomly drawn from a bag containing
the tickets of Figure 3.1:
-9 28 -17 22 35
-12 23 1 10 11
6 24 -19 26 -31
—4 8 20 -14 -2
Then the first datum would equal 50 + (-9) = 41 because —9 is on the first error ticket
drawn. The second datum would equal 50 + 28 = 78 and so on. The 20 observed values
would be:
41 78 33 72 85
38 27 51 60 61
56 26 31 24 19
46 58 70 36 48
Note that for the moment we are ignoring the issue of how it is determined which numbers
are to be written on the tickets representing the errors. This is a very important issue to
which we return later. Had a different set of error tickets been drawn we would have
obtained a different set of data.
Statisticians often use the word sample to refer to a batch of data that could
have been different if, in terms of our metaphor, a different set of error tickets had been

drawn. Thus, the 20 data observations above represent a sample of the possible data
values that could have been obtained. The mean and median for this particular sample
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FIGURE 3.1 100 hypothetical values of &; in Nature’s bag of tickets

-1 6 1 7 14 0 -1 9 1 2
32 15 12 -5 4 7 -6 =22 1 -2
20 11 29 -14 -8 -13 -7 =25 -3 -4
-19 8 -4 0 -15 17 -23 -8 6 17

3 -5 -15 "1 2 -14 -20 4 31 24

2 -28 -31 12 -5 10 29 -10 19 -5
-6 5 0 -4 -5 -2 -12 13 4 -23
25 -19 -1 =22 3 4 3 28 10 -26
-9 35 7 -10 22 =17 10 5 -15 20
-5 -24 -4 -2 12 -26 10 -7 -1 -24

of 20 observations are 48 and 47, respectively. Note that neither the mean nor the median
exactly equals the actual value of B, specified in the model as 50 for this example. Had
a different sample been drawn, the mean and median would likely have been different.
For some samples the mean and median would be closer to the true value, and for others
they would be farther away. If the mean and median are to be good estimates of 5, we
would hope that on average they would be close to 8. For this example we can perform
a simulation experiment to determine likely values for the mean and median for samples
of size 20. On each simulation round we randomly select another sample of 20 error
tickets, add 50 to each one, and then calculate the mean and median of the resulting
sample. If we perform many, many simulation rounds, generating many, many different
samples and computing the mean and median in each, then we can treat each mean or
median as a datum itself. We can then construct a frequency polygon for these data.
Such frequency distributions are known as sampling distributions because they show
the distribution of a particular statistic based on many, many samples.

Properties of Estimators

Sampling distributions provide all the information necessary for us to evaluate the
relative performance of various estimators. Below we examine the performance of the
median and mean with respect to three desirable properties of an estimator: unbiased,
efficient, and consistent. Each concept is illustrated and defined in terms of Figure 3.2,

FIGURE 3.2 Sampling distributions for the mean (solid line) and median (dashed line)
forn=20
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which depicts the sampling distributions for both the mean and the median based on an
infinite number of samples of size 20 from the bag of error tickets in Figure 3.1.

Unbiasedness

Reassuringly, both distributions have peaks at 50, indicating that 50 is the most likely
value for both the mean and the median. If the peak and the average value from the
sampling distribution for an estimator or statistic equal the specified value for the
parameter (50 in this case), then the estimator is said to be unbiased.

Efficiency

For these sampling distributions, there are very few instances for which the mean or the
median is very far away from 50; the bulk of the observed values are between about
45 and 55. Note, however, that the mean appears to be a slightly better estimator than
the median because there are somewhat fewer values of the median near 50 and there
are somewhat more values of the median in the “tails” of the distribution far away from
50. For this example the mean is said to be more efficient than the median because
with the same number of observations the mean provides more precision.

Consistency

It is interesting to ask what the sampling distributions would be like if the sample sizes
were larger. For example, what if the mean and median were based on samples of size
100 instead of samples of size 20? Figure 3.3 shows the sampling distributions for the
mean and the median based on an infinite number of samples of size 100.

Compared with Figure 3.2 it is clear that the sampling distributions based on samples
of size 100 are much narrower than those based on samples of size 20. The narrowness
indicates that a greater proportion of the observed values of the mean and median were
near 50 and that even fewer observed values were far away from 50. If the sampling
distribution of an estimator or statistic becomes narrower as the sample size increases,
then it is said to be a consistent estimator. Note also that again the mean is slightly more
efficient than the median because its sampling distribution is a little narrower.

NORMAL DISTRIBUTION OF ERRORS

Unbiasedness, consistency, and efficiency are obviously desirable attributes for an
estimator of B, in the simple model. Both the mean and the median and many other
estimators are unbiased and consistent, so those properties offer no basis for choosing
an estimator and its corresponding index of aggregate error. The efficiency of estimators
does differ, and in the above example the mean was slightly more efficient than the
median. Hence, our example suggests that choosing the sum of squared errors as our
aggregate index of error and using its associated estimator (i.e., the mean) would serve
us well. But that conclusion depends on the particular distribution of error tickets in
Figure 3.1. Had there been some other distribution of error tickets in Nature’s bag,
we might have found the median to be more efficient. Thus, we must make an assumption
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FIGURE 3.3 Sampling distributions for the mean (solid line) and median (dashed line)
forn =100

or state our model about the contents of Nature’s bag of error tickets. Equivalently, we
will be stating our assumption about the distribution of the error tickets.

We will assume that the errors have a normal distribution. That is, we assume
that a frequency distribution for the error tickets would have the general shape of the
normal curve depicted in Figure 3.4. This is an idealized representation that would only
be obtained from a bag containing an infinite number of tickets. The 100 error tickets
of Figure 3.1 were, in effect, randomly selected from a bag containing an infinite number
of normally distributed errors.

There are many other possible distributions of errors that we might have assumed,
but there are good reasons for assuming the normal distribution. First, there is an
abundance of empirical data indicating that the distribution of errors is often approx-
imately normal. That is, in fact, how it acquired the name “normal” distribution. Second,
as we shall see in Chapter 13, it is often possible to transform a non-normal distribution
of errors into a nearly normal distribution. Third, and most importantly, there is a
reasonable model of the errors that causes us to expect them to be distributed normally.
We turn now to a description of that model.

Above, we mentioned a number of possible components of the errors for the internet
access data. It is unlikely that in any particular case only a single error component is
perturbing the observed value away from the parameter value specified in the simple
model. For example, it might be that internet access was altered because of an unusual
installation process and unusual record keeping and publicity about internet security
problems. Some of the factors will push the observed value above the model value, and
others will push it below the model value. The observed difference between the observed
and model values, Y, — }}i, will actually be determined by the sum of the individual error
components. The central limit theorem, a well-known theorem in mathematical statistics,
shows that the distribution of the sum or average of a number of components will
approximate to a normal distribution no matter what the original distribution of the
individual components. Thus, if we assume that the actual error is the sum of a number
of individual errors, then it is reasonable to expect that the distribution of the errors will
approximate to a normal distribution. The central limit theorem also shows that the greater
the number of components in the sum or average, the better the approximation to a normal
distribution.
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FIGURE 3.4 Normal probability curve

FIGURE 3.5 Uniform distribution FIGURE 3.6 Frequency distribution for the sum of

12 uniform errors
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The central limit theorem is of such importance that a demonstration of the concept
is worthwhile. Suppose that the distribution of the individual error components is such
that any value between —0.5 and +0.5 is just as likely as any other. This distribution is
known as the uniform distribution because each possible value has the same probability.
As Figure 3.5 illustrates, the uniform distribution is very different from a normal
distribution.

Suppose that each value on an error ticket is the sum of 12 small individual error
components randomly selected from the uniform distribution. Figure 3.6 shows the
frequency distribution for 10,000 such error tickets. Clearly, even though the distribution
for the individual components was not normal, the distribution for the sum closely
approximates to a normal distribution. Thus, if it is reasonable to assume that the
observed error is actually the sum of a lot of small random error components, then it is
reasonable to assume that the distribution of the errors is approximately normal.

Formal Specification of the Normal Distribution

Fortunately, there are precise mathematical statements of the normal distribution, so
we do not have to depend on simulations of drawing tickets from a bag, as we used
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in our metaphor above. The curve for the relative frequency of the normal distribution
represented in Figure 3.4 is given by:

F) == e
a2
This equation has two parameters: u, the expected value or mean of the distribution,
and o2, the variance of the distribution. Different values of w simply shift the curve of
Figure 3.4 back and forth along the horizontal axis. Figure 3.7 shows two normal curves
that have the same variance (o2 = 1) but different means (u; = 0, u, = 3). The variance
parameter o determines the spread of the normal curve. The larger o is, the wider the
distribution. Figure 3.8 shows three normal curves that each have a mean of u = 0 but
increasing variances of 0.25, 1, and 4.

All normal distributions have the same shape, so it is common to use the distribution
with u =0 and o? = 1 as a standard reference distribution. Figure 3.9 gives the probability
that a value x randomly sampled from the normal distribution will be less than the tabled
values of z ranging between —3 and +3. For example, the probability for z = 1.0 equals
.841, which indicates that 84.1% of the time a randomly sampled value from this
distribution will be less than 1.0. Note that the probability for z = 0, the mean for this
particular distribution, equals .5, indicating that we would expect 50% of the observations
to be below zero and 50% of the observations to be above zero. Tables of the normal
distribution are available in many statistical books, and most computer statistical packages
provide functions for easily calculating the required probabilities.

To find the expected proportion of observations between any two particular values,
we simply subtract their associated probabilities. For example, the proportion of
observations between z=0and z =1 is .841 —.500 = .341. Figure 3.10 shows the expected
proportion of observations between various landmarks.

We will not be using the z table of Figure 3.9 very much; instead we will be using
similar tables for some special distributions. For most purposes, it is sufficient to
remember that approximately 68% of the observations from a normal distribution fall
between —1 and +1, approximately 95% fall between —2 and +2, and almost all
(approximately 99.7%) fall between —3 and +3. The tails of the normal distribution

FIGURE 3.7 Normal probability curves with same FIGURE 3.8 Normal probability curves with same

variance and different means mean but different variances
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FIGURE 3.9 Cumulative probabilities for the normal
distribution for u =0 and o2 = 1

z px <2z z px <2z
-3.0 .001 0.0 .500
-2.9 .002 0.1 .540
-2.8 .003 0.2 .579
-2.7 .003 0.3 618
-2.6 .005 0.4 655
-2.5 .006 0.5 691
-2.4 .008 0.6 726
-2.3 011 0.7 758
-2.2 .014 0.8 .788
-2.1 .018 0.9 .816
-2.0 .023 1.0 841
-1.9 .029 1.1 .864
-1.8 .036 1.2 .885
-1.7 .045 1.3 .903
-1.6 .055 1.4 919
-1.5 .067 1.5 933
-1.4 .081 1.6 945
-1.3 .097 1.7 955
-1.2 115 1.8 964
-1.1 136 1.9 971
-1.0 .159 2.0 977
-0.9 184 2.1 982
-0.8 212 2.2 .986
-0.7 242 2.3 .989
-0.6 274 2.4 992
-0.5 .309 2.5 994
-0.4 .345 2.6 995
-0.3 .382 2.7 997
-0.2 421 2.8 997
-0.1 460 2.9 .998
0.0 .500 3.0 1999

FIGURE 3.10 Standard normal probability curve (w =0, o2 =1)
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theoretically extend to +o0 and —oo; however, observations more extreme than 3 are
infrequent, and observations more extreme than 4 are very rare.

Normal distributions with means other than 0 and/or variances other than 1 are easily
compared with the reference distribution in Figure 3.9. Suppose that Y is an observation
from a normal distribution with mean u and variance o2. Subtracting u from Y will shift
the distribution along the horizontal axis, so the mean for the constructed variable ¥ —
w equals 0. Although it is not obvious, it can be shown that dividing ¥ — u by o will
change the spread of the distribution so that it coincides with our reference distribution.
(Note that we divide by o, not o2.) The division by o rescales the original variable so
that it is measured in units of the standard deviation. Thus if Y is from a normal
distribution with mean u and variance o2, then z, defined as:

has a normal distribution with mean 0 and variance 1. Values calculated according to
this formula are known as z scores or, because of their use with the standard reference
distribution, standard normal deviates. “Deviates” refers to the size of the deviation from
the mean, measured in units of the standard deviation. For example, intelligence test
scores (IQ scores) are scaled so that uw = 100 and o = 15. To find the proportion of
individuals we would expect to have 1Q scores that are less than or equal to 127, given
that IQ scores are normally distributed, we would first compute the corresponding z score.
In this case:

127 - 100
z=—7—=138
15

That is, an 1Q score of 127 is 1.8 units (i.e., 1.8 standard deviations) above the mean
(of 100). The associated cumulative probability in Figure 3.9 for z = 1.8 is .964. So, we
would expect about 96% of the population to have IQ scores lower than 127.

We can also convert z scores back to the original scale. The Y score that corresponds
to a particular z is given by:

Y=wpn+zo

In the same 1Q example, if we wanted to know what 1Q score corresponded to z = 1.6
(i.e., a score 1.6 standard deviations above the mean), we would calculate:

100 + 1.6(15) = 124

Sampling Distributions Revisited

Now that we have made an explicit assumption about the distribution of the errors, we
can reconsider the sampling distributions for estimators such as the mean and median.
Let us again return to our example of the simple model in which B, = 50. That is, our
model is:

Y,=50+e¢,
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FIGURE 3.11 Normal distribution of observations and sampling distribution of the mean
forn=20
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We now make the explicit assumption that the ¢; are randomly sampled from a normal
distribution with u = 0 and some constant but unknown variance o2. Adding 50 to each
error value simply translates the normal distribution along the horizontal axis, so the Y,
data values will also have a normal distribution with mean w = 50 and variance o?. In
order to be able to draw a picture of this distribution, we have assumed that o = 225.
Then the distribution of the Y; values would have the theoretical curve depicted in Figure
3.11 as the broad curve.

If we were to calculate the mean from samples of size n, the theoretical sampling
distribution of such means would also have a normal distribution. The mean of the
sampling distribution of means equals the mean of the original theoretical distribution,
which in this case is 50. Mathematical statisticians have shown that the variance of this
sampling distribution would be o?/n if the error tickets are drawn from a normal
distribution. In our example, if the sample size were 20, then the variance of the sam-
pling distribution for the means would equal 225/20 = 11.25. If we were to collect many,
many samples of size 20 and calculate the mean for each sample, the sampling distribution
of those means would approximate the theoretical sampling distribution also depicted
in Figure 3.11 as the peaked curve. Note that, as was the case when we simulated the
sampling distribution, the spread for the mean is very much smaller than the original
spread. If we were to collect larger samples, the sampling distribution for the mean would
be even narrower because we would be dividing o2 by a larger value in order to
determine its variance.

Mathematical statisticians have also shown that the variance for the sampling
distribution of the median based on samples of size n is approximately equal to:

7o’

2n

if the error tickets are drawn from a normal distribution. This is the same as the variance
for the mean except that it is multiplied by /2 (which equals approximately 1.57), so
the variance for the median must be larger. That is, the median is less effi-
cient when error values have a normal distribution. In particular, the variance for the
sampling distribution of the mean is about 2/ = 64% smaller than the variance for
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the sampling distribution of the median. Another way to say this is that for a sample of
size 100 using the sample median has about the same efficiency as using the mean with
a sample of size 64. As our earlier simulation suggested, but did not prove, the mean is
clearly preferable to the median if the distribution of errors is normal. However, for
some non-normal distributions of errors the median can actually be more efficient than
the mean.

CHOICE OF AN ESTIMATOR AND INDEX OF ERROR

Now that we have made an explicit assumption about the distribution of the errors, we
can choose the estimator and its corresponding definition of aggregate error. We want
an estimator that is unbiased, efficient, and consistent.

It can be shown mathematically that if the distribution of errors is normal, then the
mean is a more efficient estimator than any other unbiased estimator. That is, the mean
is more efficient than the median, the mode, and any other statistic whose sampling
distribution would be centered at the parameter value specified in the simple model. The
mean is also a consistent estimator. Hence, we will choose it as the best estimator. We
also will adopt its corresponding definition of aggregate error, which is the sum of squared
errors (SSE).

There are other good reasons for selecting SSE and the mean besides the theoretical
reasons above based on the assumption that the errors &; have a normal distribution. One
very important reason is practicality. By far the greatest number of statistical procedures
have been developed for SSE. Consequently, there are very good computer procedures
for accomplishing the statistical tests based on SSE. There are some very practical reasons
for the ubiquity of statistical procedures based on SSE. It is much easier to work with
squares in mathematical proofs than with absolute values. Calculating an average is also
generally easier than ordering all of the data to find the middle one. More importantly,
for complex models with many parameters, the only way to estimate the best values for
the parameters using most other aggregate indices of error, such as the sum of absolute
errors (SAE), is brute force or iterative search algorithms. In contrast, when using SSE,
we will almost always be able to use explicit formulas for calculating the best parameter
estimates. Even worse, the parameters based on SAE are not necessarily unique. That
is, sometimes many different values for the parameters all produce the same minimum
value of SAE. This is never a problem with SSE.

Other Distributions of Errors

It is important to remember that our choice of the mean and SSE is highly dependent
on our assumption that the errors are normally distributed. If the errors have some other
distribution, then choosing the mean and SSE might not be appropriate. Figure 3.12 shows
another possible distribution for the errors. Asymmetric distributions such as this one
are skewed distributions. Note that in this case very large positive errors are more likely
than very large negative errors. There are many types of data that can produce errors
with a skewed distribution. For example, in any study measuring reaction times the
smallest scores are obviously constrained to be above zero, but there is no constraint,
other than the experimenter’s patience, on how large the scores can be. This will tend
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FIGURE 3.12 Example of a skewed distribution

to produce a scattering of observations very far above the mean and many observations
just below the mean, resulting in a skewed distribution of the errors as in Figure 3.12.
In Chapter 13, we discuss procedures for detecting and transforming skewed and other
non-normal distributions of the errors.

One of the most troubling possible error distributions is one that has the general
shape of the normal distribution except that it has “thicker” tails. That is, extreme,
especially very extreme, errors are more likely to occur than would be expected from
the normal distribution. These extreme errors produce extreme observations that can have
a very deleterious effect on the mean. As we demonstrated in Chapter 2, one wild
observation can cause a dramatic change in the mean. The problem is that SSE pays a
lot of attention to extreme observations in order to reduce the really big errors, so
estimates get pulled a lot in the direction of the extreme observations, so much so that
the mean may not be a very good estimate of central tendency when there are a few
extreme observations. The median is much more resistant to the effects of these wild
observations or outliers, but we have to give up a lot of efficiency to get this robustness.
We will stick with the mean and SSE, but we will have to remember that they are not
resistant to outliers. To make sure that a few extreme observations are not seriously
distorting our results, we will have to check carefully for outliers each time we use
statistical procedures based on SSE. A number of useful follow-up procedures have been
developed precisely for this purpose, and we will examine them in Chapter 13.

Other Criteria for Estimators

We have adopted unbiasedness, efficiency, and consistency as reasonable criteria for an
estimator. These criteria have been adopted by many statisticians. However, not all statisti-
cians agree on the desirability of these criteria or, especially, on their relative desirability.
For example, some statisticians argue that we should be willing to accept a little bit of
bias in order to achieve greater efficiency. For some of the complex models that we consider
later there are biased estimators that may have greater efficiency than the unbiased
estimators we present. Other statisticians argue that the mean and SSE are so susceptible
to outlier problems that estimators that are somewhat less efficient but more robust should
be preferred. In general, our approach is to stick with the mean and SSE while always
checking assiduously for potential outliers that may be distorting the results.
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Other Assumptions about Errors

In the preceding discussion of our model of errors and its metaphorical representation
of Nature drawing error tickets from a bag, we made several implicit assumptions. We
need to make these assumptions explicit so that we will understand what assumptions
have been made and we can be alert to potential violations of these assumptions. Below
we consider in turn three standard assumptions: that the ¢, are independent of one another,
that they are identically distributed, and that their mean is zero. These assumptions will
be especially important in considering the sampling distributions for statistics developed
later, particularly in Chapter 4.

Independence

The formal assumption is that each error is independent of the value of any other error.
In terms of our metaphor, this means that each error ticket is selected randomly from
the bag and then replaced in the bag before the next ticket is drawn. A violation of
independence occurs when the value on one error ticket allows us to make a reasonable
guess about the value on another error ticket. In terms of the metaphor, it would be a
violation of independence if error tickets came in pairs attached to one another so that
if we drew one we would automatically draw the other. As a practical example, suppose
that our data consisted of internet usage rates for each US state for each of several years.
If a given state’s internet usage rate were above the mean or median in one year, then
it would likely be above the mean or median in other years. Thus, when we use the
simple model, all the errors for that state are likely to be positive and probably of about
the same size. Thus, knowing the error for that state in one year allows us to make a
reasonable guess about the errors for other years. As a result, the errors would not be
independent. This is an example of time-series data—the same units are observed or
measured across a number of different time periods.

Time-series data seldom have errors that satisfy independence. As a similar example,
suppose that we have two attitude scores from each subject: one score measured before
the subject reads a persuasive communication and one measured after the subject reads
the communication. This is known as a within-subject design. Again, it is probable that
someone who is below the mean or median on the first measure (the “pretest”) will also
be below the mean or median on the second measure (“the post-test”). Thus, if the simple
model were used, the errors for each subject would likely be either both positive or both
negative, so independence would once again be violated. As a final example, consider
a survey that asks husbands and wives what proportion of various household tasks they
perform. For a given couple, if the husband, say, claims to perform a small proportion
of a particular task, then it is likely that the wife would claim to perform a large
proportion of that particular task. If we tried to use a single simple model for all the
data, it is likely that independence would be violated within couples. Knowing that
the error for one spouse is negative (i.e., proportion claimed below the mean or median)
would lead us to expect that the error for the other spouse would be positive (i.e.,
proportion claimed above the mean or median). Note that this dependence, unlike that
in the other examples, is a negative dependence because the signs of the errors for each
spouse are likely to be opposite.

Unlike the assumption about the normal distribution of errors, which is very robust,
the assumption that the errors are independent of each other is not at all robust. That is,
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our statistical inference will be seriously affected if the independence assumption is
incorrect. Thus, we must be especially alert for possible dependencies among the errors.
If the independence assumption is violated, then all is not lost. In Chapters 11 and 12
we show how to analyze such data so that, after suitable transformations and rearrange-
ments, independence is satisfied.

Identically distributed

Another very important assumption is that all the errors are sampled from the same
distribution. In terms of our metaphor, this assumption would be violated if Nature had
two bags of error tickets: one bag containing error values of a reasonable size and another
bag containing error tickets with much larger values. If Nature draws mostly from the
first bag, then most of the resulting data values will be of a reasonable size. But if Nature
occasionally draws an error ticket from the second bag, we will observe several “wild”
data values that are very different from the other observations. Such data values are
known as outliers. In other words, a violation of this assumption occurs if most of the
errors are sampled from a normal distribution with variance o? and a few errors are
sampled from a normal distribution with a variance very different from 2. Although it
would technically be a problem if the second variance were much smaller than the first
one, the greater problem occurs when the second variance is very much larger than
the first.

A slightly different type of violation of this assumption occurs, for example, in
experiments when the manipulation itself causes the error variance to change. In general,
there is a problem whenever the size of the variance depends on the mean. In this context,
the assumption of identical distributions is equivalent to assuming that the variances are
equal, so it is sometimes called the homogeneity of variance assumption or sometimes
homoscedasticity. Its violation is heterogeneity of variance or heteroscedasticity.

The identical distribution assumption is fairly robust. The variances must be very
different before there are important problems for the data analysis. The most serious
problems arise from outliers—a few observations that have errors sampled from a
distribution with a very much greater variance. In Chapter 13, we consider procedures for
detecting outliers and consider what to do about them. We also develop techniques
for detecting heterogeneity of variance and the use of transformations to reduce the
heterogeneity to acceptable limits.

Errors are unbiased

The final important assumption is that the errors are unbiased or, equivalently, that the
expected value or mean of the distribution from which the errors are sampled equals
zero. That is, our assumption is that, on average, the errors do not change the model
parameters. If, instead, the errors were not random but systematic, such that errors
averaged, say, below zero, then the systematic bias would appear in the model rather
than in the error. Consider, for example, internet access data. Suppose that internet access
was not properly documented for some households, for example, for those that had access
through other households’ wireless internet connections. Then any estimate of the true
internet access rate would necessarily be an underestimate. In effect, the systematic
underreporting of error would be represented in the model and not in the error. As data
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analysts we cannot do much to detect a systematic bias in the error by examining the
data. Hence, it is incumbent on the collector of the data to ensure that the errors are
indeed random with mean zero.

Depending on the substantive domain, ensuring that the errors are random involves
aspects of experimental design, construction of survey questionnaires, interviewing
procedures, instrument reliability, etc. We do not address such issues because they are
highly domain-specific. However, if those issues have not been addressed in the actual
collection of the data, then the use of the statistical procedures described in this book
may be very misleading. As data analysts we offer no remedies for the problems of
systematic error. Hence, we will always assume that errors are sampled from a distribution
that has a mean of zero.

Estimator for o2

A final issue we need to consider is an estimator of o>. We know that the mean is an
estimator of the true but unknown population mean u or S,. It turns out that the mean
squared error (MSE) is an unbiased estimator of the true but unknown population error
variance 2. MSE is an index of the extent to which data deviate from the values predicted
by the model. For the simple model that predicts the mean (Y; = b, + ¢,), MSE has the
special name variance and special symbol s2. Thus, for the simple model that predicts
the mean:

sma_Exﬂ(K—ﬁY_Erﬂ(K—YY

MSE = Variance = §* = -
n-1 n-1 n-1

which estimates the population error variance o For more complex models with p
parameters:

SSE ZM (Y- Yy
n-p  n-p

MSE =

which estimates 2.

Note that MSE is an index of the squared deviations of the data from the values
that are predicted by the model. A more easily interpreted index is the square root of
MSE or root-mean-squared error (RMSE). RMSE estimates the population error standard
deviation o. For the simple model that predicts the mean (Y, = b, + ¢;), RMSE has the
special name standard deviation and the special symbol s. Thus, the mean Y, the
variance s2, and the standard deviation s calculated from a sample of data provide
estimates of the parameters u, o2, and o that characterize a normal distribution.

Maximum Likelihood Estimation

Having laid out our assumptions concerning the distribution of errors, including that
they are independent and normally distributed, it becomes possible to talk about another
way of estimating parameters in models. Earlier we saw that if we minimize the sum of
squared errors in estimating f3,, then our best estimate equals the sample mean. Thus,
the mean is the best least-squares estimate in the sense that it minimizes the sum of
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squares. It turns out that for this simple model it is also what is called the maximum
likelihood estimate, that is, the value of the estimate that maximizes the joint likelihood
of all the data in the sample, given an underlying normal distribution with some variance
of errors, 2.

To unpack this phrase, imagine that we assume that the data in a sample do in fact
come from an underlying normal distribution. Given some true value of w and o for that
underlying distribution, we can calculate the likelihood of each data point in that
distribution. This likelihood is given by the density function for the normal distribution
given earlier:

—(x - w2a?

S ) =

1
— ¢
V2

Assuming all the data points in a sample come from the same distribution and are
independent of each other, then one can calculate the joint likelihood of all the data
points by taking the product of all of the likelihoods of each of the individual data points.
A maximum likelihood estimate is that estimate of 8, or u that maximizes that joint
likelihood, given some value of o. And it turns out that, assuming the data are in fact
normally distributed, that best estimate is Y, the sample mean.

To illustrate this, consider the sample of 20 data points that Mother Nature sampled
where the true value of B, was 50 and where each data point had an error ticket tacked
onto it. Those 20 data points are reproduced below:

41 78 33 72 85
38 27 51 60 61
56 26 31 24 19
46 58 70 36 48

Let us assume that the standard deviation of the error tickets in Mother Nature’s bag is
15. Then it becomes possible to calculate the likelihood of each individual data point
under the normal distribution with different estimates of 3, or w.

For instance, if we started by estimating w as 55, then the likelihood of each of the
individual data points (given the normal distribution, u estimated as 55, and o =15) is

0172 .0082 .0091 .0140 .0036
.0140 .0047 .0257 .0252 .0246
0265 .0041 .0074 .0031 .0015
0222 .0261 .0161 .0119 .0239

Each of these likelihoods is calculated using the above function to solve for f(x). And
the joint likelihood of all 20 data values is 6.695 X 10~4° (the product of all 20 individual
likelihoods), an incredibly small number!

We could then try other estimates of w and recalculate the likelihoods of each of
the individual data points and their joint likelihood. What we would like to do is find
the estimate of B, or u that maximizes the joint likelihood. And it turns out that the best
estimate is the sample mean, which for this sample of 20 data points is 48. The joint
likelihood of the 20 data points given the estimate of 48 is 5.909 X 107 which is still
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a very small number. But the point is that this joint likelihood is larger than what we
got when we used the estimate of 55 and in fact it is larger than any other estimate we
might use.

In this simple model, the maximum likelihood estimate, since it is Y, is the same
as the least-squares estimate. And in most of the models we consider in this book, this
will continue to be the case. That is, in general, the parameter estimate that minimizes
SSE in a sample of data will also be the maximum likelihood estimate. However, at
latter points in the book, when we consider models for data that are dichotomous
(Chapter 14) or those for data with multiple sources of error (Chapter 12), then we will
need to rely on maximum likelihood estimates rather than least-squares estimates.

SUMMARY

As a result of random perturbations in data, sample statistics, such as the mean and the
median, are unlikely to equal the true population parameters that they estimate; in other
words, different samples will usually have different means (and medians) even when
the samples are from the same population.

Sampling distributions show the distributions of statistics based on a very large
number of samples of a particular size. So, for example, we could draw a thousand
samples from the same population, calculate the mean of each sample, and then graph
the set of 1000 means. The mean of this sampling distribution would equal the mean of
the original theoretical distribution, but the sampling distribution would be narrower.
Sampling distributions become narrower as the size of the samples from which the statistic
is calculated becomes larger. The variance of the sampling distribution of the mean is
equal to o?/n.

A comparison of the sampling distributions for the mean and the median indicates
that both are unbiased and consistent estimators of the true population mean and median.
However, the mean is generally more efficient than the median. For this reason, as well
as practical considerations, we use the mean to estimate 3, in the simple model and its
associated aggregate index of error (the sum of squared errors) to estimate o>. However,
the conclusion that the mean is more efficient than the median is based on the assumption
that errors are normally distributed. If the distribution of errors is skewed or contains
unusual values, the mean may not be a good estimate of central tendency.

All normal distributions have the same shape and are thus often described with
reference to a standard normal distribution in which u = 0 and ¢? = 1. Normal
distributions with other means and/or variances can be compared with the standard
normal distribution by computing z scores or standard normal deviates. A z score reflects
an observation’s distance from the mean in standard deviation units. Approximately 68%
of the observations in a normal distribution fall between z scores of —1 and +1,
approximately 95% fall between z scores of —2 and +2, and nearly all (about 99.7%)
fall between z scores of —3 and +3.

In addition to being normally distributed, errors are assumed to be independent of
one another, identically distributed, and unbiased (i.e., have a mean of zero). Data analysts
cannot determine whether errors are unbiased. Determining whether the normality,
independence, and identical distribution assumptions have been violated is discussed in
subsequent chapters, as are potential remedies.
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Just as the mean is an estimator of the true but unknown population mean w or S,
the mean squared error (MSE) is an unbiased estimator of the true but unknown
population error variance o? and the RMSE or square root of MSE is an unbiased
estimator of the population error standard deviation o. In the case of the simple model
that predicts the mean, the MSE is known as the variance s*> and the RMSE is known
as the standard deviation s.

Finally, the mean is not only the best least-squares estimate of 8, in the simple model,
it is also the maximum likelihood estimate of 3, if the data are normally distributed.
Indeed, in general, the parameter estimates that minimize SSE will be the same as the
maximum likelihood estimates. However, for dichotomous data or for data with multiple
sources of error, we will use maximum likelihood estimates rather than least-squares
estimates.



Simple Models

Statistical Inferences about
Parameter Values

In Chapter 2 we considered various alternatives for how we should measure aggregate
error in the equation:

DATA = MODEL + ERROR

Although the sums of both the absolute errors and the squared errors seem to be
reasonable alternatives, we decided in Chapter 3, for reasons of efficiency, practicality,
and tradition, to define total error as the sum of the squared errors. In the simplest models,
where we are estimating the single parameter 3, the choice of the sum of squared errors
as the definition of error implies that the best estimate is the sample mean (as we proved
in Chapter 2).

In this chapter, we develop procedures for asking questions or testing hypotheses
about simple models. Defining and answering interesting questions is the purpose of
data analysis. We first consider the logic of answering questions about data for the case
of the simplest models because it is easy to focus on the logic when the models are
simple and because the logic generalizes easily to more complex models. The specific
statistical test presented in this chapter is equivalent to the “one-sample #-test.” We do
not derive this test in terms of the ¢ statistic; we prefer instead to construct this test using
concepts and procedures that are identical to those required for the more complex models
we will consider later.

The generic problem is that we have a batch of data for which we have calculated
by, the mean, as an estimate of B,. Our question is whether 8, is equal to some specific
value. For example, we might want to know whether the body temperatures of a group
of patients administered a therapeutic drug differed from the normal body temperature
of 37°C. We will let B, equal the value specified in our question. The statement:

By =B,

represents our hypothesis about the true value of B,. Such statements are often called
null hypotheses. The calculated value of b, will almost never exactly equal B, the
hypothesized value of B,. That is, the compact model:

MODEL C: Y, =B, + &,

in which no parameters are estimated will almost always produce a larger error than the
augmented model:

MODEL A: Y, = B, + &,
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in which B, is estimated by b, the mean of the batch of data. We will calculate PRE,
the proportional reduction in error index developed in Chapter 1, to see how much better
the predictions of Model A are than those of Model C. The original question then becomes
not whether Model A is better than Model C, but whether Model A is better enough
than Model C that we should reject the hypothesis that 8, = B,. Deciding what value of
PRE is “better enough” is the essence of statistical inference and is the focus of this
chapter.

To be less abstract, we will consider a detailed example. Suppose that 20 tickets
were available for a lottery that had a single prize of $1000. How much would individuals
be willing to pay for a 1 in 20 or 5% chance of winning the $1000 prize? The expected
value of a ticket in this particular lottery would be $1000/20 tickets or $50. One might
hypothesize that people would focus on the magnitude of the prize (i.e., the $1000 payoft)
and thus be willing to pay more than the expected value of a ticket (i.e., $50). But one
might also hypothesize that people would focus on the likelihood of losing whatever
amount they paid and thus be generally willing to pay less than the $50 expected value
of a ticket. Formally, we are comparing these two models:

MODEL A: Bid = g, + &,
MODEL C: Bid =50 + &,

Suppose that 20 individuals participated in our hypothetical lottery by submitting the
following bids to buy a ticket:

41 50 51 28 29
24 82 37 42 37
45 50 37 22 52
25 53 29 65 51

These data are displayed in Figure 4.1 in what is called a Stem and Leaf plot, where the
left column of numbers indicates the left-most digit of each bid (the values of ten) and
the numbers to the right of this column indicate the second digit of each bid (i.e., there
were six bids in the twenties: 22, 24, 25, 28, 29, 29).

The average bid is $42.5, which is obviously less than the expected value of $50.
However, we want to know whether these bids are really different from $50 or whether
their mean is below $50 simply as a result of random variation in the data. In other
words, even if the true state of the world were such that people generally are willing to

pay the expected value of $50, it is unlikely that the

FIGURE 4.1 Stem and Leaf plot average bid in our sample would equal $50 exactly.
for the 20 lottery bids So, we need to determine whether the average bid of
2 245899 42.5 that we obta.in.ed is different enough from 50 that
3777 we would be willing to conclude that, on average,
4125 people are willing to pay less than the expected value.
Z 201 123 In this example, B, represents the #rue typical amount

that people would be willing to pay for a lottery
ticket. We do not know, nor can we ever know,
exactly what this #7ue value is. The hypothesized
value for B, is By, and in this example it equals 50,

7
82

Stem width = 10.00
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the expected value of a ticket in our lottery. Note that $50 was not estimated from
our data. Rather, $50 is an a priori hypothesized value: it is a specific value that was
determined before looking at the data. The estimated value for 3, is b,, and in this case
it equals 42.5, the mean or average of the 20 bids, because the mean minimizes the sum
of squared errors. In other words, for the compact model (which represents the null
hypothesis), the prediction is given by:

MODEL C: Y, =50

and for the augmented model (in which B, is estimated from the data), the prediction is
given by:

MODEL A: Y, =42.5

So our question is whether the predictions of Model A are better enough to infer that
Model C is unreasonable.

To answer our question, we want to calculate PRE. To do so, we first need to calculate
the error for each model. The necessary calculations are displayed in Figure 4.2. For the
compact model, fiC = 50, so the sum of squared errors from the compact model, SSE(C),
is given as:

n 20
SSE(C) = > (¥, ¥,cf = > (¥, - 50)*= 5392
i=1 i=1
The squared error using the compact model for each bidder is listed in the third

column of Figure 4.2, along with the sum of 5392 for SSE(C). For the augmented model,
Y, =425, so:

20

SSE(A) = > (Y= Y,)? = > (Y- 42.5 = 4267

i=1

The squared error using the augmented model for each bidder is listed in the fourth
column, along with its sum of 4267 for SSE(A). Then the proportional reduction in error
using Model A instead of Model C is given by:

SSE(C) - SSE(A) 53924267
SSE(C) 5392

That is, Model A using b, the estimated value of B, has 20.9% less error than Model
C using B,, the hypothesized value of B, Later in this chapter, we will determine
whether 20.9% less error is enough to warrant rejecting Model C ($50) in favor of
Model A.

We note in passing that for Model A one observation (bidder 7) is responsible for
a substantial proportion of the total SSE. Although the presentation of formal procedures
for investigating outliers must wait until Chapter 13, large errors associated with a few
observations should make us suspect the presence of outliers. Remember that SSE and
its associated estimators, such as the mean, are not resistant to outliers.
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FIGURE 4.2 Lottery bids and error calculations for 20 bidders in a
hypothetical lottery

Squared errors
Bid Compact Augmented
Bidder number Y, (Y; = By)? (Y; = by)?
1 41 81 2.25
2 50 0 56.25
3 51 1 72.25
4 28 484 210.25
5 29 441 182.25
6 24 676 342.25
7 82 1024 1560.25
8 37 169 30.25
9 42 64 0.25
10 37 169 30.25
11 45 25 6.25
12 50 0 56.25
13 37 169 30.25
14 22 784 420.25
15 52 4 90.25
16 25 625 306.25
17 53 9 110.25
18 29 441 182.25
19 65 225 506.25
20 51 1 72.25
Sum 850.00 5392.00 4267.00
Mean 42.50

DECOMPOSITION OF SSE

At this point it is useful to introduce a table that summarizes our analysis so far. The
sum of squares reduced (SSR) is defined as:

SSR = SSE(C) — SSE(A)

and represents the amount of error that is reduced by using Model A instead of Model
C. Then it is obvious that:

SSE(C) = SSR + SSE(A)

In other words, the original error SSE(C) can be decomposed into two components: (a)
the reduction in error due to Model A (i.e., SSR) and (b) the error remaining from Model
A (i.e., SSE(A)). It is common to summarize the results of an analysis in a table having
separate rows for SSR, SSE(A), and SSE(C). Figure 4.3 provides the generic layout for
such tables, which are referred to as analysis of variance or ANOVA tables because they
analyze (i.e., separate or partition) the original variance or error into component parts.
Figure 4.4 presents the ANOVA summary table for our example. Note that the SS (sum
of squares) for the total line, which represents SSE(C), is indeed the sum of SSR and
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FIGURE 4.3 Generic ANOVA layout

FIGURE 4.4 ANOVA summary table for lottery

Source ss PRE example
Reduction using Model A SSR SSRISSE(C)  ~ource > PRE
Error for Model A SSE(A) Reduction (using B,) 1125 209
Total SSE(C) Error (using By) 4267

Total (error using By) 5392

SSE(A); for our example, 5392 = 1125 + 4267. PRE is readily obtained from the SS
column using the formula:

SSR
SSE(C)

PRE =

We will use these tables, which give the decomposition of the sums of squares, as the
basic summary for all our statistical tests. Later, we will add several other useful columns
to such tables.

SSR is easily understood and often easily calculated as the difference between
SSE(C) and SSE(A). However, there is another representation for SSR, which provides
additional insight for the comparison of Models C and A. It can be shown (we essentially
did it in Chapter 2 for the case of the simple model; the more general proof does not
provide useful insights so we omit it) that:

(Yie— Y. (4.1)

SSR =

n
i=

where ?ic and fl ., are, respectively, the predictions for the ith observation using Model
C and Model A. This formula will be useful later for calculating certain SSRs that
are not automatically provided by typical computer programs. More important are the
insights it provides. For a fixed SSE(C), the larger SSR is, the larger PRE is, and the
larger the improvement provided by using Model A instead of Model C. This formula
shows that SSR is small when Models C and A generate similar predictions for each
observation. In the extreme case when Models C and A are identical (i.e., they produce
the same predictions), then SSR = 0 and PRE = 0. Conversely, SSR will be large to the
extent that Models C and A generate different predictions. Thus, SSR is a direct measure
of the difference between Models C and A and PRE = SSR/SSE(C) is a proportional
measure of that difference.

Equation 4.1 is useful for calculating the SSR for the simple models considered in
this chapter. Although we generally avoid multiple computational formulas, we present
this one because many computer programs do not conveniently provide the necessary
information for computing PRE in our terms. We will illustrate the use of Equation 4.1
by computing the SSR for the lottery example. The value predicted by MODEL A is
};,- , = Y =42.5 and the value predicted by Model C is the hypothesized value );,-C =B,
= 50. So, according to Equation 4.1:

20 20

SSR = > (Vo= ¥, )%= > (50 - 425 = > (7.5) = 20(56.25) = 1125
i=1

i=1 i=1
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That is, SSR equals the constant 7.5% = 56.25 summed 20 times. Thus, SSR = 20(56.25)
= 1125, which is the same value that we obtained by calculating SSR directly as
SSE(C) — SSE(A) in Figure 4.3. Thus, for simple models, by comparing a Model A that
estimates one parameter with a Model C that estimates none, the following formula is
often handy:

SSR = > (B, - 1) = n(B, - ¥Y’ 4.2)
i=1

We will have many occasions to use Equation 4.2.

SAMPLING DISTRIBUTION OF PRE

It might seem that a difference in parameter estimates of 50 — 42.5 = 7.5 and PRE =
20.9% are “large enough” to infer that Model C is unreasonable relative to Model A.
Unfortunately, such a conclusion may not be warranted statistically, and it is important
to understand why. To gain this understanding, we need to focus on the error term ¢,
that is included in the full statement of Model C:

MODEL C: Y,= B, + ¢,

As noted before, this model says that were it not for random perturbations represented
by &, all the Y, values would equal B, exactly. In Chapter 3 we made the assumption
that the &, values are all sampled randomly and independently from a normal distribution
with mean 0 and variance o>. We also saw in Chapter 3 that the exact value for the
mean calculated from a sample of size » would depend on the particular sample of errors.
Sometimes the calculated mean would be above the true value B, and sometimes it
would be below. That is, there would be a sampling distribution for the mean. If Model
C were correct, sometimes the sample mean would be somewhat higher than 50 and
other times it would be somewhat lower, but it would seldom equal 50 exactly. For
example, we would most likely have obtained a different mean if the bids had been
gathered before lunch or the day before or a day later, because the pattern of random
perturbations would have been different.

Similar to the sampling distribution for the mean, there is also a sampling distribution
for PRE. Just as b, calculated from the data, is the estimate of the unknown true parameter
By so too PRE, calculated from the data, is the estimate of the unknown true proportional
reduction in error . For the moment, let us assume that Model C is correct (i.e., that
B, = B,) and consider what the sampling distribution for PRE would be. In other words,
we begin by assuming that the null hypothesis is true. In these terms, 1> = 0 is equivalent
to Model C being correct and to Model A making absolutely no improvement rela-
tive to Model C. We saw in Chapter 3 that b, has a sampling distribution, so even if
Model C is correct we would not expect our estimate b, to equal B, exactly. But we
know that b, produces the smallest possible sum of squared errors, so SSE(A), using b,
must always be at least a little smaller than SSE(C), using B,,. For example, in the lottery
data the mean will seldom equal 50 exactly, even if the true parameter value were 50,
and thus the SSE calculated using the sample mean will always be a little less than SSE(C)
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(see the proof in Chapter 2). Hence, even if the true proportional reduction in error 1
= 0 (as it must when Model C is correct), the calculated PRE will always be at least a
little greater than zero (never less than zero). PRE is therefore a biased estimator of n?
because PRE will always overestimate the true value of 2. We will return to this issue
of the bias in PRE later. For now, the important point is that we should not expect the
calculated PRE to equal zero even when Model A makes no improvement on Model C.
Thus, we cannot base our decision about the validity of Model C simply on whether or
not PRE = 0.

If we cannot use PRE = 0 as a criterion for rejecting Model C, then we need to
consider the sampling distribution of PRE to determine whether the calculated value of
PRE is a likely value, assuming that Model C is correct. If the calculated value of PRE
is a likely value, then we ought not to reject Model C and its equivalent null hypothesis
that 8 = B,,. On the other hand, if the calculated value of PRE is an unlikely value when
Model C is assumed to be true, then we ought to reject Model C in favor of Model A.
In terms of our example, we need to consider the sampling distribution of PRE to
determine for this case whether PRE = .209 is a likely value, assuming that Model C is
correct (i.e., that B, = 50). If it is a likely value, then we ought not to reject Model C
and its equivalent hypothesis that B, = B, = 50; there would be no evidence that the
lottery bids are different from what would be expected if the null hypothesis were true.
If PRE = .209 is an unexpected value, then we ought to reject Model C and its hypothesis
in favor of Model A and its estimate that B, = b, = 42.5; in other words, we would
conclude that the lottery bids were significantly lower than the expected value of $50
for a ticket.

We could develop the sampling distribution for PRE in this example using the same
simulation strategy we used in the previous chapter. That is, we could put error tickets
of the appropriate size into a bag and then do many simulation rounds, in each of which
we would randomly select 20 error tickets, add 50 to each, and calculate PRE for that
sample. The only problem with this strategy is that we do not know what size error
tickets to place in the bag to be sampled. In other words, we do not know the variance
o? of the normal distribution of errors. However, as was noted in the previous chapter,
the mean squared error provides an estimate of 2. In particular, for Model A with one
parameter the estimate is:

2_SSE_ZAZI(Y,-—1?)2_4267
YTao1T a1 T

=224.58

We could therefore conduct the simulation by sampling error values from a normal
distribution with mean 0 and variance 224.58. The 100 error tickets in Figure 3.1 were
sampled from such a normal distribution, so they could be used as the bag of error tickets
for the simulation.

As an example of a simulation round, suppose that the following 20 error tickets
were drawn from Figure 3.1:

17 31 -2 -6 -17
—4 28 29 17 1
-12 -6 3 -25 2

24 15 -20 4 -3
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These error terms when added to the value of B, = 50 of Model C yield the following
20 scores:

67 81 48 44 33
46 78 79 67 51
38 44 53 25 52
74 65 30 54 47

The mean of the resulting 20 scores is 53.8 and SSE(C), using 50 as the model prediction
for all the observations, and SSE(A), using 53.8 as the model prediction, are easily
calculated to be 5554 and 5265.2, respectively. Thus:

5554 - 5265.2
PRE=——F——""—=.052
5554

Then a new simulation round with a new sample of error values would produce a different
mean and PRE. These simulation rounds could conceptually be repeated until there were
enough PRE values to make a sampling distribution for PRE.

Alas, the simulation strategy outlined above for generating the sampling distribution
of PRE will not work because s> = 224.58 is only an estimate of the true variance of
the errors o2, Just as it is unlikely that Y = b, (the calculated mean for a sample) will
equal B, exactly, it is also unlikely that the calculated variance s* will equal o2 exactly.
In other words, we are uncertain about the exact size of the error tickets that should be
placed in the bag.

We could conduct a more complex sampling simulation to account for our uncertainty
about the size of the error tickets. However, it would be tedious if we had to do a new
simulation round for each data analysis. Fortunately, this is not necessary because
mathematical statisticians have specified the sampling distribution for PRE based on the
assumptions we made in Chapter 3 about the behavior of the errors &, Even though we
will not actually do simulations for generating a sampling distribution, it is important
to remember that the mathematical formula for that distribution is derived from the
assumption that the error values are randomly sampled from a distribution with mean 0
and variance o and that the sampling could be represented by drawing error tickets
from a bag.

Figure 4.5 provides a tabular description of the sampling distribution of PRE
for the particular case of samples of size 20, again assuming the validity of Model C.
That is, if Model C were correct (in our case, 3, = 50), and if we compared Model C
(}; = 50) with Model A (); = b, = Y) from samples, then Figure 4.5 presents the propor-
tional frequency and cumulative proportion for each range of PRE. The proportional
frequencies are plotted in Figure 4.6. As we would expect, the sampling distribution in
Figure 4.6 shows that values of PRE near zero are the most likely. It also shows that
values of PRE greater than .2 are infrequent.

The cumulative proportions are generally more useful than the proportions for
individual ranges. The cumulative proportion is simply the total proportion for the range
of PREs from zero to the value of interest. For example, to find the cumulative proportion
for the range from 0 to .03, we simply add the proportions for the three component
ranges: 0 to .01, .01 to .02, and .02 to .03. For this range, .334 + .125 + .088 = .547.
That is, 54.7% of the simulated PRE values are less than or equal to .03. The cumulative
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FIGURE 4.5 Tabular description of the sampling
distribution of PRE for testing the simple model
with 20 observations

PRE range Proportion Cumulative
proportion
.00-.01 334 334
.01-.02 125 459
.02-.03 .088 .547
.03-.04 .068 615
.04-.05 .055 .670
.05-.06 .045 716
.06-.07 .038 754
.07-.08 .032 .786
.08-.09 .028 814
.09-.10 .024 .838
10-.11 .021 .858
A11-12 .018 .876
12-13 .016 .892
13-14 .014 .905
14-15 .012 917
.15-.16 .010 928
16-.17 .009 937
17-18 .008 .945
.18-.19 .007 952
.19-.20 .006 .958
.20-.21 .005 .963
21-22 .005 .968
22-23 .004 972
23-24 .004 976
.24-25 .003 979
.25-.26 .003 .982
26-.27 .002 .984
27-.28 .002 .986
.28-.29 .002 .988
.29-.30 .002 .990
.30-.31 .001 991
31-32 .001 .993
.32-33 .001 .994
.33-34 .001 .995
.34-.35 .001 .995
.35-.36 .001 .996
.36-.37 .001 .997
.37-.38 .001 .997
.38-.39 .000 .998
.39-.40 .000 .998

FIGURE 4.6 Sampling distribution of PRE for testing
the simple model with 20 observations

Relative frequency

FIGURE 4.7 Cumulative proportions for n — PA =
19 (PA = number of parameters for Model A)

Cumulative probability

o
©

0.6

proportions are displayed in the last column of Figure 4.5 and graphed in Figure 4.7.
We can see, for example, from both the table and the graph of the cumulative proportions

that PRE is less than .1 about 84% of the time.

We can now ask whether a value for PRE of .209 is likely if Model C is correct.
From the table in Figure 4.5 we see that approximately 96% of the time PRE would be
less than .209. Or, in other words, a PRE as large as .209 would be obtained only about
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4% of the time if Model C were correct. We can finally answer our question. It is unlikely
(less than 5% chance) that we would have obtained a PRE this large had Model C been
correct. We can therefore reasonably reject Model C in favor of Model A. This is
equivalent to rejecting the null hypothesis that g, = B, = 50. Substantively, the data
indicate that participants were willing to pay less than the expected value of the lottery
tickets.

CRITICAL VALUES

From the mathematical equations describing the sampling distribution for PRE, we can
determine for our example data that if Model C were correct (and thus 1 = 0) we would
expect 95% of the simulated values of PRE to be below the precise value of .187. This
sampling distribution is plotted in Figure 4.8. In the social sciences it is customary to
consider a value of PRE to be surprising if it occurs by chance less than 5% of the time
when the null hypothesis is true. Thus, .187 is the critical value for this example; any
value of PRE > .187 causes us to reject Model C. Using the equations, for any number
of observations we can calculate the value of PRE for which we would expect 95% of
the simulated PRE values to be below if Model C were correct. Figure 4.9 gives the
95% (and 99%) critical values for selected numbers of observations.

FIGURE 4.8 Distribution of PRE for n — PA = 19, assuming that 2 = 0 (PA = number of
parameters for Model A)

n?=0
>
2
El
8
2
G
Q
o 5%
0 .187366 .6
PRE
STATISTIC F

Figures of the critical values for PRE are rare in statistics books. Much more common,
for largely historical reasons, are tables of F, a statistic closely related to PRE. As we
shall see below, F is a simple function of PRE, so if we know PRE, the number of
observations, and the number of parameters in Models C and A, then we also know F
and vice versa. By re-expressing PRE, F also provides additional insights about the
proportion of error reduced. We therefore turn to the motivation for calculating " and
then consider its sampling distribution.
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FIGURE 4.9 Critical values (95% and 99%) for PRE and F for testing models
that differ by one parameter (PA = number of parameters for Model A)

95% 99%

n-PA PRE F PRE F
1 .994 161.45 1.000 4052.18
2 .903 18.51 .980 98.50
3 71 10.13 919 34.12
4 .658 7.71 .841 21.20
5 .569 6.61 .765 16.26
6 499 5.99 .696 13.75
7 444 5.59 .636 12.25
8 399 532 .585 11.26
9 .362 5.12 .540 10.56
10 332 4.97 .501 10.04
" .306 4.84 467 9.65
12 .283 4.75 437 9.33
13 264 4.67 A1 9.07
14 247 4.60 .388 8.86
15 232 4.54 .367 8.68
16 219 4.49 .348 8.53
17 .208 4.45 331 8.40
18 197 4.41 315 8.29
19 187 4.38 .301 8.19
20 179 4.35 .288 8.10
22 .164 4.30 .265 7.95
24 151 4.26 .246 7.82
26 140 4.23 229 7.72
28 130 4.20 214 7.64
30 122 4.17 .201 7.56
35 105 4.12 75 7.42
40 .093 4.09 155 7.31
45 .083 4.06 .138 7.23
50 .075 4.03 125 7.17
55 .068 4.02 115 7.12
60 .063 4.00 .106 7.08
80 .047 3.96 .080 6.96
100 .038 3.94 .065 6.90
150 .025 3.90 .043 6.81
200 .019 3.89 .033 6.76
500 .008 3.86 .013 6.69
0 3.84 6.63

The two reasons for calculating F' are (a) to examine the proportional reduction in
error per additional parameter added to the model and (b) to compare the proportion
of error that was reduced (PRE) with the proportion of error that remains (1 — PRE). In
the context of the simple models that we are considering in this chapter, PRE is obtained
by the addition of only one parameter. But later we will want to consider the improvement
produced by models that add more than one parameter. To avoid having to present
different formulas as the models become more complex, we will present the general
definition of F here. The key idea is that a given PRE, let us say .35, is more impressive
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when obtained by the addition of a single parameter than when it is obtained by the
addition of several parameters. So, we want to consider PRE per parameter. That is, we
divide PRE by the number of additional parameters used in Model A that are not used
in Model C. We will let PA and PC represent the number of parameters for Model A
and Model C, respectively. Then, the number of additional parameters is simply PA —
PC. Hence, F is based on the quantity:

PRE
PA - PC

which is simply the proportional reduction in error per additional parameter. For the
simple models of this chapter, there are no parameters to be estimated for Model C and
only one for Model A, so PC =0, PA =1, and PA-PC=1.

Similarly, we need to consider the remaining proportion of the error, 1 — PRE, in
terms of the number of additional parameters that could be added to reduce it. As noted
in Chapter 1, the most parameters we can have is one for each observation Y,. If there
are n observations and we have already used PA parameters in Model A, then at most
we could add n — PA parameters to some more complex model. So:

1 - PRE
n-PA

is the proportion of remaining error per parameter that could be added to the model. In
other words, this is the average remaining error per additional parameter. If we added
a parameter to the model at random, even a parameter that was not really useful, we
would expect at least some reduction in error. The proportion of remaining error per
parameter or the average remaining error tells us the value of PRE to expect for a
worthless parameter. If the parameter or parameters added to the model are genuinely
useful, then the PRE per parameter that we actually obtain ought to be substan-
tially larger than the expected PRE per parameter for a useless, randomly selected
parameter. An easy way to compare PRE per parameter obtained with the expected PRE
per parameter is to compute the ratio of the two quantities; this gives the definition of
F as:

_ PRE/(PA - PC) 43)
(1I-PRE)/(n-PA)

We can think of the numerator of F as indicating the average proportional reduction
in error per parameter added, and the denominator as the average proportional reduc-
tion in error that could be obtained by adding all possible remaining parameters. For
Model A to be significantly better than Model C, we want the average error reduction
for the parameters added to be much greater than the average error reduction we could
get by adding the remainder of the possible parameters. Hence, if F' is about 1, then we
are doing no better than we could expect on average, so values of F near 1 suggest that
we should not reject the simpler Model C. Values of /' much larger than 1 imply
that the average PRE per parameter added in Model A is much greater than the average
that could be obtained by adding still more parameters. In that case, we would want to
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reject Model C (and its implicit hypothesis) in favor of Model A. For the example of
Figure 4.2 where PRE = .209 and n = 20:

PRE/(PA -PC)  .209/(1-0) .209

_ - - -5.02
(1-PRE)(n-PA) .791/20-1) .0416

In other words, we obtained a 20.9% reduction in error per parameter by using Model
A, and the further reduction we could get by adding all the additional parameters is only
4.16% per parameter. Their ratio of 5.02 suggests that adding to Model C the one specific
additional parameter 3,, which is estimated by the mean, yields a substantially better
(about five times better) PRE than we could expect by randomly adding a parameter
from the remaining ones. In other words, the increased complexity of Model A is
probably worth it. But again we need to consider the sampling distribution of F to
determine whether a value of 5.02 is indeed “surprising.”

Again, mathematical equations exist for describing the sampling distribution of F,
given the assumptions about error discussed in Chapter 3. If we assume that the errors
&; are independently, identically, and normally distributed, then F" has what is known as
an F distribution. The 95% and 99% critical values for F for testing simple models are
listed in Figure 4.9 next to their corresponding values of PRE. ' and PRE are redundant
in the sense that one exceeds its critical value if and only if the other one exceeds its
critical value. For the example, PRE = .209 exceeds its critical value of .187, and so
necessarily the corresponding /' = 5.02 exceeds its critical value of 4.38. Thus, either
PRE or F leads us to reject Model C and its implicit hypothesis that 8, = B, = 50. Note
that for most reasonable numbers of observations the 95% critical value for F' is about
4. If we ignore the fractional part of F, then a useful rule of thumb that reduces the need
to consult statistical tables frequently is to reject Model C in favor of Model A whenever
F is greater than 5. If F' is between 4 and 5, then you will probably have to look it up
in the table, and if it is below 4, then there is no hope unless the number of observations
is extremely large. Critical values of PRE and F for testing the more complex Model A
that differs from Model C by more than one parameter are listed in the Appendix as a
function of PA — PC, often called the “numerator degrees of freedom” because that term
appears in the numerator of the formula for /' (Equation 4.3), and n — PA, often called
the “denominator degrees of freedom” because it appears in the denominator of the
formula for F.

It is useful to add the degrees of freedom (df) and F to the basic summary table we
began earlier. Figure 4.10 presents such a table for our example. It is our policy to avoid
multiple computational formulas for the same quantity and instead to present only one
conceptual formula. However, we must break that policy for F in this instance because
F is traditionally calculated by an equivalent but different formula based on Figure 4.10.
Figures constructed using the alternative formula for F are ubiquitous, so the reader has
no choice but to learn this alternative in addition to the conceptual formula for F
presented above. The alternative formula for F is:

SSR/(PA - PC) MSR
 SSE(A)/(n-PA) MSE
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For our example, this yields:

_ SSR/PA-PC)  1125/(1-0) 1125
" SSE(A)/(n - PA) 4267/(20 - 1) 224.58

=5.01

This agrees with our previous calculation except for a small rounding error. MSR
represents the mean squares reduced, and MSE represents the mean square error. To
facilitate this calculation, we usually add an “MS” column to the summary table. The
final column, labeled “p,” gives the probability of obtaining a PRE and F that is that
large or larger if n? = 0. In this case, PRE and F exceed the 95% critical values so the
probability of getting a PRE or F that is that large or larger if Model C were correct is
less than .05. With the additional columns, Figure 4.11 provides a detailed summary of

our analysis of the lottery bids.

FIGURE 4.10 Analysis of variance summary table: decomposition of sums of squares

Source SS df MS F PRE p
Reduce, Model A SSR PA — PC M SSR MSR SSR
“PA-PC  MSE SSE(C)
Error for Model A SSE(A) n - PA SSE (A)
MSE =
n-PA
Total SSE(C) n-PC

FIGURE 4.11 ANOVA summary table for lottery example

Source SS df MS F PRE p
Reduce, Model A 1125 1 1125.00 5.01 .209 <.05
Error for Model A 4267 19 224.58

Total 5392 20

STATISTICAL DECISIONS

We have now defined the essence of statistical inference: if PRE and F exceed their
respective critical values then the simpler Model C is rejected in favor of the more
complex Model A. We now have a rule for resolving the inherent tension in data analysis
between reducing the error as much as possible and keeping the model of the data as
parsimonious as possible. It is important to recognize, however, that statistical inference
is probabilistic and therefore not infallible. That is, if Model C is actually the correct
model, then 5% of the time we will obtain values of PRE and F that exceed their 95%
critical values. Our rule is to reject Model C if those statistics exceed their 95% critical
values, so in such instances we will have made a mistake in rejecting Model C. There
is no way to avoid making occasional mistakes of that type. By adopting a 95% critical
value, we are implicitly accepting that for those data for which Model C is correct we
are willing to risk a 5% chance of incorrectly rejecting it. Mistakes of this type are known
as Type I errors. The choice of 5% as an acceptable rate of Type I errors is inherently
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arbitrary. If we want to be more cautious we could choose a rate of 1%, or if we are
willing to risk more Type I errors then we might choose a rate of 10%.

We also can commit a Type Il error. A Type Il error occurs when Model C is incorrect
but the obtained values of PRE and F still do not exceed their critical values. Thus, a
Type 11 error occurs when we fail to reject Model C when we should. That is, Model C
is incorrect and Model A is significantly better, but we are unlucky in terms of the error
tickets drawn and miss seeing the difference. Figure 4.12 summarizes the statistical
decision that confronts us and defines the ways in which both the right and wrong
decisions can be made. Statistical inference can be viewed as a game with Nature. Nature
determines whether Model C is correct or incorrect. The goal of the data analyst is to
“guess” which is the case. The data analyst uses the data to make an informed guess.
Specifically, if PRE and F exceed their critical values, then the decision is to “reject
Model C”; otherwise the decision is “do not reject Model C.” If Nature has determined
that Model C is correct, then, using a 95% critical value, we will decide correctly 95%
of the time and incorrectly (i.e., make a Type I error) 5% of the time. The chance of
making a Type I error is often labeled a and referred to as the significance level.

On the other hand, if Nature has determined that Model C is incorrect, then we will
decide correctly the proportion of times that PRE and F exceed their critical values, and
we will decide incorrectly (i.e., make a Type II error) the proportion of times that PRE
and F fall below their critical values. The chance of making a Type II error is,
unfortunately, often labeled B, which should not be confused with B,, B, etc., which
we use to represent parameters in a model. The proportion of times the correct decision
is made when Nature has determined that Model C is incorrect, 1 — 83, is often referred
to as the power of a statistical test.

FIGURE 4.12 The statistical decision and the two types of errors

True state of Nature

Statistical decision Model C correct Model C incorrect
"Reject Model C” Type | error Correct decision
“Do not reject Model C” Correct decision Type Il error

ESTIMATING STATISTICAL POWER

To determine the chances of a Type II error or to determine the power, we need to know
the sampling distribution for PRE and F, assuming that Model C is incorrect. We cannot
determine such a sampling distribution in general because to say that Model C is
incorrect is to say only that the true proportional reduction in error 7? is greater than
zero. However, using the equations provided by mathematical statisticians, we can easily
derive the sampling distributions for the specific values of > we might want to consider.
For our example in which PA — PC =1 and n — PA = 19, Figure 4.13 displays plots of
the sampling distribution for PRE assuming progressively greater true values of PRE,
that is, n?. Note that if > = .1, the probability of obtaining a PRE greater than the critical
value and thus rejecting Model C is 29% as compared with only 5% if Model C is correct
and 7> = 0. Figure 4.14 displays the cumulative probability distributions for other
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FIGURE 4.13 Distributions of PRE for PA — PC = 1 and n — PA = 19, assuming various values
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observed values of PRE if we were to assume that n? were equal to 0, .05, .1, .3, .5, and
.75, but again only for the very particular conditions of our example: PA — PC = 1 and
n—PA =19. Different sampling distributions would be obtained for other combinations
of PA — PC and n — PA. The column for > = 0 corresponds exactly to the cumulative
probability distribution of Figure 4.5. Each entry in Figure 4.14 is the probability that
PRE calculated from the data would be less than the value of PRE specified for that
row. For example, the value of .08 in the row for PRE = .30 and the column for n* =
.50 means that if 7 (i.e., the true PRE) were really .5, then the probability of obtaining
a PRE (calculated from the data) of .3 or lower is 8%.

We can use the cumulative probability distributions of PRE for different values of
7 to perform “what if” analyses. For example, we can ask, “what would the chances
of making a Type II error be if 5> = .3?” To answer this question, we first must decide
what chance of a Type I error we are willing to risk. If we adopt the customary value
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FIGURE 4.14 Cumulative sampling distributions of PRE for various n*> when PA — PC = 1
andn-PA=19

True PRE, v/’

PRE 0 .05 1 .3 .5 .75

.00 .00 .00 .00 .00 .00 .00
.05 .67 47 31 .03 .00 .00
.10 .84 .65 .49 .08 .00 .00
.15 92 78 .63 .16 .01 .00
.20 .96 .86 74 .25 .02 .00
.25 .98 .92 .83 .37 .04 .00
.30 .99 .95 .89 49 .08 .00
.35 1.00 .97 .94 .61 14 .00
.40 1.00 .99 .96 72 23 .00
.45 1.00 .99 .98 .81 .35 .00
.50 1.00 1.00 .99 .88 48 .00
.55 1.00 1.00 1.00 .93 62 .01
.60 1.00 1.00 1.00 .97 .75 .04
.65 1.00 1.00 1.00 .99 .86 11
.70 1.00 1.00 1.00 1.00 94 .25
.75 1.00 1.00 1.00 1.00 .98 47
.80 1.00 1.00 1.00 1.00 .99 73
.85 1.00 1.00 1.00 1.00 1.00 .92
.90 1.00 1.00 1.00 1.00 1.00 .99
.95 1.00 1.00 1.00 1.00 1.00 1.00

in the social sciences of a = .05, then, as before, we select the critical value of PRE so
that the calculated value of PRE has only a .05 probability of exceeding that critical
value if n? = 0. In this case, we see from Figure 4.14 that the probability of obtaining
a PRE less than or equal to .20 equals .96, so only 4% of the observed values of PRE
should be greater than .20 if n? = 0. Remember that n? = 0 implies that Model C and
Model A are identical, so our decision rule will be to reject Model C in favor of Model
A if PRE > .20. Now we can use the column for n? = .3 to answer our “what if” question.
The entry in that column for the row for PRE = .20 reveals that the probability that the
calculated PRE will be less than .20 is .25. That is, even if *> = .3 (i.e., there is a real
difference between Model C and Model A), there is still a 25% chance that we will
obtain a value of PRE below the critical value and hence will not reject Model C. In
other words, the probability of making a Type II error is .25. Conversely, 1 — .25 = .75
is the probability of obtaining PRE > .20 and hence rejecting Model C in favor of
MODEL A if %* = .3. In other words, the power (probability of not making a Type II
error) is .75.

We can easily do the “what if” analysis for other values of n?. For example, if 7?
= .05, which implies a small difference between Models C and A, then power equals
1 — .86 = .14. That is, the chances of obtaining a PRE large enough to reject Model C
in favor of Model A would be only 14% for this small difference between the two
models. On the other hand, if n? = .75, which implies a very large difference between
Models C and A, then power equals 1 — .00 = 1. That is, for this large difference we
would be virtually certain to obtain a PRE large enough to reject Model C in favor of
Model A.
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FIGURE 4.15 Power table for @ = .05 when PC = 0 and PA =1

Prob(PRE > critical value)

Critical values True PRE, 1’

n F PRE 0 .01 .03 .05 .075 .1 2 3
2 161.45 994 .05 .05 .05 .05 .05 .06 .06 .07

3 18.51 903 .05 .05 .05 .06 .06 .07 .08 1
4 10.13 771 .05 .05 .06 .06 .07 .08 Rl 15

5 7.71 .658 .05 .05 .06 .07 .08 .09 14 21
6 6.61 .569 .05 .05 .06 .07 .09 .10 7 .26

7 5.99 499 .05 .06 .07 .08 10 12 .20 31
8 5.59 444 .05 .06 .07 .09 1 13 .23 .36
9 5.32 .399 .05 .06 .08 .09 12 14 .26 41
10 5.12 .362 .05 .06 .08 .10 13 .16 .29 .46
11 4.96 332 .05 .06 .08 .1 14 A7 .32 .50
12 4.84 .306 .05 .06 .09 1 15 18 .35 .54
13 4.75 .283 .05 .06 .09 12 .16 .20 .38 .58
14 4.67 264 .05 .06 .09 13 A7 21 41 .62
15 4.60 247 .05 .07 .10 13 .18 23 44 .66
16 4.54 232 .05 .07 .10 14 .19 24 .46 .69
17 4.49 219 .05 .07 .10 14 .20 .25 .49 72
18 4.45 .208 .05 .07 .M 15 21 27 .52 74
19 4.41 197 .05 .07 1 .16 22 .28 .54 77
20 4.38 187 .05 .07 12 .16 .23 .29 .56 .79
22 4.32 71 .05 .07 12 .18 25 32 61 .83
24 4.28 157 .05 .08 13 .19 27 .35 .65 .87
26 4.24 145 .05 .08 14 .20 .29 .37 .69 .89
28 4.21 135 .05 .08 .15 22 31 40 72 92
30 4.18 126 .05 .08 .15 .23 .33 42 .75 .93
35 4.13 .108 .05 .09 17 .26 .37 48 .82 .96
40 4.09 .095 .05 .10 .19 .29 42 .54 .87 .98
45 4.06 .085 .05 .10 21 .32 .46 .59 91 .99
50 4.04 .076 .05 1 23 .36 51 .64 .93 *x
55 4.02 .069 .05 1 .25 .39 .55 .68 .95 *x
60 4.00 .064 .05 12 .27 42 .58 72 97 ol
80 3.96 .048 .05 14 .34 .53 71 .84 .99 i
100 3.94 .038 .05 7 41 .62 .81 91 ol ol
150 3.90 .026 .05 23 .57 .80 93 .98 el el
200 3.89 .019 .05 .29 .70 .90 .98 *x *x **
500 3.86 .008 .05 .61 .98 il el il il il

** Power > .995

of .20.)

The cumulative sampling distributions are unwieldy, and only a few of the numbers
are actually needed for the “what if” analyses, so a “power table” that only gives the
power probabilities for specified levels of %? is more useful. Figure 4.15 gives the power
probabilities for selected values of n* and n when PC =0, PA =1, and a = .05. We can
use this table to do the same “what if” analyses that we did above, as well as many
others. For our example problem we simply use the row for n = 20: for n* = .05,
power = .16; and for n? = .3, power = .79. (The small differences from the power
calculations above are due to using the more precise critical value of .187 for PRE instead
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The power table allows us to ask another kind of “what if”” question: “What would
the power be if the sample size were increased?” For example, how much would the
power increase if the lottery bids were evaluated with 30 bidders instead of 20? If n? =
.05, then power = .23, which is better than .16 for 20 bidders, but still not very good.
If »? = .3, then power = .93, which is much higher than .79 for 20 bidders and gives an
excellent chance of rejecting Model C in favor of Model A. Note that for n = 50 we are
virtually certain of rejecting Model C whenever the true PRE 7 is equal to or greater
than .3.

Too many researchers fail to ask “what if” power questions before they collect their
data. The consequence is often a study that has virtually no chance of rejecting Model
C even if the idea that motivated the study is correct. With power tables such as Figure
4.15 (most software programs, such as R and SAS, have easily accessible procedures
for calculating power), asking “what if”” power questions is so easy that there is no excuse
for not asking those questions before collecting data. A natural question is how high
should statistical power be? Cohen (1977) suggested that power should be at least .8.
However, the ultimate decision is how much the researcher is willing to accept the risk
of not finding a significant result even when the ideas motivating the study are correct.

Now that we know how to answer easily “what if” power questions, we need to
know what values of true PRE or 7? are appropriate for those “what if” questions. There
are three ways to obtain an appropriate value for n? to use in the power analysis: (a)
obtain values of PRE from similar research; (b) use Cohen’s (1977) suggested values
for “small,” “medium,” and “large” effects; and (c) compute expectations for PRE from
guesses about the parameter values. We consider each in turn.

First, with sufficient experience in a research domain, researchers often know
what values of PRE are important or meaningful in that domain. Those values of PRE
from experience can be used directly in the power table. For example, if, based on past
experience, we thought that important effects (such as the effect of the lottery bids)
produced PREs greater than or equal to .1, then we could use the n? = .1 column of the
power table. If we wanted to ensure that power > .8, then going down the column we
find that the first power > .8 requires a sample size between 60 and 80, probably about
73, which is a much greater number of participants than we included in our test of whether
people were willing to pay significantly less than the expected value of a lottery ticket.

In using the results of past studies to select an appropriate n? for the “what if” power
analysis, we must remember that calculated values of PRE are biased because on average
they overestimate n?. The following simple formula can be used to remove the bias
from PRE:

-PC
Unbiased estimate of n*=1 - (1 - PRE){n ]

n-PA
For our example in which we calculated PRE = .209, the unbiased estimate of 7* equals:

20-0 20
1-(1- .209)[—} =1- .791[—} =.167
20-1 19

Thus, although the value of PRE calculated from the data is .209, for planning further
research our best unbiased guess for the true value of »? is only .167. The correction
for bias has more of an effect for small values of n — PA than for large values. In essence,
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the adjustment corrects for the ability of least squares to capitalize on chance for small
sample sizes. These unbiased estimates are thus sometimes referred to as “adjusted”
values.

A second and related method for finding appropriate values of 77 is to use the
values suggested by Cohen (1977) as “small” (n* = .02), “medium” (n* = .13), and “large”
(7> = .26). Our power table does not have columns for these specific values of n?, but
.03, .1, and .3 could be used instead. Although these suggested values for small, medium,
and large effects are inherently arbitrary, they do represent experience across a wide
range of social science disciplines. If you have sufficient experience in a research domain
to consider these suggested values unreasonable, then simply use those values that are
reasonable based upon your experience. The goal of a power analysis conducted before
the collection of data is not an exact calculation of the statistical power but an indication
of whether there is much hope for detecting the effect you want to find with the sample
size you have planned. If a study would not have much chance of distinguishing between
Model C and Model A for a large effect (n? = .26 or .3), then there is little if any reason
for conducting the study.

As an example of this approach, let us estimate the power for detecting small,
medium, and large effects for the lottery bids using our sample of 20 bidders. Using the
row of the power table for n = 20 and the columns for > =.03, .1, and .3, we find that
the respective powers are .12, .29, and .79. In other words, we would not have much
chance of detecting small and medium effects but a decent chance of detecting a large
effect. If we wanted to be able to detect medium effects, then we would need to increase
the number of participants in our study.

A third approach to finding an appropriate value of 7 to use in “what if” power
analyses involves guesses about the parameter values and variance. To have reasonable
expectations about the parameter values and variance generally requires as much or more
experience in a research domain as is necessary to know typical values of PRE. Thus,
this third approach is generally less useful than the first two. We present this approach
in order to be complete and because the derivation of this approach provides further
useful insights about the meaning of PRE and »?. Also, this approach requires describing
in detail the data that one expects to obtain, and such an exercise can often be useful
for identifying flawed research designs.

We begin with our familiar definition of PRE:

SSE(C) - SSE(A)  SSR

PRE = -
SSE(C) SSE(C)

We have noted before that SSE(C) = SSE(A) + SSR (i.e., the error for the compact
model includes all the error of the augmented model plus the error that was reduced by
the addition of the extra parameters in the augmented model). Hence, substituting for
SSE(C) yields:

SSR 1

PRE = -
SSE(A) + SSR  SSE(A)/SSR + 1

To obtain a definition of the true proportional reduction in error n?, we simply estimate
SSE(A) and SSR, using not the data but the parameter values of B, and 3, that are of
interest.
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For example, we noted above that:

(Yie— Vi)

1

SSR =

n

i

If we thought that the effect of the lottery bids would be to decrease the mean bid from
50 to 40, then Y, = B, = 50 represents the null hypothesis and Y,, = 8, = 40 represents
an alternative hypothesis that we want to test. For that situation we would expect:

20 20

20
SSR = > (50 - 40)? = > 102 = > 100 = 2000

i=1 i=1 i=1
In other words, the SSR that we expect is simply 100 added up 20 times (once for each
bidder). We saw in Chapter 2 that SSE/(n — PA) was an estimate of the variance o2. If
we use our expected value of B, = 40 to calculate SSE(A), then we are not using data
to estimate any parameters, so PA = 0. Hence, SSE(A)/n = o2, so the value of SSE(A)
that we expect to obtain is:

SSE(A) = no?

Thus, if we have a reasonable guess or expectation for the variance, then we can
easily calculate the value of SSE(A) that we would expect. Having good intuitions about
what variance to expect is usually as difficult or more difficult than knowing what PRE
to expect. Both are based on previous experience in a research domain. Good guesses
for the variance often depend on previous experience with the particular measure for Y.
For our example, suppose that past data for the lottery lead us to expect that o is about
400; then, we would expect:

SSE(A) = no? = (20)400 = 8000

We now can return to our formula for PRE to calculate the value that we expect for
the true proportional reduction in error 7 (given our guesses for B, B,, and o?).

1 1
= = =.2
SSE(A)/SSR +1 8000/2000+1 4+1

Expected n* =

In other words, n> = .2 corresponds to our guesses about B, B,, and o2. We now can
use the power tables to find the power we would have for comparing Model C, which
predicts that the mean bid will be 50, against Model A, which predicts that the mean
bid will be 40, when the variance is about 400. Using Figure 4.15, we find that for 20
observations the probability of rejecting Model C (i.e., deciding that the lottery bids
were less than the expected value of a ticket) is only about .56 even if we think that it
will on average be $10 less than the expected value of $50. This means that the researcher
has only a little more than a 50/50 chance of deciding that lottery bids are lower than
the expected value of a ticket even when they really are lower by $10. Using the power
table, we can see that testing our hypothesis with twice the number of persons would
increase the power substantially to .87. In this case, it would seem advisable to test our
hypothesis with a larger sample size rather than with a sample size that offered little
hope of finding the effect. We can similarly calculate the power for other “what if”
values of B, B,, and o? that we might want to consider.
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IMPROVING POWER

The relatively low power—the high probability of making a Type Il error—for the
apparently reasonable evaluation of the hypothesis we have been considering may be
startling. Unfortunately, low power is a problem that plagues data analysis far more
frequently than is commonly realized. Low power creates serious difficulties. For
example, consider the plight of researchers trying to evaluate the effectiveness of an
innovative educational curriculum or a new therapy for a serious illness. If the power
of detecting the effect is only about 50/50, there is a fairly high risk of concluding that
the new curriculum or therapy is not effective even when it actually is. When one
considers the time and money that may be invested in research—not to mention the
potential of the findings to benefit people and advance science—it generally makes little
sense to design and conduct studies that have little chance of finding effects even when
the effects really exist. In our particular example, the obtained value of PRE allowed us
to reject the hypothesis that B, = 50; we were either lucky, or the true value of B, was
considerably less than the alternative value of 50 that we considered above. In general,
however, we want to increase the power of the statistical inference. There are three basic
strategies for improving power: reduce error, increase «, and/or increase the number of
observations. We consider each in turn.

Reducing Error

One way to reduce error is to control as many of the possible random perturbations as
possible. In our lottery example, one might reduce error and obtain more power by
providing clear instructions to participants, making sure participants were well rested,
eliminating distractions in the bidding environment, and using a more reliable bidding
procedure. In other words, error is reduced by obtaining data of better quality. In the
equation:

DATA = MODEL + ERROR

the model will account for a higher proportion of the data if the data are of higher quality
and hence have less error. Less error allows us to obtain a more powerful look at our
data. Although reducing error by such means may be the most effective method for
improving power, the techniques for doing so are usually domain-specific and outside
the scope of this book.

Another way to reduce error is to improve the quality of the model. Again in the
equation:

DATA = MODEL + ERROR

error will be smaller for data of fixed quality if the model can be improved to account
for more of the data. How to use models more complex than the simple models we have
been considering in these beginning chapters is the subject of the remainder of the
book, so we cannot give too many details here. The general idea is to build models that
make predictions conditional on additional information we have about the observations.
In the lottery example we might know, say, which bidders had participated in lotteries
before and which ones, if any, had ever won a lottery. If having participated in a lottery
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before makes a difference in the amount an individual is willing to pay for a lottery
ticket, then we can make different predictions conditional on whether (or perhaps how
often) the bidder had participated in lotteries previously. By doing so we will have, in
essence, removed what was formerly a random perturbation—previous participation in
lotteries—from the error and included it in the model. Again the reduced error will give
us a more powerful look at our data. In later chapters we explicitly consider the addition
of parameters to the model for the purpose of improving power.

Increasing «

A different way to improve power is to increase a, the probability of a Type I error.
The probabilities of Type I and II errors are linked in that if we choose a critical value
that increases (decreases) « then we simultaneously and unavoidably decrease (increase)
the probability of a Type II error. For our lottery data with n = 20, Figure 4.16 shows
power as a function of ? and a. As « increases from .001 to .25 the critical values for
F and PRE decrease. It obviously becomes easier for the values of " and PRE calculated
from the data to beat these critical values, so the power increases as « increases. For
example, if we do a “what if” power analysis with n? = .2, then the power at o = .05 is
.56, but if we increase « to .1, then power increases to .70.

Editors of scientific journals are wary of Type I errors and will seldom accept the
use of a > .05 for statistical inference. However, there are many practical data analysis
problems when a higher « is justified to increase power. Characteristics of such data
analyses are (a) that increasing power in any other way is infeasible, (b) that rejection
of Model C if it is indeed false would have important practical consequences, and (c)
that the costs associated with a Type I error are not great. Consider, for example, the
statistical decision problem faced by a researcher testing the effectiveness of an innovative
new curriculum. It may be difficult for the researcher to control any other sources of
error to increase power. It would certainly be important to identify a curriculum that
could improve student learning. The consequence of a Type I error would probably be
further trial use of the curriculum in several classrooms the following year, which may
not involve a significant cost. Thus, the researcher might well adopt a higher « to choose
the critical values for PRE and F for her statistical inference.

Conversely, note that reducing « also reduces power. In the lottery example, lowering
a to .01 would increase our protection against the possibility of a Type I error but would

FIGURE 4.16 Power for PA =1, PC =0, and n = 20 for various levels of «

Prob(PRE > critical value)

Critical values True PRE, 12

«a F PRE 0 .01 .03 .05 .075 1 2 3

.001 15.08 443 .00 .00 .00 .01 .01 .02 .09 22
.005 10.07 .346 .01 .01 .02 .03 .05 .07 21 43
.01 8.18 301 .01 .02 .03 .05 .08 AR .30 .54
.025 5.92 .238 .03 .04 .07 .10 15 .20 44 .69
.05 4.38 .187 .05 .07 12 .16 .23 .29 .56 .79
A 2.99 .136 .10 13 .20 .26 .34 42 .70 .88
.25 1.41 .069 .25 .29 .38 46 .55 .63 .85 .96
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reduce power to less than .30, a level for which it would not likely be worth conducting
the study. If the costs of a Type I error are very high—for example, if reliance on the
research findings involved extensive teacher retraining in the case of an innovative new
curriculum—then the use of restrictive values of « may be appropriate. However, in
some cases, such as when the sample size is very small, as it is for our lottery study,
reducing a would reduce the power so much that it would no longer be worthwhile to
do the study—the chances of seeing anything are too low with such a low-powered
“microscope.”

Increasing n

Probably the most common technique for increasing the power of statistical tests is
to increase the number of observations. Figure 4.17 is a graphical display of the 95%
(a=.05) and 99% («a = .01) critical values of Figure 4.9 as a function of the number of
observations. The value of PRE required to reject Model C drops dramatically as the
number of observations increases. For example, had there been 51 participants instead
of 20 in our lottery study, a PRE of only .075 would have been required (a« = .05) to
reject the Model C that assumed B, = 50 instead of the PRE of .187 required in our
example. The drop in the critical values for /' and PRE needed to reject Model C
corresponds to an increase in power, as we have noted several times. For example,
for 7> = .2 as a “what if” value of the true proportional reduction in error, the power
for 20 observations is .54 (see Figure 4.15), but with 51 observations the power increases
to .93.

There are two reasons for not routinely using a large number of observations. First,
it may be infeasible, due to cost or other data collection constraints, to obtain more
observations. Second, power might be so high that some statistically significant results
may be misleading. By turning up the power on our metaphorical statistical microscope
to extraordinary levels, we might detect flaws in Model C that are statistically reliable
but are trivial substantively. For example, with 120 observations any PRE greater than
.032 is cause to reject Model C in favor of Model A. However, the 3.2% reduction in
error means that Model A may be a trivial improvement over Model C. For this reason,
one should always report not just the statistical inference about whether Model C is or
is not rejected but also the obtained values for PRE and F so that the reader can evaluate

FIGURE 4.17 Critical values of PRE as a function of the number of observations
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the magnitude by which Model A improves on Model C. All else being equal, more
statistical power is always better; we just need to be careful in interpreting the results
as substantively important when power is very high.

It is also important not to dismiss a small but reliable PRE just because it is small.
Rejecting Model C in favor of Model A may be important theoretically even if Model
A provides only a slight improvement. Whether a given PRE is substantively interesting
will depend on theory and prior research experience in the particular domain.

CONFIDENCE INTERVALS

Confidence intervals provide an alternative way for considering statistical inference.
Although, as we shall see later, confidence intervals are exactly equivalent to statistical
inference as described above, they reorganize the information in a way that can give
useful insights about the data and our model.

A confidence interval simply consists of all those possible values of a parameter
that, when used as a hypothesis for Model C, would not cause us to reject Model C. For
example, the mean for the 20 lottery bids is 42.5 and estimates the parameter 8, in Model
A. We have already determined that 50 is not in the confidence interval for 3, because,
when we used 50 as the prediction for Model C, we obtained an unlikely PRE value
that would occur less than 5% of the time. Any value greater than 50 would produce an
even larger PRE, so none of those values is included in the confidence interval.
Conceptually, we could find the boundary of the confidence interval by trying increasingly
higher values (i.e., higher than b,) for B, in Model C until we found a value for B that
produced a PRE that would not cause us to reject Model C. For example, if we tried B,
= 45, the respective sums of squared errors for Models C and A would be 4392 and
4267, yielding PRE = .028, which is below the critical value for @ = .05; hence 45 is in
the confidence interval for B, and the boundary must be somewhere between 45 and
50. We would also need to search for the lower boundary below the estimated value of
42.5. We can avoid this iterative search because it can be shown that the boundaries are
given by:

F, MSE

bo + crit;1, n - Lia (44)
n

For the simple model of the lottery bids, MSE = s> = SSE/(n — 1) = 4267/19 = 224.58.
F i1 1.0 18 the critical value at level « for F'with 1 degree of freedom for the numerator
(i.e., the difference in the number of parameters between the two models) and n — 1
degrees of freedom for the denominator (i.e., the number of observations minus the
number of parameters in Model A). For a = .05, the critical value of F, o o5 = 4.38.
For these data, b, = the mean = 42.5, so the boundaries of the confidence interval are
given by:
(4.38)224.58

425+ T or 42.5%+7.01

Thus, the lower boundary is 42.5 — 7.01 = 35.49 and the upper boundary is 42.5 + 7.01
= 49.51. We are therefore 95% (1 — «) confident that the true value for B, is in the
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interval [35.49, 49.51]. Any B, not in this interval that we might try for Model C would,
with the present data, produce values of PRE and F that would lead us to reject Model
C. Any B, in this interval would produce values of PRE and F below the critical values,
so we would not reject Model C.

When estimating statistical power we described how to do an a priori power analysis.
Those “what if” power analyses are necessarily inexact. Confidence intervals are useful
for describing post hoc the actual statistical power achieved in terms of the precision of
the parameter estimates. Wide confidence intervals represent low statistical power and
narrow intervals represent high statistical power.

EQUIVALENCE TO THE t-TEST

In this optional section we demonstrate the equivalence between the statistical test for
the simple model developed in this chapter and the traditional one-sample t-test presented
in most statistics textbooks. We do so to allow readers with exposure to traditional
textbooks to make the comparison between approaches.

The one-sample #-test answers whether the mean of a set of observations equals
a particular value specified by the null hypothesis. The formula for the one-sample
t-test is:

_ (Y- B))
N

n-1

where # is the number of observations, Y is the calculated mean, B, is the value specified
by the null hypothesis, and s is the standard deviation of the set of observations. With
the appropriate assumptions about Y—the same assumptions that we made about the
distribution and independence of the &—calculated values of ¢ can be compared to critical
values of Student’s t-distribution. Tables of this distribution are available in many
statistics textbooks. However, separate tables are not really needed because squaring ¢
with n — 1 degrees of freedom yields an F with 1 and » — 1 degrees of freedom. Thus,
the F tables in the Appendix may readily be used.

To show the equivalence between F as presented in this chapter and the usual #-
test, we begin with the definition of F for the simple model; that is:

- PRE/1
M (1= PREY(n - 1)

We know that PRE = SSR/SSE(C), and it is easy to show that:

SSR  SSE(C)-SSR SSE(A)

1-PRE=1- - -
SSE(C) SSE(C) SSE(C)

Substituting these values into the definition for F yields:

o SSR/SSE(C) ~ SSR
1T [SSE(AYSSE(O)/(n - 1) SSE(A)(n - 1)
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But from Equation 4.2 we know that for the simple model SSR can be replaced with
n(B, — Y)?, and from Chapter 2 we know that SSE(A)/(n — 1) is s, the variance of the
set of observations. Substituting these values yields:

Taking the square root of this last equation gives the final result of:

V‘fm = n(Y - By)
s

We provide the above derivation not to present yet another computational formula
but to show that our model comparison approach to statistical inference is statistically
identical to the traditional approach. The use of PRE and F for comparing models is
nothing more than a repackaging of the traditional approach. This repackaging has the
important consequence of making it easy to generalize to more complicated models and
data analysis questions. We will use PRE and F just as we did in this chapter for statistical
inference throughout the remainder of the book. In contrast, the traditional 7-test does
not generalize nearly so easily. Also, even though the #-test must produce exactly the
same conclusion with respect to the null hypothesis, it does not automatically provide
a measure of the magnitude of the result. In our model comparison approach, PRE
automatically provides a useful measure of the magnitude.

AN EXAMPLE

In this section we illustrate the techniques of this chapter using the internet access data
that were presented in Figure 1.1. Suppose that marketing researchers had projected that
75% of households would have internet access by the year 2013. Was the marketing
researchers’ projection overly optimistic? The question is equivalent to comparing the
following two models:

MODEL A: Y, =B, + ¢
MODEL C: Y, =75+ ¢
We know that the mean is ¥ = 72.806 (see Chapter 2), so the estimated Model A is:

Y, =72.806

For the statistical inference we need to calculate PRE and F from SSE(A) and
SSE(C). We also know that the variance or the MSE is 27.654 (see Chapter 2). Since
MSE = SSE(A)/(n — 1), we can easily obtain SSE(A) by multiplying MSE by n — 1;
thus, SSE(A) =27.654 (49) = 1355.046; this value (within rounding error) is also given
in Figure 2.10. We can compute SSR using:

SSR = n(B,— Y)*= 50(75 — 72.806)? = 240.682
Then it is easy to get SSE(C) from:
SSE(C) = SSE(A) + SSR = 1355.046 + 240.682 = 1595.728
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The computations of PRE and F are then easy:

SSR 240.682
PRE = = =
SSE(C) 1595.728
and
PRE/1 151
Fl,49

_ - ~8.71
(1-PRE)/(n-1) .849/49

From the tables in the Appendix, the critical values for PRE and F (for o = .05) are,
respectively, about .075 and 4.03. The obtained values clearly exceed the critical values,
so we can reject Model C in favor of Model A. Thus, the 15.1% reduction in error
obtained by using the estimate b, = 72.806 instead of the null hypothesis value of B, =
75 is statistically significant. We can therefore conclude that the percentage of households
that had internet access was significantly lower than the marketing researchers’ projection.
We might summarize our results for a journal article as follows:

On average, across states the percentage of households that had internet access in
the year 2013 (M = 72.806) was significantly lower than the projected value of 75%,
PRE = .151, F(1, 49) = 8.71, p < .05.

From the above it is also easy to calculate the 95% confidence interval for B,, the true
average percentage of households that had internet access across states. Substituting the
appropriate values into Equation 4.4 yields:

4.03(27.654)
72.806 * 0 or 72.806 * 1.493

which gives an interval of [71.313, 74.299]. Using this interval, we can easily ask other
questions. For example, had the marketing researchers projected that B, = 73, we would
not conclude that the actual percentage of households with internet access was
significantly less than the projection, because 73 is included in the 95% confidence
interval.

SUMMARY

In Chapter 1 we noted that the equation:
DATA = MODEL + ERROR

implies an inherent tension in data analysis between reducing error as much as possible
and keeping the model as simple or parsimonious as possible. Whenever we consider
adding an additional parameter to the model so that it will fit the data better and thereby
reduce error, we must ask whether the additional complexity of the model is worth it.
In this chapter we have developed inferential machinery for answering whether the
additional complexity is worth it.

To decide whether the benefits of the additional parameters in Model A outweigh
the benefits of the parsimony and simplicity of Model C, we first calculate SSE(A) and
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SSE(C), respectively, the sum of squared errors for the augmented model (which
incorporates the additional parameters) and the compact model (which does not include
those parameters). The sum of squares reduced, SSR, is simply the difference between
them:

SSR = SSE(C) — SSE(A)

Then we calculate the proportional reduction in error attributable to the additional
parameters, which is given by:

_ SSE(C) - SSE(A)  SSR

PRE -
SSE(C) SSE(C)

Another related statistic is the ratio of the proportional reduction in error per
parameter added to the potential proportional reduction in error per remaining unused
parameter, which is given by:

__PRE/(PA - PC)
(1 -PRE)/(n - PA)

We then compare the calculated values of PRE and F to the distribution of values we
would expect if Model C, the compact model, were true. If the calculated values of
PRE and F would have been unlikely if Model C were true, then we reject Model C and
conclude that the extra complexity of Model A is worth it. On the other hand, if the
calculated values are ones that might reasonably have been obtained if Model C were
true, then we do not reject Model C and without further evidence we would not accept
the additional complexity of Model A.

This inferential machinery is merely a guide for decision making and is not infallible.
There are two kinds of errors that we can make. A Type I error occurs when Model C
is in fact correct but by chance we happen to get unusual values of PRE and F and so
reject Model C. The probability of a Type I error is « and defines how unusual PRE
and F have to be before we reject Model C. A Type II error occurs when Model C is
in fact false or inferior to Model A but by chance we happen to get values of PRE and
F that are not unusual and so fail to reject Model C. We generally select «, the probability
of a Type I error, and try to reduce the chances of a Type II error by collecting better
data with less error and by increasing the number of observations. Reducing the chances
of a Type II error is referred to as increasing the statistical power of an inference.

We developed this inferential machinery in the context of asking a question for the
simple model. However, exactly the same procedure will work for all the more complex
models we consider in subsequent chapters. In this chapter, we have learned all we need
to know as data analysts about statistical inference. The remainder of our task is to learn
how to build more complex and interesting models of our data.



Simple Regression

Estimating Models with a Single
Continuous Predictor

We have used the simple single-parameter model to illustrate the use of models, the
notion of error, and inference procedures to be used in comparing augmented and
compact models. We have focused on this single-parameter model in so much detail
because the estimation and inference procedures that we developed within this very simple
context generalize to much more complicated models. That is, regardless of the
complexity of a model, estimation from here on will be done by minimizing the sum of
squared errors, just as we did in the single-parameter case, and inference will be done
by comparing augmented and compact models using PRE and F. So the detail on single-
parameter models has been necessitated by our desire to present in a simple context all
of the statistical tools that we will use in much more complex situations.

However, as we noted, single-parameter models are only infrequently of sub-
stantive or theoretical interest. In many ways, the example from the last chapter, where
we wanted to test the hypothesis that people were willing to pay the expected value of
$50, is unusual in the behavioral sciences. More frequently such a priori values do not
exist, and instead we may be asking whether the mean in one group of respondents
(e.g., those who were trained in the meaning of expected values) differs from the mean
in another group of respondents (e.g., those who received no such training). Or, returning
to the data on internet access, while it is certainly possible that we would be interested
in testing whether some a priori percentage (e.g., 75%) is a good estimate of mean internet
access, it is much more likely that we would be interested in examining the determinants
or correlates of internet access rates. In other words, our interest is more likely to center
on attempts to explain the internet access data than on tests of alternative values for the
mean access rate.

To examine these types of substantive issues, we need to consider models having
more than a single parameter. Initially, we will consider only two-parameter models,
taking the following form:

/=Byt B X+ g

The exact definition of the terms in this two-parameter model will be detailed below.
For the present we simply note that we are making predictions of Y, conditional upon
some other variable X, since the model’s predictions from this two-parameter model
change as X; changes, assuming that 3, takes on some value other than zero.

Actually, there are two variations on this two-parameter model, each of which is
illustrated by one of the two examples we have just discussed. In the first example,
concerning whether training in the meaning of expected values influences how much
one is willing to pay for a lottery ticket, we want to examine whether those who receive
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such training are willing to pay more or less than those who do not. This amounts to
asking whether we need different predictions from the model for the two groups of
respondents or whether a single prediction suffices regardless of whether training was
received or not. In other words, we want to compare a model in which predictions are
made conditional on knowing whether or not a given respondent received the training
with one where the identical prediction is made for every respondent. For this comparison,
the augmented model is a two-parameter model, defining X; in such a way that it
identifies whether or not the respondent received training. We might, for instance, define
X; as follows:

X, =-1, if a respondent did not receive training
X, =+1, if a respondent did receive training

If the estimated value of B3, in the above two-parameter model is something other than
zero, the model then gives different predicted values for participants in the two groups.
For example, if b, (the estimated value of ;) equals 46 and b, (the estimated value of
B,) equals 3, then the prediction for the respondents without training is:

Y=b,+bX,=46+3(-1)=46-3=43
and the prediction for the respondents who receive training is:
Y=by+bX,=46+3(1)=46+3 =49

Notice that there are only two possible values for X; in this example, and hence only
two predicted values. Respondents either receive training or not, and our decision about
the numerical values used to represent this training is arbitrary. For instance, had we
defined X differently, giving respondents with training a value of 2 on X; and those
without training a value of 4, the two-parameter model would still generate different
predictions for the two groups of students, assuming the estimated value of 3, does not
equal zero.

Now consider the second example. Suppose we wanted to explain variation in the
internet access data and we suspected that average educational level of residents in the
US states, measured as the percentage of residents with a college degree, might be a
reasonable candidate for an explanatory factor. In other words, we thought that internet
access rates might be higher in states where more people had graduated from college.
So we might use the two-parameter model to make predictions for states conditional on
college graduation rates, defining this as X,. This variable has many possible values, and
it would be unlikely that any two states would have exactly the same graduation rate
and, hence, the exact same values on X, Therefore, instead of making two different
predictions as in the lottery example, our two-parameter model now is likely to make
different predictions for each state, since each state is likely to have a unique value of
X;. Another difference between this two-parameter model and the lottery example is that
here values on X; are less arbitrary than they were in the lottery example. Each state has
an actual college graduation rate that can be compared with other states and the
information about such state-to-state differences needs to be represented in the values
we assign to X; for each state.

The difference between these two examples lies in the nature of the units of
measurement of the predictor variable, the variable upon which the predictions are
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conditional. In the lottery example, no training versus training is a categorical variable,
in the sense that all participants are in one group or the other. This means that while X,
needs to code the distinction between the two training conditions, it does not matter
which group of respondents is given the higher value on X; nor does it matter which two
values are used. On the other hand, college graduation rate is what we call a continuous
predictor variable, in the sense that different states have different values and the
differences among these values are meaningful.

While all of the procedures for building models, estimating parameters, and
comparing augmented and compact models can be used regardless of whether the
predictor variable (or variables) is categorical or continuous, it is conceptually useful to
treat models with categorical predictor variables separately from models whose predictors
are assumed to be continuously measured. Initially, we will consider models that contain
only predictors presumed to be continuously measured.

In the current chapter, we treat two-parameter models having a single, continuously
measured predictor variable. Then, in Chapters 6 and 7, we consider models with
multiple continuously measured predictors. In traditional statistical jargon these three
chapters (Chapters 5, 6, and 7) deal with simple and multiple regression, including
polynomial and moderated regression models. Then in Chapters 8§ and 9 we turn our
attention to models having categorical predictors. Again, in traditional statistical jargon,
these chapters deal with analysis of variance. Finally, in Chapter 10 we consider models
in which some predictors are categorical variables and some are continuous variables.
Such models are traditionally referred to as analysis of covariance models. Our approach,
however, to each type of model, regardless of the chapter, will be uniform. Rather than
describing seemingly different statistical techniques for multiple regression, analysis of
variance, and analysis of covariance, we will estimate parameters just as we have done
in the simple single-parameter case, and we will test hypotheses by comparing augmented
and compact models. So, while our treatment of categorial predictors is located in
different chapters from our treatment of continuous predictors, the same procedures will
be used throughout.

DEFINING A LINEAR TWO-PARAMETER MODEL

We now confine our attention to two-parameter models with a single continuous pre-
dictor variable. As an example, we will use the data contained in Figure 5.1 to ask
whether differences between US states in their internet access rates are predictable from
differences in their college graduation rates. As we speculated above, it seems reasonable
that internet access may be higher in states where the population is relatively better
educated.

Figure 5.2 is a scatterplot of the tabular data from Figure 5.1. The vertical axis
represents internet access rates, and the horizontal axis represents college graduation
rates. Each point in this plot represents one of the 50 US states. The question that we
would like to ask is whether we can use graduation rates to predict internet access. Or,
expressed differently, do our predictions of internet access improve by making those
predictions conditional on knowledge of graduation rates?

We will use a simple linear model to generate such conditional predictions. As
already discussed, this model is:
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=Bt BX + & FIGURE 5.1 Internet access rates and
college graduation rates

where Y, is a state’s internet access rate and X, is its
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made by this model for each state’s access rate are given DE 74.5 29.8
by: FL 74.3 27.2
B GA 72.2 28.3
Y,=b,+bJX, HI 78.6 312
IA 72.2 26.4
Because ERROR equals DATA minus MODEL, the D 73.2 26.2
residuals in this two-parameter model can be expressed IL 74.0 32.1
as follows: IN 69.7 238
KS 73.0 311
e, = Y,— yl KY 68.5 22.6
= Y,— (b, + b,X) LA 64.8 225
MA 79.6 40.3
Let us examine each of the parameter estimates in MD 78.9 37.4
this model and see what each is telling us. First, consider ME /2.9 28.2
by In the singl del hat by equaled 1 rl 202
o- In the single-parameter rTlO el, we saw that 5, equale MN 765 335
the mean value of Y, assuming that we define error as the MO 69.8 27.0
sum of squared errors. Another way of saying the same MS 57.4 204
thing is that in the single-parameter model b, is our MT 72.1 29.0
predicted value for each state. However, in this two- sg ;g'i ;3?
parameter model we wish to take further information into NE 779 594
account in making each state’s prediction. We are making NH 80.9 34.6
each state’s prediction conditional on its college NJ 79.1 36.6
graduation rate. Therefore, b, is not the predicted value NM 64.4 26.4
f s e . NV 75.6 22.5
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5 OK 66.7 23.8
= b, + b X
Yi= byt bk, OR 77.5 30.7
There is one case, however, when this model predicts PA 72.4 28.7
. .. RI 76.5 32.4
an internet access rate equal to b,. This is clearly when sc 66.6 26.1
X; equals zero, for then: D 711 6.6
5 N 67.0 24.8
= + =

Y= byt b (0)=by > 71.8 27.5
This, then, provides the interpretation for the parameter ut 796 313
estimate b, in this two-parameter model: b, is our VA 58 361
0 P n o VT 75.3 35.7
prediction of Y, when X, equals zero. As we will see for WA 78.9 327
our example, this prediction may not be very useful Wi 73.0 27.7
because the data from which we estimate this parameter Wv 64.9 18.9
WY 75.5 26.6

may not include data points having values of X; near zero.
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FIGURE 5.2 Scatterplot of internet access rates and college graduation rates for each of
the 50 US states
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The second parameter estimate in the model, b, tells us how our predictions change
as X, changes. Suppose we had two observations differing in their values on X; by one
unit, with X; for the first observation being one unit larger than X, for the second.
According to the model, our predictions for the two data points would differ by b, since:

Y=Y, = (by+ b X)) —(by + b Xy)

= bX|-bX,
= b(X, - X))
= b,

So, b, tells us by how much our predictions of Y, change as .X; increases by one unit.
Notice that in this derivation we did not specify what the actual values of X, and X,
were. We only specified that they were one unit apart from each other. Hence, this implies
that b, in this two-parameter model is constant, regardless of the level of X,. This is what
was meant by the definition of this sort of two-parameter model as a linear model. As
X, changes by some set amount, our predictions of Y, change by a constant amount,
regardless of the value of X..

To review, b, and b, tell us very different things: b, is a predicted value (a fi) ata
particular value of X,, namely when X; equals zero; b, is not a predicted value, rather it
is the difference between two predicted values as we move from a smaller X; to one that
is one unit larger.

Let us look at this two-parameter model graphically for the example in which internet
access is predicted from college graduation rates. Figure 5.3 presents the graph of the model
set against the data. All of the predictions };l lie on the line defined by the model. Errors
of prediction, e, as in the single-parameter model, are defined as vertical distances between
the line and an actual observation. That is, an error or residual is the difference between
Y, and fl b, is the value of fl when X; equals zero; it is frequently called the intercept
because it is the value on the vertical axis of the graph where the prediction function crosses
or “intercepts” it. b, is the difference in fl for each unit increase in X;. We can think of it
as the slope of the line, since algebraically it is the difference in predicted values between
any two points on the line per their difference in X; values: rise over run:
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(1,-Y)
(X -X)

1

where the subscripts designate any two points on the line. Notice that the slope can take
on any positive or negative value. If the slope is positive, it means that the model predicts
higher values of Y, as X; increases. If the slope is negative, the model predicts lower
values of Y, as X; increases.

ESTIMATING A LINEAR TWO-PARAMETER MODEL

Given some sample of data, how do we estimate the parameters of this sort of model?
We want to use our sample of data to generate values of b, and b, in the equation:

};i:bo_l_bl)(i

that are good estimates of the true (but unknown) parameters 3, and B,. To do this, we
decided in Chapter 3 that for the single-parameter model we would derive estimates that
minimize the sum of squared errors. This preference was due to the fact that if the errors
are normally distributed, least-squares parameter estimates are unbiased, consistent, and
relatively efficient. This continues to be the case in the context of the present two-
parameter model and will continue to be the case in more complicated models with many
parameters, which we consider in subsequent chapters. For now, we want to derive
estimated values of B, and B, that minimize >(Y; — fi)z. The resulting least-squares
parameter estimates are given as:

y 2= (- 1)
: (X, - Xy
by=Y-bX

The derivation of these estimates is given in Box 5.1.

FIGURE 5.3 Scatterplot with two-parameter model predicting internet access from college
graduation rates
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Box 5.1 Algebraic Derivation of Least-Squares Estimates of 8, and B,

SSE = 3(¥,— Y} =3(Y,— by~ b X}

given that fl =b,+ b X,. We now add (Y —Y)and b (X — X) inside the parentheses
to this expression for SSE. Since both of these expressions equal zero, we have
not changed the equality. Thus:

SSE = (Y, Y +Y —by—bX,+b X —bX)
Grouping terms yields the equivalent expression:
SSE = S[(¥,~ ¥)+ (¥ ~ by~ b,X) ~ b, (X,~ )P

If we square the term in brackets and distribute the summation sign, this gives the
equivalent expression:

SSE = S(Y,—- Y2 +2(Y —b,— b X)3(Y,~-Y)
2b, 3(Y, - V)X, - X)+n (Y —b,— b X)
2b,(Y ~ by~ b, X) (X, ~ X) + b} (X, - X)?
Since both 3(Y, — ¥) and 3(X; — X) equal zero, this expression reduces to:
SSE = 3(Y,— Y)>—2b, 3(Y, - Y)(X,—~ X) + n(Y — by, — b, X)>?
+ b1 3K - X)

Since the third term in this expression, n(Y — b, — b,X)?, is necessarily positive,
to minimize SSE we would like to set it equal to zero. Therefore, we wish values
of b, and b, such that:

n(Y —b,—bX)=0
Dividing both sides of this equality by » gives us:
Y —b,~bX=0
or, equivalently:
b,=Y b X
We have now reduced our expression for SSE, assuming the desire to minimize
it, to:
SSE =3(Y;- 1) = 2b, 2(Y, - D)(X; - X) + b* 2(X, - X)’
(Y, - (X, - X)]
(X - Xy

_S(Y,- 17)2+2<)4—A'02[b%—2b1

Let us now add to and subtract from this expression the quantity:

(X, - X)(Y, - f’))z

2()(1_/‘_/)2( Z(X—/\_/)Z




Thus:

SSE =3(Y,- Yy
el O )
-son- ()

Rearranging terms and taking the square root of the term in brackets gives us:

- % EX_ ¢ YV_ Dy

SSE = 3(Y, - Y)z-z(Xf‘X)z( (é(;{)—()é)2 Y)>
o[, Ei-D(Y- Dy
+2(X, - Xy’ [bl‘ : é()f)—(i”l)2 Y)]

The last term in this expression for SSE is necessarily positive. Therefore, to
minimize SSE we want this last term to equal zero. This occurs if:

A (X, - X(Y,- V)
(X - X

We can think about the formula for the estimated slope in a couple of different ways.
One way is to divide both the numerator and denominator of the formula by n — 1:

y 2= D= DI -1
Y3 - X - 1)

_ Sxy

Sy

In this last expression, the numerator of the slope, s,,, is known as the covariance of X
and Y, and the denominator is, of course, the variance of X.

Examining the crossproduct of (X, — X)(Y¥, — Y) for any given observation helps to
conceptualize the meaning of the covariance between two variables. To aid with this
conceptualization, in Figure 5.4 we have added a horizontal line at the mean of Y and
a vertical line at the mean of X to the scatterplot of the data. Any given observation will
have a positive value for its crossproduct if it lies either in the upper right quadrant of
the scatterplot or the lower left quadrant of the scatterplot, where the quadrants are defined
by the intersecting lines at the two means. Positive values of the crossproduct thus come
from observations that are either above the mean on both variables or below the mean
on both. On the other hand, observations with negative values for their crossproducts
will lie in the other two quadrants, having values that are below the mean on one variable
but above the mean on the other. The covariance is (roughly) the average of all these
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FIGURE 5.4 Scatterplot with horizontal line at ¥ and a vertical line at X
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individual crossproducts. Given that the denominator of the slope is always positive in
value, the sign of the slope is determined by the sign of the covariance. This means that
the slope will be positive if most of the observations in a scatterplot are either above
the means on both variables or below the means on both variables. A negative slope
happens when most of the observations fall into the other two quadrants: above the mean
on one variable but below it on the other. A slope near zero would occur when the
observations are randomly distributed throughout all four quadrants.

The other way to think conceptually about the meaning of the slope involves
applying a bit of algebra to the original formula for the slope given above, yielding:

Y (X, - X7
_], where w; = ————;
X (X, - Xy
The term in the brackets in this equation can be thought of as the slope suggested by
each individual observation—it is the rise over run of a line that goes between the joint
mean of the two variables and a particular observation. In Figure 5.5 we have added a
few of these individual “slopes” for a few observations. The w; can be thought of as a
weight assigned to each observation, where the weight represents the proportion of the
total sum of squares of X that is attributable to the particular observation. In essence,
we can think of each observation as having a slope that it “prefers” (between the joint
mean and itself), that gets a certain weight or vote in determining the value of the slope
for all the observations. The more extreme the observation is on X, the greater the vote.
Using the above formulas to calculate both parameter estimates, b, and b,, or more
efficiently using a regression routine in one of the various statistical software packages,
we can calculate the estimated intercept and slope for the model where we regress internet
access rates on college graduation rates. (Notice here that in regression terminology one
regresses Y on X, not the other way around.) The resulting estimated two-parameter model
for these data is:

b1=2wi[ .
X _

i

Y,=47.912 + 0.862.X,

This prediction function is graphed in Figure 5.6 as a straight line on the scatterplot we
saw before.
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FIGURE 5.5 Scatterplot with individual slopes
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FIGURE 5.6 Scatterplot with two-parameter model: ¥ = 47.912 + 0.862X
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(This figure is identical to Figure 5.3 where we plotted the slope and intercept prior to
indicating how they were estimated.)

Let us interpret each of the regression coefficients, b, and b, in this equation. The
first equals 47.912. This is the value predicted by the model for a state’s internet access
rate if none of the population in the state had graduated from college. While this intercept
is the best unbiased estimate of this prediction based on a linear model of these data, it
is clearly a relatively meaningless value, because no state in the data had a college
graduation rate anywhere near zero.

The value of the slope, 0.862, tells us that if we found two states differing in college
graduation rates by 1%, our model predicts that the internet access rate would be .862%
higher in the better educated state.

In Figure 5.7 we present for each state its Y, X, );,., residual, and squared residual.
The sum of these squared residuals, 3(Y; — )?,-)2, across all 50 states is also given. Having
used the least-squares criterion guarantees that no other values of b, and b, would give
us a smaller sum of squared residuals for these data.
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FIGURE 5.7 Predicted values and residuals for internet access data by state

US state Y, X, \4 e e?

AL 63.5 23.5 68.169 -4.669 21.780
AK 79.0 28.0 72.048 6.952 48.330
AZ 73.9 27.4 71.531 2.369 5.612
AR 60.9 20.6 65.669 -4.769 22.743
CA 77.9 31.0 74.634 3.266 10.667
CcO 79.4 37.8 80.496 -1.096 1.201
cT 77.5 37.2 79.978 -2.478 6.140
DE 74.5 29.8 73.600 0.900 0.810
FL 74.3 27.2 71.358 2.942 8.655
GA 72.2 28.3 72.307 -0.107 0.011
HI 78.6 31.2 74.806 3.794 14.394
ID 73.2 26.2 70.496 2.704 7.312
IL 74.0 32.1 75.582 -1.582 2.503
IN 69.7 23.8 68.428 1.272 1.618
1A 72.2 26.4 70.669 1.531 2.344
KS 73.0 31.1 74.720 -1.720 2.958
KY 68.5 22.6 67.393 1.107 1.225
LA 64.8 22.5 67.307 -2.507 6.285
ME 72.9 28.2 72.220 0.680 0.462
MD 78.9 37.4 80.151 -1.251 1.565
MA 79.6 40.3 82.651 -3.051 9.309
Ml 70.7 26.9 71.100 —-0.400 0.160
MN 76.5 335 76.789 —-0.289 0.084
MS 57.4 20.4 65.497 -8.097 65.561
MO 69.8 27.0 71.186 -1.386 1.921
MT 72.1 29.0 72.910 -0.810 0.656
NE 72.9 29.4 73.255 -0.355 0.126
NV 75.6 22.5 67.307 8.293 68.774
NH 80.9 34.6 77.737 3.163 10.005
NJ 79.1 36.6 79.461 -0.361 0.130
NM 64.4 26.4 70.669 —6.269 39.300
NY 75.3 34.1 77.306 -2.006 4.024
NC 70.8 28.4 72.393 -1.593 2.538
ND 72.5 271 71.272 1.228 1.508
OH 71.2 26.1 70.410 0.790 0.624
OK 66.7 23.8 68.428 -1.728 2.986
OR 77.5 30.7 74.375 3.125 9.766
PA 72.4 28.7 72.651 -0.251 0.063
RI 76.5 32.4 75.841 0.659 0.434
SC 71.1 26.1 70.410 -3.810 14.516
SD 67.0 26.6 70.841 0.259 0.063
TN 71.8 24.8 69.290 -2.290 5.244
X 79.6 27.5 71.617 0.183 0.033
uTt 75.3 31.3 74.893 4.707 22.156
VT 75.8 35.7 78.685 -3.385 11.458
VA 78.9 36.1 79.030 -3.230 10.433
WA 64.9 32.7 76.099 2.801 7.846
WV 73.0 18.9 64.204 0.696 0.484
WI 75.5 27.7 71.789 1.211 1.467
WY 75.5 26.6 70.841 4.659 21.706

SSE = 480.003




5 - Simple Regression 83

We can divide the sum of squared errors by the remaining degrees of freedom for
error, n — p (which in this case equals n — 2), to calculate the mean square error:

S(Y,- Y)> 480.003
n-2 48

MSE =

=10.00

Just as b, and b, are unbiased estimates of 3, and B, under the least-squares criterion,
so also the mean square error is an unbiased estimate of the variance of ¢,. It estimates
how variable the errors of prediction are at each level of X,. As we will discuss, it is
assumed that the variance of these errors is constant across all values of )X,. The square
root of this mean square error is known as the standard error of prediction.

We will do one more example using two other variables from the states dataset. For
this example, we are going to examine whether a state’s population density (measured
in 2010 as hundreds of people per square mile) can be used to predict the automobile
fatality rate in the state (measured in 2010 as the number of fatalities per 100 million
vehicle miles traveled). One certainly might expect more automobile accidents in states
that are more densely populated, but it is less clear what one might expect in terms of
fatalities from such accidents. On the one hand, if the accident rate is higher in more
densely populated states, one might also predict a higher fatality rate. On the other hand,
in more densely populated states, perhaps accidents are less likely to result in fatalities
since more of the accidents are likely to be simply fender-benders rather than more serious
high-speed collisions.

The parameter estimates from the regression model make clear how these variables
are related:

Y,=1.28-0.05X,

Let us interpret both parameter estimates in this model. Doing so will make clear that
their interpretation depends on the metric in which the two variables are measured. First,
the intercept, 1.28, represents the predicted number of fatalities (per 100 million vehicle
miles driven) if a state’s population density were zero. Of course this number is not very
informative, since no state has a population density that is zero. Yet, it is the best linear
prediction from these data, albeit well outside of the range of actual values of density
found in the data. The slope, —0.05, is negative, meaning that in more densely populated
states the fatality rates are lower. The exact interpretation is that for every increase in
population density of 100 people per square mile (the measurement metric of X;) we
predict a decrease in the fatality rate of .05 per 100 million vehicle miles driven (the
measurement metric of V).

AN ALTERNATIVE SPECIFICATION

It will prove useful at later points to be able to specify regression models in which the
predictor variables have been put into “mean-deviation” form or “centered.” What this
means is that for every observation we have taken the value of the variable and subtracted
from it the variable’s mean value. Thus, if the predictor variable is X, the mean-deviated
or centered variable is (X, — X). This centered variable will necessarily have a mean of
zero, i.e., (X — X) = 0. We will then regress Y, on (X, — X) rather than on X;:



84 Data Analysis: A Model Comparison Approach

Y, = b+ by (X;~ X)

The question is how these new parameter estimates, when the predictor is centered, differ
from the parameter estimates that result from the estimation we have considered to this
point, with an uncentered predictor:

};i:bo_l—bl)(i

To answer this question, we can examine the formulas for the parameter estimates that
we gave earlier, but this time with a centered X;:

o 2= X - (X - DY, - )
‘ (X, - %) - (X- D)y
by=Y-b(X-X)

Since (X — X) = 0, it follows that

bi=2(X,-—X)(1ff— f’)=b1
2(X; - X)

by=T

In other words, centering the predictor has no effect upon the slope, i.e., b; = b,, but it
does change the intercept. The intercept with the predictor in mean-deviated or centered
form will be the mean of Y.

Conceptually, if we think graphically about the scatterplot of data and the
superimposed regression line, by centering all we are really doing is changing the scale
of the X, axis in the scatterplot, redefining the value of X; so that its mean equals zero.
Such a scatterplot with the X, axis centered is given in Figure 5.8. As this makes clear
we have not changed the observations in the scatterplot at all; we have simply shifted
the origin point in the plot. In a fundamental sense, our prediction function has not
changed at all; the same line, having the same slope, minimizes the squared errors of
prediction. The only change derives from the change in the location of the zero point
on the horizontal axis. That zero point is now at the mean of X; and, accordingly, the
value of the intercept (i.e., the value of Y, where the prediction function crosses the vertical
axis) changes. It is now Y. Obviously, this means that the regression line inevitably goes
through the point defined by the joint means of the two variables.

In the case of the estimated model predicting internet access rates from college
graduation rates, when the latter variable is centered, the resulting least-squares parameter
estimates are:

Y, =72.806 + 0.862(X; — X)

The slope is unchanged by the centering of X; but the intercept has changed. It no longer
equals 47.912, rather it equals Y, which is 72.806. One can still use the conventional
interpretation for the intercept: It remains the predicted value when the predictor
equals zero, i.e., when (X; — X) equals zero. And of course (X, — X) equals zero when
X=X.

Because all that has changed with centering the predictor is the zero point on the
horizontal access of the scatterplot, we are still dealing fundamentally with the same
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FIGURE 5.8 Scatterplot and prediction function with centered X
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data and the same regression line, making the same predictions for each observation.
Unsurprisingly, then, centering the predictor leaves the mean squared error of the model
unchanged. In a deep sense the regression results are unchanged by this transformation.

STATISTICAL INFERENCE IN TWO-PARAMETER MODELS

Now that the basics of estimation and interpretation in simple regression models are
clear, we turn to the issue of statistical inference, asking questions about parameter values
in such models. Our approach to statistical inference in the case of two-parameter
models will be identical to the approach we adopted in the single-parameter case. That
is, we will compare an augmented model (in which both parameters are estimated from
the data) to a compact one (in which one or more parameters are fixed at a priori values).
We will calculate the sum of squared errors associated with both the augmented and
compact models; from these we will then compute PRE, the proportional reduction in
error as we go from the compact to the augmented model. This PRE, and its associated
F statistic, can then be compared to their critical values, making the assumptions of
normality, constant variance, and independence of residuals. Such a comparison permits
a test of the null hypothesis that the values of the parameters fixed in the compact model
are in fact the true unknown parameter values. Put the other way around, we are testing
whether the estimated parameter values in the augmented model depart significantly from
their a priori values specified in the compact model.

Given that the augmented model for such comparisons is now the two-parameter
simple regression model, there are alternative compact models with which it may be
compared. On the one hand, one may be interested in asking questions about the slope,
comparing the augmented model to a compact one in which the slope parameter has
been set to some a priori value. On the other hand, there may arise occasions when one
is interested in testing a null hypothesis about the intercept in this two-parameter model,
comparing it to a compact one in which the intercept has been fixed at some a priori
value. We consider each one in turn.
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Inferences about B,

To ask statistical inference questions about the slope is to ask about associations: as the
predictor variable (X;) increases, what is our conclusion about whether the dependent
variable (Y)) increases or decreases, and at what rate. Our augmented two-parameter model
for such questions is the one we have been using throughout this chapter:

MODEL A: Y, = B, + B X + &,
The compact one, in its generic form, with which we will be making comparisons, is:
MODEL C: Y;=B,+B /X, + ¢

where B, is some a priori value to which the slope parameter has been set. As before,
the null hypothesis that is to be tested by the comparison between these two models is:

H,: B, =B,

In words, the inferential test is whether the slope differs significantly from the a priori
value.

By far the most common form this comparison takes is when the a priori value of
the slope in the compact model equals zero. In this case the compact model is:

MODEL C: Y,=8,+0X, + ¢
Yi=Bt¢g
and the null hypothesis is:
Hy:B8,=0

The question being asked is whether X; is a useful predictor of Y. If it is a useful predictor,
then the predicted values of Y, should change, either increasing or decreasing, as X,
changes. If we do no better with the augmented model (in which the slope is estimated
from the data) than with the compact one (where the slope is constrained to equal zero)
then it implies that the two variables may be unrelated. We do just as well making a
constant prediction of all Y, values regardless of an observation’s X, value as we do making
conditional predictions.

For this comparison, the compact model is what was considered as the augmented
model in the previous chapter. This will frequently be the case throughout the remainder
of the book as we consider more complex models and additional inferential questions:
What is for one question the augmented model becomes the compact model for a
different question. So, in Chapter 4, we tested null hypotheses about a constant predicted
value for every observation. Now we are testing whether we need to make conditional
predictions and the compact model is one in which we estimate from the data a constant
predicted value for each observation. That constant predicted value, when we estimate
b, in Model C from the data, will not be the same as the intercept in Model A, when
we estimate that model in our data. The best least-squares estimate of 3, in Model C
will be the mean of Y, just as it was (when we treated it as the augmented model) in
Chapter 4. In the estimated augmented model (with two parameters), however, the
estimate of B, will in general not be the mean of Y, (unless of course the predictor has
been centered). This makes clear another important point that will remain true as we
consider more complex models in later chapters: the best estimate for a given parameter
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in general depends on what other parameters are estimated in the model. In the compact
single-parameter model that we are considering, the best estimate of 3, will not in general
be the same as the best estimate of B, in the two-parameter augmented model.

To ask whether the slope equals zero, and thus whether X; is a useful predictor of
Y., is the most common inferential question that one might ask about the slope. But it
is certainly not the only question one might ask. Other Model Cs, with other values of
B,, and thus other null hypotheses, might occasionally also be of interest. For instance,
there are occasions when we are interested in testing the null hypothesis that:

Hy:B,=1

In this case, the augmented model remains the same two-parameter simple regression
model, but Model C becomes:

MODEL C: Y, =B, + 1X; + ¢,

By casting all statistical inference questions in the form of Model A/Model C
comparisons, testing such a null hypothesis becomes entirely feasible, even if standard
statistical texts and software programs do not routinely provide such tests.

Testing the null hypothesis that B, = 0

In the context of our model that predicted states’ internet access rates from their college
graduation rates, let us test the first of the above null hypotheses, asking whether
predictions of internet access are improved by making them conditional on college
graduation rates, compared to a compact model that sets the slope at zero and thus makes
a constant prediction for internet access for all states.

In terms of parameters, the models to be compared are:

MODEL A: Y,= f,+ B,X. + &
MODEL C: Y,= B, + ¢,

These are estimated as:

MODEL A: Y,=47.0912 + 0.862X,
MODEL C: Y,=72.806

In Figures 5.9 and 5.10, we present the results of these two models for each state. In
the first two columns of values in Figure 5.9 both Y, (internet access rate) and X; (college
graduation rate) values for each state are given. Then the next three columns provide
the results of Model C. The first of these provides the predicted values, YAiC' These are
necessarily the same value for every state, since Model C predicts simply the mean
internet access rate for each. Next, for each state we give its error, e,, and its squared
error, e2. Across all 50 states, the sum of squared errors for Model C equals 1355.028.
This model has a single estimated parameter, hence n — PC equals 49 (with 50 states).
Thus, the mean square error for Model C is:

1355.028/49 = 27.654

Given that this is the simplest single-parameter model, as defined in the previous chapter,
this mean square error is also called the variance of Y.
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FIGURE 5.9 Model comparison for internet access data

US state  Internet  College Y, ec e Y e A (Y=Y, 2
access  graduation
rate rate
AL 63.5 23.5 72.806 -9.306 86.602 68.169 -4.669 21.780 21.502
AK 79.0 28.0 72.806 6.194 38.366  72.048 6.952 48.330 0.575
AZ 73.9 27.4 72.806 1.094 1.197 71531 2.369 5.612 1.626
AR 60.9 20.6 72.806 -11.906 141.753 65.669 -4.769 22.743 50.937
CA 77.9 31.0 72.806 5.094 25.949 74.634 3.266 10.667 3.342
Cco 79.4 37.8 72.806 6.594 43.481 80.496 -1.096 1.201 59.136
CcT 77.5 37.2 72.806 4.694 22.034 79.978 -2.478 6.140 51.438
DE 74.5 29.8 72.806 1.694 2.870  73.600 0.900 0.810 0.630
FL 74.3 27.2 72.806 1.494 2.232 71358 2.942 8.655 2.097
GA 72.2 28.3 72.806 —-0.606 0.367 72.307 -0.107 0.011 0.249
HI 78.6 31.2 72.806 5.794 33.570 74.806 3.794 14.394 4.000
ID 73.2 26.2 72.806 0.394 0.155  70.496 2.704 7.312 5.336
IL 74.0 32.1 72.806 1.194 1.426  75.582 -1.582 2.503 7.706
IN 69.7 23.8 72.806 -3.106 9.647 68.428 1.272 1.618 19.167
IA 72.2 26.4 72.806 -0.606 0.367 70.669 1.531 2.344 4.567
KS 73.0 31.1 72.806 0.194 0.038 74.720 -1.720 2.958 3.663
KY 68.5 22.6 72.806 -4.306 18.542 67.393 1.107 1.225 29.301
LA 64.8 22.5 72.806 -8.006 64.096 67.307 -2.507 6.285 30.239
ME 72.9 28.2 72.806 0.094 0.009 72.220 0.680 0.462 0.343
MD 78.9 37.4 72.806 6.094 37.137  80.151 -1.251 1.565 53.949
MA 79.6 40.3 72.806 6.794 46.158  82.651 -3.051 9.309 96.924
Ml 70.7 26.9 72.806 -2.106 4435 71.100 -0.400 0.160 2.910
MN 76.5 335 72.806 3.694 13.646 76.789 -0.289 0.084 15.864
MS 57.4 204 72.806 -15.406 237.345 65.497 -8.097 65.561 53.422
MO 69.8 27.0 72.806 -3.006 9.036 71.186 -1.386 1.921 2.624
MT 721 29.0 72.806 -0.706 0.498 72910 -0.810 0.656 0.011
NE 72.9 29.4 72.806 0.094 0.009 73.255 -0.355 0.126 0.202
NV 75.6 22.5 72.806 2.794 7.806 67.307 8.293 68.774 30.239
NH 80.9 34.6 72.806 8.094 65.513  77.737 3.163 10.005 24.315
NJ 79.1 36.6 72.806 6.294 39.614  79.461 -0.361 0.130 44.289
NM 64.4 26.4 72.806 -8.406 70.661 70.669 -6.269 39.300 4.567
NY 75.3 34.1 72.806 2.494 6.220 77.306 -2.006 4.024 20.250
NC 70.8 28.4 72.806 -2.006 4.024  72.393 -1.593 2.538 0.171
ND 72.5 27.1 72.806 -0.306 0.094 71.272 1.228 1.508 2.353
OH 71.2 26.1 72.806 -1.606 2.579 70.410 0.790 0.624 5.741
oK 66.7 23.8 72.806 -6.106 37.283 68.428 -1.728 2.986 19.167
OR 77.5 30.7 72.806 4.694 22.034  74.375 3.125 9.766 2.462
PA 72.4 28.7 72.806 —-0.406 0.165  72.651 -0.251 0.063 0.024
RI 76.5 32.4 72.806 3.694 13.646  75.841 0.659 0.434 9.211
SC 66.6 26.1 72.806 —6.206 38.514 70.410 -3.810 14.516 5.741
SD 66.6 26.6 72.806 -1.706 2910 70.841 0.259 0.063 3.861
TN 71.1 24.8 72.806 -5.806 33.710  69.290 -2.290 5.244 12.362
X 67.0 275 72.806 -1.006 1.012  71.617 0.183 0.033 1.414
ut 71.8 31.3 72.806 6.794 46.158  74.893 4.707 22.156 4.356
VT 79.6 35.7 72.806 2.494 6.220 78.685 -3.385 11.458 34.563
VA 75.3 36.1 72.806 2.994 8.964 79.030 -3.230 10.433 38.738
WA 75.8 32.7 72.806 6.094 37.137  76.099 2.801 7.846 10.844
WV 78.9 18.9 72.806 —7.906 62.505 64.204 0.696 0.484 73.994
WI 64.9 27.7 72.806 0.194 0.038 71.789 1.211 1.467 1.034
WY 75.5 26.6 72.806 2.694 7.258  70.841 4.659 21.706 3.861
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The next three columns in Figure 5.9 give the parallel results for Model A, first the
predicted values ();i .») and then errors of prediction and squared errors. Notice in this
case that the predicted values now are not constant; rather, they are a linear function of
the value of X, for each state. And, again, the sum of the squared errors across the 50
states is SSE for Model A, equaling 480.00. In Model A we have estimated two
parameters, accordingly PA equals 2, n — PA equals 48, and the mean square error for
this model is 10.00.

Model A, since it uses an additional parameter to model the data, necessarily does
better than Model C in terms of sums of squared errors. That is not to say, however,
that in every state the prediction made by Model A is better than that made by Model
C. Examine Kansas (KS) for instance. Its internet access rate is 73.0%. Model C predicts
it to be the mean of 72.806, which is a difference of 0.194. Model A, on the other hand,
making a prediction conditional on Kansas’ college graduate rate, predicts it to be 74.720,
missing by 1.720. For this particular state, the Model A prediction is not as accurate as
the Model C prediction. Yet, on average across states the squared errors of prediction
must be at least as small from Model A as they are from Model C, simply because an
additional parameter has been estimated.

Figure 5.10 presents the results graphically. The horizontal line superimposed on
the data points is the prediction function of Model C. The other line is the prediction
function of Model A. The inferential question that we now want to ask is whether
the reduction in the SSEs when we replace Model C with Model A has been worth the
reduction in the error degrees of freedom due to estimating an additional parameter.
Graphically, the question is: Do we do sufficiently better with the sloped line to merit
the added complexity over and above the horizontal prediction function? To answer
this, we compute PRE, the proportional reduction in error as we move from Model C
to Model A:

_ SSE(C) - SSE(A) _ 1355.028 - 480.003
N SSE(C) - 1355.028

PRE

=.6458

FIGURE 5.10 Model C and Model A
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Thus, when we make conditional predictions in this example, the total errors of prediction
are reduced by more than 64% compared to simply predicting the mean level of internet
access for each state.

The numerator of PRE is the sum of squares reduced (SSR) and can be calculated
directly by taking the squared difference between the predicted value for Model A and
that for Model C, and summing these across the 50 states:

SSR = SSE(C) — SSE(A) = 3(¥,, — V)2

In the final column of Figure 5.9, we present these squared differences in predicted values
for every state. The sum of the numbers in this final column necessarily equals the
difference in the sum of squared errors between the two models, i.e., 1355.028 —480.003
or 875.025.

We can also compute the F statistic associated with the comparison between these
two models. Below we do this with the equivalent expressions for F, either in terms of
PRE or in terms of the sums of squares of the two models:

PRE/(PA-PC) .6458/1 ¢ 50
"~ (1-PRE)(n-PA) (1-.6458)/48
SSR/(PA - PC)  875.025/1
87.50

T SSE(A)/(n - PA)  480.003/48

Using the appropriate tables in the Appendix, we compare the computed values of
either PRE or F with their critical values, given that the assumptions of normality,
constant variance, and independence of errors are met. The critical values at o = .05
(with 1 and 48 degrees of freedom) are approximately .08 for PRE and 4.04 for F. Clearly,
our computed values exceed these, and hence we can reject Model C in favor of the
two-parameter Model A that makes conditional predictions. Our conclusion is that
college graduation rates are a useful predictor of internet access rates in these data.
Further, once we have rejected the null hypothesis of no relationship between the two
variables, we can make a conclusion about the direction of the relationship between them,
based on the sign of the estimated slope: In states where the percentage of people who
graduated from college is higher, there are higher rates of internet access.

Figure 5.11 summarizes the results of the statistical analysis in an ANOVA table
of the same type as we developed in Chapter 4. The first row provides information about
the reduction in error achieved by including X; as a predictor in the model (i.e., by using
Model A instead of Model C). The entry in the SS column for that row is the SSR
computed earlier. Associated with this SSR is a single degree of freedom, PA — PC =
1, for this comparison. The next row provides information about the error remaining in
Model A, and its associated degrees of freedom (n — PA). The final row provides similar
information for Model C. Calculating MS = SS/df provides the basis for calculating
F according to the sum of squares formula presented above. In the p column is indicated
the fact that the computed PRE and F exceed the critical value with « = .05. Finally,
the value of PRE is given, computed as the SSR divided by SSE for Model C.

One final comment is appropriate about the statistics we have just computed.
Throughout this book, we will use PRE to refer to the proportional reduction in error
when replacing any compact model with an augmented one. In this sense, PRE is a very
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general statistic that is informative regardless of the specifics of the models that are being
compared. However, in the history of inferential statistics, a variety of specific names
for PRE have been developed for particular model comparisons. For the case at hand,
testing whether the slope in a single predictor model is different from zero, the square
root of PRE is known as the Pearson correlation coefficient, commonly referred to simply
as the correlation or r. Thus, the inferential test we have just conducted is equivalent
to a test of whether the true correlation between two variables differs from zero. If PRE
and F do not surpass their critical values, then it means that the true value of PRE (%)
may equal zero. In fact, since the F statistic we have computed has only a single degree
of freedom in its numerator, its square root is a ¢ statistic with n — PA (rn — 2 in this case)
degrees of freedom. It is simple algebra to show that the square root of the F' formula
we have given is the same as the ¢ that is typically given in traditional statistics texts
for testing whether a correlation between two variables is significantly different from
Zero:

r
1-r2

n-2

tn—2 =

As aresult, our conclusion in this case that Model A does significantly better than Model
C is equivalent to concluding that the two variables are related, that 3, differs from zero,
that the true correlation differs from zero, and that the true PRE (%?) differs from zero.

Testing null hypotheses for other values of B,

There may be occasions when theory makes strong predictions about particular values
of slopes other than zero. For instance, if two variables are measured in the same metric,
then we might be interested in whether a one-unit difference on one variable is associated
with a one-unit difference on the other. To illustrate, we continue to use the internet
access/college graduation example. Since they are both measured in the same metric
(percentage of the state who either has internet access or has attended college), we will
ask the question of whether a 1% increase in college graduation is associated with a 1%
increase in internet usage on average across the states. Obviously, we do not have any
strong theory that would make this prediction; we use it for illustrative purposes only.
The model comparison for this question is:

MODEL A: Y, = B, + B, X + &,
MODEL C: Y, =B, + LX, + ¢
And the null hypothesis is that 8, = 1.

FIGURE 5.11 ANOVA source table test of Hy: B, = 0 in simple regression context

Source SS df MS F p PRE
Reduction (using b, = 0.862) 875.025 1 875.025  87.50 <.001 .646
Error (using b, = 0.862) 480.003 48 10.000

Total error (using b, = 0) 1355.028 49 27.654
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Unfortunately few statistical programs readily permit the estimation of parameters
in a model in which some parameters are fixed at values other than zero. In this case,
however, we can easily estimate 3, in Model C by noting that if we subtract X; from
both sides of Model C we obtain:

Y- X,=B,t¢&
so the mean of the constructed variable Y; — X; = 43.922 estimates 3, in Model C. The
estimated models are then:

MODEL A: Y, =47.912 + 0.862X, + ¢,

MODEL C: ¥;=43.922 + 1X, + ¢,

The SSE for Model C equals 502.486, again with n — PC equal to 49. Model A makes
better predictions, since as we saw above its sum of squared errors equals 480.003. SSR
equals 22.483, with PRE and F' computed as:

PRE = =.045
502.486

22.483/1
Fl,48 = =
502.486/48

2.15

These values do not beat their respective critical values. Thus we cannot reject the null
hypothesis—there is no evidence to conclude that the true slope is different from 1.00.

Confidence intervals of B,

Recall from Chapter 4 that the confidence interval defines the range of values for the
parameter for which we would fail to reject the null hypothesis. In other words, if we
tested a null hypothesis that the parameter equals a value that lies within the confidence
interval, we would fail to reject that null hypothesis. If the null hypothesis to be tested
specifies that the parameter equals a value that lies outside of the confidence interval,
we would reject that null hypothesis. In this sense, the confidence interval is entirely
redundant with inferential tests about the value of a parameter.

In the case of B, in the two-parameter model we are considering, its confidence
interval is given as:

p o [Pt a2MSE
(n - sy

where F ;1 , 5., 1s the critical value of F" at level «, with degrees of freedom of PA —
PC =1 and n — PA = n — 2. MSE is the mean square error from the augmented model,
again based on n — 2 degrees of freedom. And s? is the variance of the predictor variable.

For the internet access/college graduation example, the critical F with 1 and 48
degrees of freedom, using a = .05, equals 4.04, MSE from Model A equals 10.00, and
the variance of the predictor variable (college graduation rates) equals 24.04. Accordingly,
the confidence interval for B, is:

4.04(10.00)
0.862 + |————7_0.862 +0.185
49(24.04)
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or
0.677 = B, = 1.047

Based on the present data, we can thus say we are confident that the true value for the
slope in this two-parameter regression model, predicting internet access rates from
college graduation rates, lies somewhere between 0.677 and 1.047. Notice that zero lies
outside of this interval and that 1.00 lies within it. Both of these are consistent with the
results already reported for our two null hypotheses: the null hypothesis that the parameter
equals zero was rejected; the null hypothesis that it equaled 1.00 was not.

Although we might lament the fact that many statistical packages do not permit
the estimation of models in which parameter values are fixed at values other than
zero, the confidence interval permits a general approach for testing any null hypothesis
about the slope. If the value that is specified by the null hypothesis lies within the interval,
it would not be rejected. All other null hypotheses would be.

The formula for the confidence interval provides some insights into the factors that
influence statistical power—the probability of rejecting the null hypothesis when it is
false—and how to improve it. In general, the narrower the confidence interval, the more
precision we have in estimating a parameter and statistical power means that we have
greater precision, i.e., narrower confidence intervals. According to the formula, what are
the factors that affect the width of the interval, and therefore power?

First, the critical value of F affects its width. If we use a smaller « level, thus reducing
Type I errors, the critical value of F increases, thereby widening the confidence interval
and resulting in less power and greater probability of Type II errors. This is the inherent
tradeoff between Type I and Type II statistical errors.

Second, the width of the confidence interval is affected by the mean square error
from the augmented model. As the variability of errors of prediction is reduced, the
confidence interval becomes narrower. Thus, whatever we can do to reduce error, such
as improving the quality of measurement of Y,, will increase power.

Third, as n increases, all else being equal, power increases. This is reflected by the
fact that n — 1 appears in the denominator of the confidence interval.

And, finally, the variance of the predictor variable X; appears in the denominator.
As X, becomes more variable, the interval narrows and power improves. Given some
predictor variable, we will examine its effects as a predictor with more precision
(assuming a linear model) if we make sure that we sample widely across its values.

Power analysis in tests of simple regression

In Chapter 4 we performed “what if” power analyses for the simple model making a
constant prediction for each observation. We can use exactly the same process to ask
“what if” power analysis questions for simple regression models using one predictor
variable. We perform “what if” power analyses for particular values of the true
proportional reduction in error, n?, which may be of interest, in exactly the same way
as before. For example, for the internet access data, we might want to know the power
of detecting a relationship between it and some variable—detecting that the slope for a
predictor is different from zero—when in fact we think that > = .20. To do this, we
can use a software program, such as R or SAS, to calculate power as we mentioned in
the last chapter. For this Model A/Model C comparison, PA — PC =1 and n — PA = 48.
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If 9> = .20 then the power calculator in SAS informs us that the power of our test is
roughly .92. That is, if we were to do a study with an n of 50 and expect to find a
relationship between a predictor and Y, with a true PRE of .20, we would have roughly
a 92% chance of correctly rejecting the null hypothesis.

Given that we now know the procedure for asking questions to determine the power
with which we can assess whether one variable is significantly related to another in a
simple regression model, we need to know what values of n? are appropriate and
expected for such comparisons. As before, prior experience in a research domain may
provide values of PRE that can be used directly in the power table. For the simple
regression case, we might have estimates of PRE available from previous research,
typically reported as the correlation between two variables, rather than as PRE itself. In
this case, we need to square the correlation coefficient to obtain the estimate of PRE,
since PRE = 2 for this question. As before, we would want to convert past empirical
values of PRE to unbiased estimates of 7%, using the same adjustment formula as before:

(1 -PRE)(n-PC)
- n-PA

Unbiased estimate of n’ = 1

To illustrate, suppose prior research has reported a correlation between two variables
of .33 based on a sample size of 30. We intend to do a study, examining the relation-
ship between the same two variables, but we intend to use an » of 50. What we would
like to know is the power of our planned study, if in fact the two variables are related
as strongly as they were reported to be in the prior research. To do this, we first convert
the previously reported correlation to PRE, by squaring it: .33% = .11. We then convert
this PRE to an unbiased estimate of 7? using the above formula and the sample size
from the prior study that reported the .33 correlation:

. . ) (1-.11)(29)
Unbiased estimate of " = 1 - T .078

We then use SAS to estimate our power in the new study we plan to conduct. With an
n of 50, n — PA for our study will be 48, and with an anticipated n? of .078, our power
is approximately .51. Given this result, we may want to think further about our anticipated
study. It might be worthwhile, for instance, to recruit a larger sample to increase power.

If we do not have relevant prior experience for estimating 7%, we can use the values
suggested in Chapter 4 for “small” (* = .03), “medium” (n* = .10), and “large” (> =
.30) effects. From these and the anticipated » for a new study, we can get the approximate
power.

A third and final approach for finding an appropriate value of n? for “what if” power
analyses for the simple regression model involves guesses about the parameter values
and variances, just as in Chapter 4. Again, to have reasonable expectations about the
parameter values and variances generally requires as much or more experience in a
research domain as is necessary to know typical values of PRE. We present it, however,
for completeness.

The formula that relates true values of the parameters to 72, the true value of
PRE, is:

2
Oy
2 ZX
n _ﬁl 2
Oy
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where B, is the true parameter value for the slope, o2 is the true variance of the predictor
variable, and o7 is the true variance of the dependent variable. In other words, given
some alternative hypothesis that specifies what we think is the correct value for the slope,
B,, and given that we want to determine the power of our test of the null hypothesis that
B, equals zero, we can calculate the corresponding m? using the above expression,
assuming we have estimates of the variances of both X; and Y,. We can then take that
value, and the anticipated n — 2 for the study in the planning, and estimate power.

Inferences about 3,

Our discussion so far has concentrated exclusively on inferences about the slope in the
two-parameter simple regression model. But one may certainly also compare this
augmented two-parameter model with a compact one that fixes the intercept, rather than
the slope, at some a priori value:

MODEL A: Y,= B, + X, + &,
MODEL C: Y, =B, + X, + &,

where B, represents an a priori value for the intercept. The null hypothesis tested by
such a comparison would then be:

H,: B,=B,

Although perhaps not of frequent theoretical interest in the behavioral sciences, one
particular form of this compact model involves what is known as “regression through
the origin” in which the intercept is fixed at zero:

MODEL C: Y,=0 + B,.X; + &,

Recall that the intercept is defined as the value predicted by the model when X, equals
zero. Thus, regression through the origin means that the line goes through the (0, 0)
point on the scatterplot.

Importantly, null hypothesis tests about the intercept are of a fundamentally different
nature than those about the slope. When we are making inferences about the slope, we
are asking about the rate of change in predicted values. And when we test that the slope
is zero, we are asking whether there is any change in the predicted values when the
predictor varies, i.e., whether X; and Y; are related. On the other hand, inferences about
the intercept are inferences about predicted values, not inferences about changes in
predicted values. Specifically, we are asking whether the predicted value of Y, when X,
equals zero differs significantly from some a priori value, be it zero (in regression through
the origin) or some other value.

In many cases, there is no intrinsic interest in the predicted value of Y; when X,
equals zero. This may be because the value of zero lies outside of the range of the
X; values represented in the dataset, as in the data that we have been using where no
state has a college graduation rate that is near zero. Even if zero is a value within the
range of X, in the dataset, it may not be a point that has much theoretical interest. However,
with simple transformations of X, such as centering it or deviating it from its mean
(discussed earlier), the zero value becomes of considerably greater potential interest.
Earlier in this chapter we saw that when X; is centered the intercept in the estimated
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model will equal the mean of Y, (i.e., Y). Accordingly, with a centered predictor, the
following Model A/Model C comparison is equivalent to asking questions about the
mean of Y;:

MODEL A: Y, =B, + B, X,— X) + &

MODEL C: Y,=B, + 8, (X;— X) + ¢,
with the following null hypothesis:

Hy: B, =B, or uy,=B,

where w, is the true mean of Y.

Let us illustrate such a test with the internet access data that we have used throughout
this chapter, asking the same question that we did at the end of the last chapter—whether
the projection of a mean rate of 75% was overly optimistic for the year 2013. But this
time, we will ask the question in the context of a simple regression model that makes
conditional predictions of internet access based on states’ college graduation rates. We
will then compare our test in this model with our results from Chapter 4 to examine
how the present test differs from that used there.

Estimating a model in which internet access rates are regressed on college graduation
rates, with the latter variable in its centered or mean-deviated form, gives the following
estimates:

MODEL A: Y, = 72.806 + 0.862(X, — X)

with a sum of squared errors of 480.003. As explained earlier, the intercept in this model
is now the mean value for the internet access variable, while the slope has not changed
compared to the model in which X; was not centered. Additionally, in a deep sense, this
model is identical to the one with X; uncentered, in that it makes the same predictions
and therefore necessarily has the same sum of squared errors.

To test the null hypothesis that the true mean of Y, equals 75, we want to compare
this model to a compact one in which the intercept has been fixed at 75:

MODEL C: Y, =75 + b,(X, - X)
This comparison permits a test of the null hypothesis:
Hy: By=75 or uy,=175

As we said previously, many computer packages for data analysis do not readily permit
the estimation of models in which parameters have been fixed at values other than zero.
In this case, with a centered predictor, it can be shown that the best least-squares estimate
for B, does not change even if we fix the intercept at some a priori value.! Accordingly,
Model C is estimated as:

MODEL C: Y, =75 + 0.862(X; — X)

The sum of squared errors from this model can be directly computed across the
observations. More simply, it can be computed by first calculating the sum of squares
reduced (SSR) as we move from Model C to Model A.
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Recall that SSR = 3(Y,, — Y,.), accordingly:
SSR = 3((72.806 + 0.862(X, — X)) — (75 + 0.862(X, — X)))?

Because both predicted values have the same slope for the centered predictor, this
reduces to:

SSR = 3((72.806) — (75))* = 50(-2.194)? = 240.682
Accordingly, the sum of squared errors for the compact model is:
SSE(C) = SSE(A) + SSR = 480.003 + 240.682 = 720.685

Now that we have the sums of squared errors, we can calculate PRE and F for the
comparison and the test of the null hypothesis:

SSR  240.682
PRE = - -
SSE(C) ~ 720.685
334/1 240.682/1

24.07

T (1-.334)/48  480.003/48

All of this is summarized in the ANOVA source table of Figure 5.12.

Let us now compare these results with the test of the same null hypothesis reported
at the end of Chapter 4, in the context of the simplest single-parameter model. There,
estimated Models A and C were:

MODEL A: Y, = 72.806
MODEL C: Y, =75

The sum of squared errors associated with Model A was 1355.046, that is, the total sum
of squares of Y; around its mean. While the SSR was found to be:

SSR = 3((72.806) — (75))* = 50(-2.194) = 240.682

Thus, the results of this test of the same null hypothesis yielded the ANOVA source
table in Figure 5.13.

Although both tests resulted in the rejection of the null hypothesis, clearly the two
approaches differ substantially in terms of the obtained PRE and F. Those values, in the
context of the two-parameter simple regression model, are more than twice what they
were for the same test in the context of the single-parameter model of Chapter 4. And
this difference is attributable entirely to the difference in the sum of squared errors
for Model A (and the concomitant difference in n — PA). The sum of squared errors for
Model A in the context of the simple regression model equals 480.003, with n — PA
equal to 48. The same values in the context of the single-parameter model of Chapter
4 are SSE = 1355.046 and n — PA = 49. As a result, the MS error values (denominators
of F)) are markedly different: 10.00 (for the simple regression model) versus 27.654 (for
the Chapter 4 single-parameter model). Importantly, the numerator of F is the same in
both tests, with SSR equal to 240.682 and PA — PC = 1.

The difference in the sums of squared errors for Model A in the two source
tables is, not surprisingly, the sum of squares that is attributable to the predictor variable
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FIGURE 5.12 ANOVA source table test of H,: B, = wy = 75 in simple regression context

Source SS df MS F P PRE
Reduction (using b, = 72.806) 240.682 1 240.682 24.07 <.001 .334
Error (using b, = 72.806) 480.003 48 10.000
Total error (using b, = 75) 720.685 49 14.708

FIGURE 5.13 ANOVA source table test of Hy: By = uy = 75 in single-parameter model
(from Chapter 4)

Source SS df MS F p PRE
Reduction (using b, = 72.806) 240.682 1 240.682 8.71 <.01 151
Error (using b, = 72.806) 1355.046 49 27.654
Total error (using by = 75) 1595.728 50 31.915

(college graduation rates), on the basis of which conditional predictions are made in the
simple regression model. That is, earlier, we reported that the SSR attributable to a Model
A that made conditional predictions of internet access, using college graduation rates as
a predictor, compared to a Model C that predicted the mean value of Y,, was 875.025.
This is exactly the difference between each Model A used in these two tests. Model A
for the Chapter 4 single-parameter version of the test makes unconditional predictions
of Y; Model A for the simple regression version of the test makes predictions of
Y, conditional on (centered) X;. Making these conditional predictions means that Model
A in the simple regression context has one fewer degrees of freedom for error (n — PA
= 48) than Model A in the Chapter 4 version of the test (where n — PA = 49). But the
loss in degrees of freedom has been more than compensated for by the substantial
difference between the sums of squared errors of the two Model As. As a result, the test
in the context of the conditional simple regression model has substantially more statistical
power than the same test conducted in the context of the single-parameter model of
Chapter 4.

In Chapter 4 we mentioned that the test we reported is known as the single-sample
t-test. The advantage of our model comparison approach is that we have been able to
generalize this test to cases where conditional predictions are made by the models that
are compared. In the jargon traditionally used in the statistical inference literature, we
have just conducted a single-sample #-test while controlling for a “covariate.”

A further advantage of our approach is that it permits us to conduct inferential tests
about predicted values other than the mean. Suppose, for instance, that we had some
reason to want to ask about internet usage rates in states where the college graduation
rate was 70%. Rather than centering the predictor around its mean value, one could
deviate the predictor from the value of 70. Then one could estimate a Model A in which
the predictor variable was this deviated variable:

MODEL A: Y, =, + B,(X,— 70) + &,

In a deep sense we would be dealing with the same conditional model; we have simply
moved the zero point on the x-axis to what was the value of 70. Accordingly, the slope



5 - Simple Regression 99

remains the same, while the estimated intercept in the model would be the predicted
value of ¥; when X; equals 70. This model might then be compared to a Model C that
uses the same deviated predictor but fixes the intercept at some a priori value of interest.?

Confidence interval for the intercept

The confidence interval for the intercept represents the range of values for the intercept
that would not be rejected by an inferential statistical test. In simple regression models,
with a single predictor variable, the confidence interval for the intercept is:

b + \/Fcril; 1, n- Z’GMSE(ZX?)
" nE(X, - X

This is the confidence interval for the intercept regardless of whether the predictor has
been deviated from some value or not. If it has been deviated, then of course the X;
terms in the confidence intervals are the new values following deviation.

When using a centered predictor, deviated from its mean value, then X for the
centered predictor equals zero, and the above formula for the confidence interval
reduces to:

Fcrit; 1,n-2a

n

MSE
by

I+

which is the formula that we gave in Chapter 4 for the confidence interval for 3, in the
single-parameter model (except there the critical F value had 1 and » — 1 degrees of
freedom). Of course, with a predictor variable in the model that is a useful predictor of
Y,, the MSE in the numerator of this confidence interval should be considerably smaller
than the MSE in the numerator of the interval used in Chapter 4, without a predictor.
This difference reflects the increase in power when conducting inferential tests about
the mean in the context of a useful predictor compared to the same test in the single-
parameter context of Chapter 4.

To illustrate, with the centered predictor from the simple regression model used in
this chapter, the confidence interval for B, (equivalently for u,) equals:

4.04(10.000 )
72806 % =

71.907 <3, =< 73.705

On the other hand, in the context of the single-parameter model of Chapter 4, the same
confidence interval equals:

4.03(27.654)
50
71.313 < B, = 74.299

72.806

Clearly, the confidence interval for the mean of Y, is smaller in the context of the simple
regression model, reflecting the substantial increase in power resulting from the inclusion
of the predictor variable (with its associated reduction in errors of prediction).
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FIGURE 5.14 Confidence limits of predicted values
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Using the general formula for the confidence interval for 3, in this two-parameter
model given above:

b + \/Fcritgl,n—z;nMSE (ZX%)
" n2(X, - Xy

We can generate confidence intervals for predicted values at all possible levels of the
predictor variable (by deviating the predictor from each of those levels and then
calculating the resulting confidence intervals for the varying intercepts). In Figure 5.14
we have graphed the 95% confidence limits for the predicted values of internet access
at values of the predictor (college graduation rate) ranging from 10% to about 45%. The
middle straight line in the graph represents the predicted values and the curved lines
above and below it represent the upper and lower confidence limits. What this figure
makes clear is that the confidence interval is narrowest near the mean value of the
predictor, where the predicted value is the mean of the dependent variable, and it
becomes wider as we depart in either direction from that mean. Thus, we have greater
precision in inferring predicted values near the joint mean of the bivariate distribution
than when we move further away along the horizontal axis.

Two-Parameter Model Comparisons

To conclude this chapter on two-parameter simple regression models, we should note
that MODEL A/MODEL C comparisons are now also possible involving PA — PC > 1.
For instance, suppose we wanted to simultaneously ask about fixed a priori values both
for the intercept and for the slope:

MODEL A: Y,= B, + B.X; + &

MODEL C: Y, =B, + B.X, + ¢,



5 - Simple Regression

101

where both B, and B, are fixed a priori values (zero or any other value). The resulting
null hypothesis from this comparison has two different components to it:

H,: By =By; B, =B,

To illustrate a situation where this sort of model comparison might be of interest,
suppose we had data on the heights of each member of father—son pairs and we wanted
to examine how these two height measures were related. We might estimate a Model A
predicting each son’s height from his father’s height, estimating both the slope and
intercept as in Model A above. This model might then be meaningfully compared with
a Model C in which the intercept was fixed at 0 and the slope at 1, yielding the following
model comparison and null hypothesis:

MODEL A: Y, = B, + B.X, + &,

MODEL C: Y, =X, + ¢

H,:B,=0;8,=1
Such a comparison asks whether sons and fathers are perfect resemblances of each other
in terms of height. Except for error, Model C assumes that sons’ heights equal their
fathers’ heights.

There is nothing statistically wrong with such a two-parameter model comparison
and such a compound null hypothesis. The resulting PRE and F would be computed in
the same ways as always, albeit with PA — PC =2 degrees of freedom for the numerator.
Since there is nothing to estimate in Model C, the predicted values and sum of squared
errors from this model could be easily obtained.

The problem comes in interpreting the results. If Model C is rejected in favor of
Model A (i.e., if the null hypothesis is rejected) we will not be able to be confident about
why it was rejected. Maybe it is the case that the a priori value in Model C for the intercept
is wrong. Maybe it is the case that the a priori value in Model C for the slope is wrong.
Maybe both a priori values are wrong. All we can say is that Model A is preferred over
Model C, but we will not know why.

It is for this reason that we prefer model comparisons where PA — PC = 1, where
the numerator of the F' statistic has only a single degree of freedom. There is nothing
wrong with statistical tests involving more than one degree of freedom in the numerator
of F, and we will occasionally discuss them and even recommend them. In general,
however, we will refrain from such unfocused model comparisons. We simply note that
in the context of the present two-parameter simple regression model they become
possible for the first time.

SUMMARY

In this chapter we considered models with a single predictor, measured more or less
continuously. We started by considering the definitions of both the intercept and
slope in such models, with the former being a particular predicted value (when the
predictor equals zero) and the latter being the unit difference between predicted values.
We then provided formulas for estimating these parameters and used these to illustrate
alternative ways of thinking about what a slope estimate means. Finally, we considered
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models in which the predictor is centered or put into mean-deviation form. In such cases,
the slope of the predictor is unchanged while the intercept equals the mean of the data
variable, Y.

The second half of the chapter was devoted to model comparisons, treating the two-
parameter, single-predictor model as Model A and comparing it to an alternative Model
C, testing inferences about the slope and the intercept (and both simultaneously).
Inferential tests of the slope most frequently make comparisons with a Model C that
fixes the slope at zero, thus testing the null hypothesis that the predictor is not a useful
one, or equivalently that the predictor and Y are unrelated to each other. There are
occasions, however, when other null hypotheses about the slope are of interest and we
illustrated these. Inferences about the intercept are most frequently of interest when the
predictor has been centered, thus permitting inferences about the mean of Y. Testing
null hypotheses about the mean of Y will be more powerful in the presence of a predictor
when in fact that predictor is a useful predictor; that is, it explains a significant amount
of variation in Y. This was illustrated by making comparisons with the simplest model
comparisons of Chapter 4.

Notes

1 Itis only in the case of a centered predictor in simple regression models that the estimate of
the slope will remain constant regardless of whether the intercept is estimated or fixed at
various a priori values. Unless predictors are centered around their mean, this will generally
not be the case.

2 Importantly, the estimated slope in such a Model C will differ from the estimated slope in
Model A. As we mentioned previously, only when the predictor variable is centered around
its mean will the estimated slope remain the same regardless of whether the intercept is
estimated or fixed. For all other cases, the slope estimate will vary.



Multiple Regression

Models with Multiple
Continuous Predictors

In the previous chapters we considered the simple model that makes the same prediction
for all the observations in the data and also the simple regression model. We now increase
complexity by considering models that make predictions conditional on multiple predictor
variables. For example, in our discussion of the rates of internet use, we suggested several
plausible hypotheses about variables that might be predictive of each state’s internet
use—proportion of college graduates, urban versus rural, and population density. The
simple regression model limited us to testing one predictor variable at a time. To test
our different hypotheses using the simple regression model, we would have to first test
the model with one predictor, say, proportion of college graduates, and then test another
one-variable model with, say, population density as the predictor. It is obviously more
efficient to test more than one predictor simultaneously. More importantly, understanding
differences in the states’ internet use will likely require more than one predictor. For
example, we might need to base our predictions on both the proportion of college
graduates and the population density. The solution we consider in this chapter is multiple
regression.

Multiple regression is very similar to simple regression. There are, however, a few
important differences. We begin by briefly considering these similarities and differences
with respect to the model, the new problem of redundancy among the predictors, and
statistical inference. Then we will consider an extended example designed to illustrate
the interpretation of the parameters in the multiple regression model.

MULTIPLE REGRESSION MODEL

We want to consider models of the form:

Yi=BtBXy +BXp+. ..t Bp—l‘Xvi,pfl g (6.1)

where, as before, Y, represents an observed data value and &; represents the error
disturbance. X; represents the value of the ith observation on the jth predictor variable
and B, is the partial regression coefficient representing the weight we should give to X,
in making our predictions conditional on X. In other words, the partial regression
coefficients are the degree to which we adjust our prediction Y, by each observation’s
X;; value. In the multiple regression model the coefficients are called partial regression
coefficients because, as we shall see later, the value of, say, 8, may well depend on
whether, say, the predictor X, and its parameter 3, are included in the model. To remind
us that the meaning of §; is conditional on the other predictor variables included in the
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equation, we sometimes use the notation B;,; , ;. The letter before the dot in the
subscript represents the variable with which the regression coefficient 8 is associated
and the numbers after the dot represent the other variables that are simultaneously
included in the model equation. But this notation is cumbersome, so we, and certainly
most computer programs, more often just use 3; with the understanding that its meaning
depends on all the other parameters and predictors included in the model.

We often refer to the model of Equation 6.1 as the multiple regression model or
sometimes as the general linear model. Linear means that the separate components, after
first being weighted by their respective B, are simply added together. The general linear
model is indeed very general and constitutes an extremely important tool for data
analysis. As we shall see in subsequent chapters, even the “linear” part is not much of
a restriction because many apparently nonlinear models can be represented in terms of
Equation 6.1 by a suitable choice of the predictor variables. It is also clear that the models
of the previous chapters are simply special cases of the multiple regression model. In
fact, a great many statistical procedures can be represented in terms of Equation 6.1 with
clever construction of the X, predictor variables. The following chapters are devoted to
consideration of a number of interesting and very important special cases, such as
analysis of variance, and a number of special problems in the context of this model,
such as violation of the assumption that the &, error terms are independent. In this chapter,
we present the basics of the general model—basics that we will use again and again.

Redundancy

The power and generality of the multiple regression model do not come without a cost;
that cost is a definite increase in complexity and the introduction of some special
problems that do not arise in the case of the simple models considered previously. One
such problem is redundancy among the predictors. Suppose, for example, that we were
attempting to predict the weights of a sample of elementary school children with two
predictor variables: height measured in inches and height measured in centimeters. Our
two predictor variables are obviously completely redundant—either would do as well
as the other for predicting weight, and if we had already used one as a predictor there
would clearly be no benefit to adding information from the other predictor.

Redundancy among the predictor variables is seldom so extreme as measuring
height in inches and centimeters. A more typical example would be predicting the weights
of the elementary school children using height and age as predictors. Height and age
are obviously related—knowing a child’s age we can make a reasonable guess as to his
or her height—but they are not completely redundant, because our guess of height from
age would not be perfect. This means that height and age share in their ability to reduce
error in the predictions of weight. If we first used height as a predictor, we would be
improving our predictions (and reducing our error) in some of the same ways we would
have if we had first used age as a predictor. Sorting out the effects of predictor variables
and their relative importance is clearly going to be difficult when there is redundancy
among our predictors. In general, there is redundancy when it is possible to predict, at
least somewhat, one or more of the X; with some combination of the other predictor
variables. In our analysis of multiple regression models we will have to be alert for
redundancy and be very careful about the model interpretations we make in such cases.
We will consider special techniques for doing so.
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Statistical inference

Although we will have more choices of models to compare and test with multiple
predictor variables, the multiple regression model poses no new problems for statistical
inference. To make statistical inferences we use what is now our standard operating
procedure for any statistical model. We first fit our model to the data by estimating
parameters so as to minimize error. Next we calculate PRE for our augmented model
(Model A) relative to some suitably chosen compact model (Model C) defined by the
null hypothesis that we wish to test. Then we calculate F, an index of how much PRE
we get per extra parameter. We then compare these calculated statistics (PRE and F)
with their critical values, values from their sampling distributions that would surprise
us if Model C (and the null hypotheses) were true. If the obtained values of PRE and F
are surprising, then we reject Model C in favor of Model A. On the other hand, if the
obtained values of PRE and F are not surprising, then we do not reject Model C. We
consider, in turn, each of these steps for the multiple regression model, but only the
details of estimating parameters are really new. The statistical inference process itself
is exactly the same as before.

ESTIMATING PARAMETERS IN MULTIPLE REGRESSION

At the conceptual level, the problem of estimating parameters for the multiple regression
model is exactly the same as for previous models that we have considered. We want to

find the least-squares estimators of 8, B, - - -, By that will minimize SSE, the sum of
squared errors. That is, we want to find the estimates b, b,, . . ., bpf1 in the estimated
model:

Y =by+bX;+...+ bp—l)(i,;kl

so that:
SSE = 3(¥, - ¥}

is as small as possible. In that way we will ensure that the model fits the data as closely
as possible so as to make the error (as measured by SSE) as small as possible.

If there is no redundancy among the predictors, then the same procedures we used
in Chapter 6 to estimate slopes in the simple regression model will produce the appropriate
estimates for the parameters in the multiple regression model. That is, the best estimate
for each slope is:

C2(X,-X) (Y- 1)
(X - Xy

and the best estimate of the intercept is:
b= —bX,~ X, ...~ b, X, |

These formulas apply whenever there is no redundancy among the predictors. To
say there is no redundancy among the predictors is equivalent to saying that the correlation
between every pair of predictors equals zero. Unless the predictor variables are especially
constructed to meet this condition (as in some experimental designs), at least some
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redundancy among the predictors will always be present. In the presence of redundancy,
deriving the least-squares parameter estimates is considerably more complicated. We
can no longer use the procedures outlined in Chapter 5 and given by the above formula
for b; to estimate those parameters. There are well-defined algorithms for finding the
unique least-squares estimates when there is redundancy among the predictors. However,
these algorithms are extremely tedious on hand calculators for even just a few predictors
and are, on the whole, neither very conceptual nor helpful in aiding our understanding
of multiple regression. We therefore will leave the calculation of parameter estimates
to the computer. All standard computer statistical packages have multiple regression
procedures that can estimate the parameters of any of the models we consider in this
book.

Before turning over all of our calculations to the computer, however, it is important
that we have a firm understanding of the underlying concepts. For the simple single-
parameter model we found the single value b, (a point, geometrically) that minimized
SSE. For simple regression we found two values b, and b, that defined a line: b, is the
intercept of that line, and b, is its slope. For a multiple regression model with two
predictors the three estimates by, b,, and b, define a plane, as depicted in Figure 6.1.
The two predictor variables define two of the axes in the three-dimensional space (the
two horizontal ones), and the data variable provides the vertical one. Error is represented
geometrically as the vertical distance between each observation and the plane that
represents the model.

In simple regression we conceptually moved the line around, changing its slope and
its intercept, until we found the position of the line that minimized total error. Similarly,
for the multiple regression model we move the plane around until we find the location
that minimizes total error. (Actually we want to minimize squared error, but we have
not complicated the picture in Figure 6.1 by adding the appropriate squares; conceptually
the idea is the same.) The intersection of the plane with the y-axis defines b, the slope
of the plane with respect to X;, defines b,, and the slope with respect to X, defines b,.

FIGURE 6.1 Plane defined by multiple regression model with two predictors




6 - Multiple Regression

107

Conceptually the complicated computer algorithms simply find the location of the plane
that minimizes the sum of squared errors, where an error is defined as the vertical distance
from each observation to the model plane. For more than two predictors the model is
equivalent to a hyperplane in spaces with four or more dimensions. Although it is
impossible to draw a picture of such hyperplanes, the concept is exactly the same. The
best location for the hyperplane minimizes the sum of squared errors, and the hyperplane’s
intercept and slopes define the parameter estimates.

INTERPRETING PARAMETERS IN MULTIPLE
REGRESSION

We will use a detailed examination of the data in Figure 6.2 to develop our understand-
ing of the meaning of the partial regression coefficients in a multiple regression model.
This dataset, which appears in many SAS examples (SAS Institute, 2008) and in other
examples found on the web, contains the weight, height, age, and sex of 19 middle school
or junior high students. It is particularly useful for developing our understanding of partial
regression coefficients because we have good intuitions about the relationships among
these variables. Our goal will be to develop a model of the variable weight. We expect
boys to weigh more than girls unless the girls are a lot older and taller than the boys.
We expect older students to be heavier, except if the younger students happen to be
exceptionally tall. We will see that such intuitions underlie the interpretation of multiple
regression models.

We will begin by considering age and height as predictors of weight. That is, our
model is:

Wt,= B, + BiAge; + B,H, + &

FIGURE 6.2 Sex, age, height, and weight of 19 middle school students

Name Sex Age Height (in.) Weight (Ib)
Alfred M 14 69.0 1125
Antonia F 13 56.5 84.0
Barbara F 13 65.3 98.0
Camella F 14 62.8 102.5
Henry M 14 63.5 102.5
Jamal M 12 57.3 83.0
Jane F 12 59.8 84.5
Janet F 15 62.5 112.5
Jayden M 13 62.5 84.0
John M 12 59.0 99.5
Joyce F 11 51.3 50.5
Judy F 14 64.3 90.0
Louise F 12 56.3 77.0
Mary F 15 66.5 112.0
Philip M 16 72.0 150.0
Robert M 12 64.8 128.0
Sequan M 15 67.0 133.0
Thomas M 11 57.5 85.0
William M 15 66.5 112.0
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where B, is the amount we adjust each person’s weight estimate up or down depending
on his or her age and 3, is the amount we adjust each person’s weight estimate up or
down depending on his or her height. Figure 6.3 depicts data for the weights, heights,
and ages for these 19 students as a three-dimensional scatterplot. As landmarks, the
graph denotes the points for Philip (72 inches tall, age 16, and 150 pounds) and Joyce
(51.3 inches tall, age 11, and 50.5 pounds). It is easy to see that the points in Figure 6.3
are not randomly scattered but instead tend to fall along a plane. More importantly, it

FIGURE 6.3 Three-dimensional scatterplot of the relationship of age and height to weight
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is easy to see that older, taller students tend to be heavier. Another common way to
display data for multiple predictors, especially when more than two predictors precludes
viewing the n-dimensional scatterplot, is a matrix of two-way scatterplots as depicted
in Figure 6.4. In the last row we can see that taller students tend to be heavier and also
that older students tend to be heavier. In the right-most scatterplot in the second row
we can see that older students also tend to be taller; that is, height and age are redundant
predictors. Because of the redundancy we cannot use the simple formulas. Any multiple
regression program provides these estimates of the model parameters:

Wi, =—141.22 + 1.284ge, + 3.60Ht,

But what exactly do these partial regression coefficients mean? We will use a series
of simple models and regressions to help us understand the meaning of these coefficients.

A Model of Weight

We begin by considering a simple model for the weights of these students. That is:
Wt,=By* &

Of course, the best estimate for this simple model is the mean, so:
Wt.= Wi =100.03

The weights of the 19 students, arrayed along the x-axis in the same order as they are
listed in Figure 6.2, are displayed in the left panel of Figure 6.5. The horizontal line at
100.03 represents the simple model for these data. The points for Philip, the heaviest
student, and Joyce, the lightest student, are again labeled as landmarks. The errors or
residuals are easily computed as:

e, = Wt,—100.03

For example, the errors for Philip and Joyce are, respectively, 151 — 100.03 = +50.97
and 50.5 — 100.03 = —49.53. We will be examining the errors for a number of different
models for weight in this and the following sections so we introduce the notation .0
to represent the errors from the simple model for weight. You can read “W.0” as “the
part of weight that remains after using a model with B,.”” The right panel of Figure 6.5
displays these values of Wz.0. A positive value (i.e., those points above the horizontal
line at zero) of Wt.0 indicates that the student is heavier than the average student, and
a negative value (i.e., those points below the line) indicates that the student is lighter
than the average student.

A Model of Wt.0 using Age

The values of W¢.0 in the right panel of Figure 6.5 represent when a student’s weight is
unexpectedly or surprisingly heavy relative to our simple model of weight. If we are to
improve on the simple model, then we need a variable that will help us predict when a
student’s weight is unusually heavy or light amongst this group of students. The variable
Age is an obvious candidate. For reasons of consistent and subsequent interpretation
we will construct Age.0 in the same way we constructed Wz.0. That is, a simple model
of age is:
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FIGURE 6.5 A simple model for weight
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and the best estimate of the model is the mean, or:
Age, = Age =13.32

Then we can compute the errors or residuals as:
e, = Age.0,= Age,— 13.32

For example, Age.0 for Philip and Joyce, respectively, are 16 — 13.32 =2.68 and 11 —
13.32 = -2.32. The value of Age.0 for Philip means that he is 2.68 years older than the
typical student in this group and the negative value for Joyce means that she is 2.32
years younger than the typical student.

It is now natural to ask whether a student who is older than average also tends to
be heavier than average. That is equivalent to a model using Age.0 to predict W%.0, or:

Wt0,= B,Age.0, + ¢

Note that we have omitted the intercept B, in this model. We know that the means of
both Wt.0 and Age.0 must be zero. Given that the regression line must go through the
point defined by the two means, the intercept is necessarily zero. Hence, there is no
reason to include the intercept in the model. Figure 6.6 presents all the values of Wz,
Wt.0, Age, and Age.0 for the 19 students. Our question is then whether a student being
older than average predicts being heavier than average? In other words, does Age.0 predict
Wt.0? Figure 6.7 provides the scatterplot for these two variables. Clearly, as Age.0
increases, so does Wt.0. We can use the formula for the slope from Chapter 5 or a simple
regression program to estimate the model (we urge the reader to do the computations
for this and subsequent simple regressions in this section using a hand calculator or using
a computer program). The resulting model is:

Wt.0 = 11.314ge.0

In other words, for each year older (or younger) than average, we expect the student to
weigh 11.31 pounds more (or less).

For someone like Philip who is 16, or 2.68 years older than the average student, we
expect him to weigh, according to the model, 11.31(2.68) = 30.31 pounds more than the
average student. He in fact weighs 49.97 pounds more than the average student. Hence,
the error after using both an intercept in the model and age as a predictor is Wz.0,A4ge
=49.97 — 30.31 = 19.66 pounds. Another way to say this is that Philip, “adjusting for”
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FIGURE 6.6 Values of Wt, Wt.0, Age, and Age.0

Name Wt Wt.0 Age Age.0
Alfred 112.5 12.47 14 0.68
Antonia 84.0 -16.03 13 -0.32
Barbara 98.0 -2.03 13 -0.32
Camella 102.5 2.47 14 0.68
Henry 102.5 2.47 14 0.68
Jamal 83.0 -17.03 12 -1.32
Jane 84.5 -15.53 12 -1.32
Janet 112.5 12.47 15 1.68
Jayden 84.0 -16.03 13 -0.32
John 99.5 -0.53 12 -1.32
Joyce 50.5 -49.53 11 -2.32
Judy 90.0 -10.03 14 0.68
Louise 77.0 -23.03 12 -1.32
Mary 112.0 11.97 15 1.68
Philip 150.0 49.97 16 2.68
Robert 128.0 27.97 12 -1.32
Sequan 133.0 32.97 15 1.68
Thomas 85.0 -15.03 11 -2.32
William 112.0 11.97 15 1.68
Mean 100.03 0 13.32 0

FIGURE 6.7 Relationship between Age.0 and Wt.0
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or “controlling for” his age, is 19.66 pounds heavier than expected. Similarly, Joyce,
who is 2.32 years younger than the average student, is expected to weigh 11.31(-2.32)
=—-26.24 pounds lighter than the average student. However, she is in fact 49.53 pounds
lighter so she weighs W1.0,4ge = —49.53 — (-26.24) = —23.29 pounds less than expected
for her age. The values of Wt.0,Age for all 19 students are displayed in Figure 6.8 (due
to rounding errors in the hand calculations, the values are slightly different from those
computed above). Note that although most of the errors become smaller (i.e., Wt.0,Age
< Wt.0), the errors for a few students become larger. For example, although John’s weight
is close to the mean weight (i.e., his Wz.0 = —0.53), he is 14.35 pounds heavier than
we would expect based on his relatively young age of 12 (i.e., his Wz.0,4ge = 14.35).
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FIGURE 6.8 SSE for simple and conditional models

Name Wt wt.o Wt.0,Age Ht.0,Age
Alfred 112.5 12.47 4.74 4.76
Antonia 84.0 -16.03 -12.46 -4.96
Barbara 98.0 -2.03 1.54 3.84
Camella 102.5 2.47 -5.26 -1.44
Henry 102.5 2.47 -5.26 -0.74
Jamal 83.0 -17.03 -2.15 -1.37
Jane 84.5 -15.53 -0.65 -1.13
Janet 112.5 12.47 -6.56 -4.53
Jayden 84.0 -16.03 -12.46 1.04
John 99.5 -0.53 14.35 0.33
Joyce 50.5 -49.53 -23.35 -4.58
Judy 90.0 -10.03 -17.76 0.06
Louise 77.0 -23.03 -8.15 -2.37
Mary 112.0 11.97 -7.06 -0.53
Philip 150.0 49.97 19.63 2.18
Robert 128.0 27.97 42.85 6.13
Sequan 133.0 32.97 13.94 -0.03
Thomas 85.0 -15.03 11.15 1.62
William 112.0 11.97 -7.06 -0.53
Mean 100.03 0 0 0

SS 9335.74 4211.25

PRE 0.55

On the whole, the errors are smaller so the sum of squared errors decreases by making
predictions conditional on age. In Figure 6.8, the sum of squares for #1.0 (i.e., the SSE
for a simple model making unconditional predictions) is 9335.74, but decreases to
4211.25 for Wt.0,Age (i.e., the SSE for a model making predictions conditional on age);
the proportional reduction in error is 0.55. In other words, PRE = .55 for this model
comparison:

MODEL A: Wi, = B, + B,Age + &,
MODEL C: Wi, = g, + &,

Verifying this value for PRE using a simple regression program is a useful exercise for
the reader.

A Model of Wt.0,Age using Ht.0,Age

Why is, for example, Philip heavier than expected and Joyce lighter than expected for
their age? Perhaps Philip is unusually tall and Joyce is unusually short for their age. We
might be tempted simply to add Height to the model. However, our intuitions and visual
inspection of the height by age scatterplot suggests that height and age are partially
redundant. That is, height and age share some of the same information that might be
used to predict weight. The only useful part of the height information is the part that is
not redundant with age. We can easily find that part by using age to predict height in
this model:

Ht=p,+ BAge + ¢
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and computing the residuals:
e, = Ht.0,Age, = Ht,— Ht

A simple regression reveals that:
Ht,= 2522+ 2.794ge,

In other words, we predict that these students grow about 2.79 inches each year. In
particular, the model predicts Philip’s height as 25.22 + 2.79(16) = 69.9 inches, but he
is actually 72 inches tall. Hence, he is indeed unusually tall for his age by Hz.0,4ge =
72 — 69.9 = 2.1 inches. Because he is taller for his age, we might want to consider a
model in which we adjust his predicted weight upward. Joyce, based on her age of 12,
is expected to be 25.22 + 2.79(11) = 55.9 inches tall. However, she is only 51.3 inches
tall, or Ht.0,Age = 51.3 — 55.9 = —4.6 inches shorter than we expected for her age. And
so perhaps her weight prediction should be adjusted downward. In general, we want to
ask whether students who are taller for their age (or when “adjusting for” or “controlling
for” age) tend to be heavier than expected for their age. In other words, we are asking
whether there is a relationship between Hr.0,Age (the part of height that is unrelated to
age) and Wt.0,Age (the part of weight that is unrelated to age). The values for Ht.0,4ge
for all 19 students are listed in Figure 6.8. We want to consider the model:

Wt.0,Age, = B,Ht.0,Age; + ¢

Figure 6.9 shows the data to answer this question in a scatterplot. Indeed, those students
who are taller than expected for their age (H?.0,4ge is high) tend to be heavier than
expected for their age (#1.0,A4ge is also high). The estimated model is:

Wt.0,Age, = 3.6Ht.0, Age,

As with any slope, this means that as Ht.0,Age increases by one unit, the prediction of
Wt.0,Age increases by 3.6 pounds. But let us be more precise, even though it is a bit
wordy: For each inch students are taller than expected for their age, we expect them to
weigh an additional 3.6 pounds more than expected for their age. Another way to say
this is that after adjusting height and weight for age, each additional inch predicts an
increase of 3.6 pounds. Note that for those students for whom their heights were exactly

FIGURE 6.9 Relationship between Ht.0,Age and Wt.0,Age
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what we expected based on their age (i.e., Ht.0,4Age = 0), we would expect them to
weigh exactly what we expected based on their age (i.e., Wt.O,Age = (). Philip is 2.1
inches taller than expected for his age so we expect him to weigh 3.6(2.1) = 7.6 pounds
more than expected for his age, but he actually weighs 19.6 pounds more than expected
for his age. Or, Philip weighs Wt.0,Age,Ht = 19.6 — 7.6 = 12 pounds more than we
would expect based on a model using both age and height. Similarly, Joyce, 4.6 inches
shorter than expected for her age, weighs Wt.0,Age, Ht =23 — 3.6(-4.6) =-23 — (-16.6)
= —6.4 pounds less than we would expect based on her age and height. When we just
considered weight, Philip and Joyce were by far the heaviest and lightest students,
respectively; naively we may have even thought that they were unhealthily overweight
and underweight because they were so far from the average weight of these students.
However, after accounting for (or adjusting for) their age and height, both Philip and
particularly Joyce are close to the average weight expected. On the other hand, Robert
and Judy, both marked in Figure 6.9, neither of whom appeared extreme when we only
considered average weight, are the furthest from the weights we would expect given
their heights and ages. Note that Robert is unusually tall for his age of 12, but he is still
far heavier (by almost 21 pounds) than we would expect because of his extra height.
Judy is almost exactly the height we would expect for her age of 14, but she is about
16 pounds lighter than we would expect for her combination of age and height. In other
words, it is only after adjusting our weight predictions for age and height that we are
able to see who is truly overweight (far above the regression line in Figure 6.9) or
underweight (far below the regression line).

For each of the 19 students, Figure 6.10 lists their weights and their residuals from
the various models we have considered so far. As a touchstone, let us consider the row

FIGURE 6.10 Students’ weights and residuals for each of three models

Name Wt wt.o Wt.0,Age Wt.0,Age, Ht
Alfred 112.5 12.47 4.74 -12.38
Antonia 84.0 -16.03 -12.46 5.38
Barbara 98.0 -2.03 1.54 -12.27
Camella 102.5 2.47 -5.26 -0.08
Henry 102.5 2.47 -5.26 -2.60
Jamal 83.0 -17.03 -2.15 2.78
Jane 84.5 -15.53 -0.65 -4.71
Janet 112.5 12.47 -6.56 9.73
Jayden 84.0 -16.03 -12.46 -16.20
John 99.5 -0.53 14.35 13.16
Joyce 50.5 -49.53 -23.35 -6.88
Judy 90.0 -10.03 -17.76 -17.98
Louise 77.0 -23.03 -8.15 0.37
Mary 112.0 11.97 -7.06 -5.15
Philip 150.0 49.97 19.63 11.79
Robert 128.0 27.97 42.85 20.80
Sequan 133.0 32.97 13.94 14.05
Thomas 85.0 -15.03 11.15 5.32
William 112.0 11.97 —-7.06 -5.15
Mean 100.03 0 0 0

SS 9335.74 4211.25 2121.04

PRE 0.55 0.50
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of values for Philip. His weight of 150 pounds is about 50 (#%.0) pounds heavier than
average, about 19.6 (W1.0,Age) pounds heavier than average for students of his age, and
only about 12 (Wt.0,Age, Hf) pounds heavier than we would expect for someone of his
age and height. Thus, the deviation or error between Philip’s actual weight (the data)
and our model of weight steadily decreases from 50 to 20 to 12. On the whole, although
there are exceptions (such as Judy), the errors decrease as more predictors are included
in the model (i.e., Wt.0,Age < Wt.0,Age, Ht). Most importantly, the sum of squared errors
steadily decreases. As we saw before, 55% of the squared error for the simple model is
reduced when we add age. Now, 50% of the squared error for the model with age is
reduced when we add the part of height not redundant with age. Overall, relative to the
simple model of weight, using both age and height reduces error by 77%:

9335.74 — 2121.04
N 9335.74 B

PRE

of the original squared error. We will return to these values of PRE for different model
comparisons when we consider statistical inference for multiple regression models later
in this chapter.

Conclusion: Interpretation of Partial Regression
Coefficients

The goal of this series of simple regressions using residuals is to better understand
regression coefficients. Now that we have a good understanding of the data from this
detailed examination, it is time to return to the original goal. Earlier we noted that the
estimate of the model from multiple regression is:

Wi, =—141.22 + 1.284ge, + 3.60Ht,

The coefficient of 3.6 for Ht is exactly the same as the slope in Figure 6.9 where it
is the coefficient predicting W¢.0,Age from Ht.0,Age. Therefore, the meaning of the 3.6
in the multiple regression equation is exactly the same as above: for each inch taller
students are for their age, we expect them to be 3.6 pounds heavier for their age. Or we
might say, after adjusting both height and weight for age, for each inch taller, a student
is expected to weigh 3.6 pounds more. In other words, the coefficient of 3.6 in the multiple
regression model describes the relationship between that part of height that is not
redundant or shared with age and that part of weight that is not redundant or shared
with age. It is common in reports of multiple regression to write something simple like:
“When controlling for age, weight increases 3.6 pounds for each additional inch of
height.” However, it is important to remember the more precise meaning of the regression
coefficient that we developed in the previous section and to remember that it is the slope
in the scatterplot of two residuals in Figure 6.9. Statisticians and statistics programs often
refer to plots like Figure 6.9 as partial regression plots because of their basis for defining
the partial regression slope or coefficient. The wise data analyst will routinely examine
partial regression plots, whose many benefits include (a) a visual representation of the
regression coefficient and (b) visual identification of any unusual patterns or observations
(such as Robert and Judy).

To interpret the coefficient of 1.28 for age in the multiple regression equation, we
do not need to do the complete series of simple regressions parallel to those that we did
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FIGURE 6.11 Partial regression plot between Age.0,Ht and Wt.0,Ht
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above. Instead, we can reverse the role of height and age in the above statements inter-
preting the coefficient for height and we can examine the computer-generated partial
regression plot in Figure 6.11 relating Age.0,Ht to Wt.0,Ht. Thus, for each year older
students are than we would guess from their heights, we expect them to be 1.28 pounds
heavier for their height. Or we might say, after adjusting both age and weight for height,
for each year older, a student is expected to weigh 1.28 pounds more. Still other language
would be: After statistically equating two students on height or “holding height constant,”
we expect the student older by one year to weigh only 1.28 pounds more than the younger
student. In that context, 1.28 pounds does not seem like much; indeed, the slope in Figure
6.11 appears as if it might not differ significantly from a slope of zero (we will check
this later).

Note that, as must be the case, Robert and Judy have the largest residuals (i.e., greatest
distance from the regression lines in both of the partial regression plots) because they
are unexpectedly heavy and light, respectively, given their heights and ages. And again,
Philip and Joyce are closer to their expected weights (i.e., closer to the regression lines)
based on their heights and ages. In other words, Wt.0,4ge, Ht = Wt.0,Ht,Age. Although
overall predictions of weight have improved, considerable error remains. We might now
ask whether there is a variable that could predict when students are unusually heavy
(or light) for their heights and ages. Looking at the names above the regression line
(i.e., unusually heavy for their height and ages) and those below (i.e., unusually light
for their height and ages) suggests an obvious variable to consider.

STATISTICAL INFERENCE IN MULTIPLE REGRESSION

Now that we understand the meaning of the partial regression coefficients, the remaining
issue is how to determine whether those coefficients are significantly different from
zero and to ask other model comparison questions involving models with multiple
predictors. The general strategy for doing statistical inference or asking questions about
data is exactly the same as before. In particular, the calculations of PRE and F pose no
new problems as they are defined exactly as before. The only change is that the extra
parameters in the multiple regression equation give us lots of freedom in defining Model
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A and Model C. As we shall see, different choices allow us to ask different questions
and test different hypotheses. The only difficulty then is selecting the appropriate com-
pact and augmented models to test a specific hypothesis. Once we have the appropriate
models, estimation of the parameters (using a computer statistical package) and
calculations of PRE and F are straightforward. Each question will have its own PRE
and F.

For any set of data there will be many possible questions. There are several generic
types of questions that occur frequently in multiple regression models. We consider each
generic type separately.

Testing an Overall Model

Sometimes we want to ask whether our predictors as a group are any better than the
simple model, which uses no predictors and predicts the mean for every observation.
For example, college admissions offices have the practical and interesting question of
whether student information such as high school percentile rank and Scholastic Aptitude
Tests (SAT), both verbal and quantitative, predict performance in college. To answer
that question, we could compare a model that made predictions of first-year cumulative
grade point average conditional on high school rank, SAT verbal, and SAT quantitative
to a simple model that made a single unconditional prediction of grade point average
using the mean.

In general, we are comparing the following Models C and A:

MODEL A: Y, = By + BX; ¥ B Xy ... T B, X, + s

MODEL C: Y, =B, + ¢
To be a test of the overall model, Model C must be the simple model with only one
parameter. The null hypothesis being tested—that Model C is sufficient—is equivalent

to saying that it is not useful to make the predictions conditional on all of the p — 1
predictor variables as a group. Formally:

Hy:B=B,=...=B,,=0

Model C has one parameter and Model A has p parameters—one for each of the p — 1
predictors plus one parameter for the intercept (8,). The appropriate sums of squared
errors are given by:

SSE(C) =3(Y,~ Y)* and SSE(A)=3(Y,~ Y,
where:

?Ai:bo+b1)(i1 thXyt+ ...+ D, X

ip-1
And the difference between these two, SSR, is given by:
SSR = SSE(C) — SSE(A) = S(Y,;— Y, 2 = S(Y,;— Y )?

The PRE for testing the overall model relative to the simple mean model (Model
A versus Model C above) has the special name “coefficient of multiple determination”
and is usually represented by the symbol R%. All multiple regression computer programs,
which estimate the parameters, will also provide R? directly so it is seldom necessary
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to calculate PRE by hand for the overall model. However, it is exceedingly important
to remember that R? is nothing more than PRE for this special case of testing an overall
model against the simple mean model. Also, for many other questions we will want to
ask about our data, the computer programs will not provide the relevant PRE for the
model comparison of interest; hence, it is important to know how to calculate PRE directly
from SSE(A) and SSE(C).

The calculation of F for this case is straightforward once PRE = R? is known; that is:

_ _PRE(PA-PC)  Ri(p-1)
" (1-PRE)(n-PA) (1-R(n-p)

Alternatively, in terms of the sums of squares:

_ SSR/(PA - PC)
~ SSE(A)/(n - PA)

If we make the normal assumptions that the errors & have mean zero, are from one
normal distribution, and are independent, then we can compare the F we calculated to
the sampling distribution for the F statistic with p — 1 and n — p degrees of freedom.
Most computer programs that report R? will also report F. Many will also report the
“significance of F,” which is simply the probability that if the null hypothesis (Model
C) were true a value of F this large or larger would be found. If this probability is lower
than our desired level for « (the Type I error probability) then we can reject the null
hypothesis that none of the predictors are useful.

The probability tables for PRE and F that we developed in Chapter 4 are for the
special case when the number of parameters in Models A and C differ by exactly one
(i.e., PA — PC = 1). However, Model A might have many more parameters than the
simple mean model, which serves as Model C. We therefore need new tables. The logic
of developing these tables is exactly the same as for the tables developed in Chapter 4.
In the Appendix, Figures A.2 and A.4 give the critical values for PRE and F; respectively,
for a = .05 for selected values of PA — PC.

An example of an overall model test

An example will help to make the statistical inference process for the overall model less
abstract. Returning to our earlier question, college admissions offices want to know
whether student information such as high school percentile rank and Scholastic Aptitude
Tests (SAT), both verbal and quantitative, predict performance in college. In this
example, we have the first-year cumulative grade point average (GPA), high school rank
(HSRank), SAT verbal (SATV), and SAT math (SATM) scores for 414 engineering
students at a state university. We want to know whether we can use those variables to
make useful conditional predictions of each student’s GPA or whether we would do just
as well if we simply used the group mean as an unconditional prediction of everyone’s
GPA. In other words, does Model A, which uses all the predictor variables, do better
than Model C, which uses none of the predictors? In terms of equations we are comparing:

MODEL A: GPA; = B, + B,HSRank; + B,SATV, + BSATM, + ¢,
MODEL C: GPA,= B, + &,
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For this comparison, PA =4 and PC = 1. Model A and Model C would be the same if
Bi, B,, and B; all equal zero. Thus, comparing Models C and A is equivalent to testing
the null hypothesis:
Hy: B =B,=B;=0
Computer programs provide these estimated models and associated SSEs:
MODEL A: GISA,. =-1.74 + 0.027HSRank; + 0.011SATV, + 0.022SATM,
SSE(A) =172.99

MODEL C: GPA,=2.70
SSE(C) =221.78
Although the program producing these estimates also provided PRE = R? = .22 and

F = 38.54 with p < .0001, we will calculate them to reinforce the basic process that
applies to all model comparisons involving multiple predictors:

SSE(C) - SSE(A) 221.78 - 172.99  48.79

PRE - - _
SSE(C) 221.78 221.78

Of course, 48.79, the difference between the two sums of squared errors, is equivalent
to SSR. We can now compute:

- - PRE/(PA-PC)  .22/3 073
PAZPEn=PA 23410 (1 _PRE)/(n - PA)  .78/410 .0019

_ SSRAPA-PC)  48.79/3  16.26
" SSE(A)/(n - PA) 172.99/410 0.422

=38.54

=38.54

In other words, the proportional reduction in error per additional parameter in the overall
model of .073 exceeds by a factor of 38.5 the proportional reduction in error per
parameter of .0019 that we would expect for a useless predictor. Consulting the tables
in the Appendix for a = .05, PA — PC = 3, and n — PA = 200 (the largest value for
n — PA less than 410 available in the table), we find that the PRE and F for the data
easily exceed the critical values of .038 and 2.65, respectively. Hence, we reject Model
C in favor of Model A and conclude that the overall model is indeed significantly better
than the simple mean model. Equivalently, we reject the null hypothesis that all the
predictor coefficients equal zero.

Problems with overall model tests

On the whole, overall model tests such as this one are not particularly useful for
two reasons. First, it is easy when testing a large overall model to be in the position
of losing a needle in a haystack. For example, suppose we were testing a large model
in which only one predictor was actually useful; the other predictors have all been added
inadvertently and they are of no value in reducing error. We would get approximately
the same value of PRE for this example whether we were testing the overall model or
the simple regression model in which we used only the one good predictor. However,
PRE per parameter (the numerator of F) would be much reduced for the overall model
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because we would be dividing approximately the same PRE by a larger number of extra,
unnecessary parameters. Simultaneously, the remaining error (1 — PRE) per unused
potential parameter (the denominator of F) would be larger for the overall model with
the extra useless predictors because we would be dividing approximately the same
residual error by a smaller number of potential unused parameters (n — p instead of
n — 2). Both of these effects will cause F' to be considerably smaller than it otherwise
would have been without the extra useless predictors. From the tables in the Appendix
we see that the magnitude of the critical value of F' decreases as the numerator degrees
of freedom increase, so F' may sometimes still be significant. However, in general, we
risk losing the needle—the one good predictor—in a haystack of useless predictors. The
essence of the problem is that by throwing away parameters for useless predictors, we
lose statistical power.

A second reason for avoiding overall tests of models is that the results are often
ambiguous. If the null hypothesis is rejected, then we only know that at least one of the
partial regression coefficients is not equal to zero, but we do not know which predictor
or predictors are useful. For example, for the GPA data we concluded that 8,, 3,, and
35 are not all equal to zero, but we do not know precisely which ones are not equal to
zero. There are seven different ways in which the overall null hypothesis could be false:

B =0,B,=0,B,=0
B,=0,8,=0

B, =0,B,=0
B,=0,B;,=0

B =0

B,=0

B;=0

That is, HSRank, SATV, and SATM as a group are useful predictors of GPA, but we
do not know whether all are needed or what combination is best. For instance, maybe
SATV and SATM are highly redundant, so only one SAT score needs to be included
in the regression equation.

The question we ask with the test of the overall model is so diffuse that we are
generally unsure what the answer means. For the reasons of power and removing
ambiguity discussed above, it is almost always better to ask more specific or, in the
words of Rosenthal and Rosnow (1985), more focused questions of our data. Focused
questions will generally ask about a single predictor. That does not mean that we will
ignore all the other predictors, because, as we shall soon see, we can ask about the
usefulness of a particular predictor in the context of all the other predictors.

So for reasons of statistical power and specificity, we prefer null hypotheses that
pertain to a single parameter, i.e., where PA and PC differ by 1. The F for testing such
null hypotheses will always have one degree of freedom in the numerator. If the compact
model representing the null hypothesis is rejected, then the answer is unambiguous—
the extra parameter in Model A is required. Next we consider an important one-
degree-of-freedom test.
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One Predictor Over and Above the Other Predictors

We know that redundancy complicates questions about individual predictors. Regardless
of whether a predictor is useful by itself in a simple regression, we often want to know
whether it is useful over and above other predictors in the model. In other words, if we
have already made conditional predictions based on a set of predictors, is there further
improvement by adding one more predictor variable? In other words, we are comparing:

MODEL A: Y, = By + BXy + BoXip + ..+ B, X F BAX, t &
MODEL C: Y, = By + BX; + BXpp +. ..+ B, X, 1 t &

That is, Model C and Model A are the same except that Model A is augmented by exactly
one extra parameter (B,) and predictor variable (X,). Thus Model C has p parameters,
and Model A has p + 1 parameters. Most importantly, then, PA — PC = 1.

By comparing Model A with Model C, we are asking whether we need the predictor
X, given that we are already using predictors X},X), . . ., X, ;. The B values in this model
comparison are partial regression coefficients in that their values depend on what other
B values are included in the Model. That is, the estimated value of, say, S, is likely to
depend on whether or not B, is also included in the model. Thus, we should use the
more complete notation that reminds us of this dependence. In particular, the extra
coefficient added to Model A is represented by B,, , ;. The subscript before the dot
indicates the particular coefficient, and the subscripts after the dot indicate the other
coefficients also included in the Model. Clearly, we do not need the extra predictor if
its partial regression coefficient equals zero, so our null hypothesis is:

Hy B, 1o p1 = 0

Note that this is merely a generalization of the test that we did for the simple regression
model with one predictor. There we asked whether adding a predictor was useful over
and above the simple mean model. Here we ask whether adding a predictor is useful
over and above the other predictors already in the model.

One strategy for model building is to start simple and add complexity only when
necessary. Thus, a frequent question is whether the addition of another predictor would
be worthwhile. As always, we answer the question about whether the extra parameter
is worthwhile by estimating the model parameters so as to minimize the sum of squared
errors and then using PRE and F' to compare the two models. The PRE for the addition
of exactly one parameter has the special name “coefficient of partial determination” and
is represented as:

2
ypa23.. p1

The square root of this PRE with the sign from the partial regression coefficient is often
called the “partial correlation coefficient” because it is the simple correlation between
Y and X, when controlling or holding constant the other p — 1 predictors.

Given F, we can compute a confidence interval for 8,, ,; using the same logic
we used to construct a confidence interval for 8, in the case of simple regression in
Chapter 5. That is, for a specific set of data we can ask how extreme a null hypothesis
could be so that /" would still be less than the critical value of F' for a given « under the
usual assumptions. The resulting equation is:
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Fcril; lL,n-p- 1;aMSE
bp,|23...pf| i > >
(n-1si(l - Ry)

As before, MSE is the mean squared error for Model A, F;., , 1., 1S the appropriate
critical value of F from the tables in the Appendix, and sf(p is the variance of the predictor
variable. For whatever level of « is chosen, the above provides the (1 — @)% confidence
interval for the partial regression slope. The formula for the confidence interval is the
same as the one for a simple regression slope from Chapter 5 except for the addition
of the term 1 — R? in the denominator. R; is simply the R* or PRE when all the other p
— 1 predictors are used to predict X,. Thus, R} is a measure of the redundancy between
X, and the other predictors already included in the model.

Conversely, the term 1 — Rg, which has the special name of tolerance in some
computer outputs, is a measure of X’s uniqueness from the other predictors. Only the
unique part of X, might be useful for reducing the error further; if the tolerance 1 — RIE
is low, then it will be difficult for X, to be useful. This is reflected in the formula
for the confidence interval by including it in the denominator. A low tolerance in the
denominator will cause the confidence interval to be large, and a large confidence inter-
val will be more likely to include zero. Because a low tolerance makes the confidence
interval wider, some programs report the variance inflation factor (VIF), which equals
/(1 - R;), the inverse of tolerance.

There is an exact equivalence between using F, compared with a critical value of
F for a certain e, to test the addition of a parameter and whether or not the confidence
interval constructed using that same critical value of F includes zero. The confidence
interval excludes zero if and only if F' exceeds the critical F.

It is seldom necessary to calculate by hand the F for the addition of a parameter
because most regression programs will routinely produce F (or sometimes the equiva-
lent #, ,, = VF\, , ). Many programs will also give the 95% confidence interval
(corresponding to a=.05) for B, ;, , ;. Few programs will directly give the corresponding
PRE, which in this case is the proportional reduction in error due to adding the pth
predictor. However, almost all programs will give the partial correlation coefficient, which
for this model can be squared to yield PRE. The important things to remember therefore
are not the computational formulas but that the coefficient of partial determination or,
equivalently, the squared partial correlation, is simply PRE for the special case of
comparing a compact model with an augmented model that has one extra predictor.
Similarly, the associated F or 7 tests whether the partial regression coefficient for X, is
zero. Thus, the following are equivalent null hypotheses:

Hy:B,1,. ,1=0 and H, : r? =0

p12...p-1

If one is false, then the other must be false also.

An example of an additional predictor test

We will again use the GPA data to illustrate the test for adding an additional predictor
to the model. Suppose that we want to ask whether it is useful to add SATM to the
model when HSRank and SATV are already in the model. This question not only has
practical importance—it would be easier for the clerks in the admissions office if they
only had to include HSRank and SATV in their calculations of predicted GPA—but
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it also is substantively interesting to know whether quantitative skills as measured by
SATM make a contribution to the predicted GPA that is independent of HSRank
and SATV. These particular data are for engineering students, so one would suppose
that SATM as a measure of quantitative skills that engineers would need in their courses
would be required even when HSRank and SATV as measures of overall ability were
already included in a model. In other words, we want to compare these two models:

MODEL A: GPA, = B, + B,HSRank, + B,SATV, + B;SATM, + s,
MODEL C: GPA, = B, + B,HSRank, + B,SATV, + ¢,

Note that PA = 4 and PC = 3, so PA — PC = 1; we therefore are asking a focused, one-
degree-of-freedom question. Model A and Model C would be the same if 8; equaled
zero. (Note, we no longer use more complete 35 ,,, with the implicit understanding that
any parameter depends on the model in which it appears.) Thus, the Model A/Model C
comparison is equivalent to testing the null hypothesis:

Hy: B;,=0
Model A here is the same as the Model A we used when testing the overall model.
Thus, we already have the parameter estimates and SSE for Model A. A multiple
regression program provides the parameter estimates and SSE for Model C. So:
MODEL A: G13Ai =-1.74 + 0.027 HSRank; + 0.01 1SATV, + 0.022SATM,
SSE(A) =172.99

MODEL C: GPA,=—-0.71 + 0.028 HSRank, + 0.018SATV,
SSE(C) = 181.48

To answer the question of whether SATM is useful over and above HSRank and SATV,
we compute PRE and F in the usual way. That is:

SSE(C) - SSE(A) 18148 - 172.99  8.49

PRE - - _
SSE(C) 181.48 181.48

047

and
PRE/(PA - PC) 047/1  .047
FPA —PCn-PA= F1,410 = = = =
(1 -PRE)/(n-PA) .953/410 .0023

_ SSRAPA-PC) 8491 849
"~ SSE(A)/(n - PA) 172.99/410 0.422

20.4

20.4

PRE = 0.047 and F', ;,, = 20.4 easily exceed their respective critical values (for n — PA
= 200, the largest value less than 410 in the appendix tables) of 0.019 and 3.89. We
therefore can reject the null hypothesis that the partial regression coefficient for SATM
is zero, and we can conclude that it is worthwhile to add SATM to the model that already
includes HSRank and SATV. In this case, the remaining error—the error left after using
HSRank and SATV in the model—is reduced by 4.7%. The square root of PRE equals
0.22 and represents the partial correlation between GPA and SATM holding constant
or “partialing out” HSRank and SATV. Knowing that the partial regression coefficient
for SATM is not zero, we should therefore interpret it: When comparing students of
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equivalent HSRank and SATV scores, for each point higher on SATM (measured
on a 2080 scale as SAT scores are reported to universities), we predict that a student’s
GPA will be 0.022 points higher. In other words, all else being equal, we would expect
a student who scored 80 (800 as reported to the student) on SATM to have a GPA
about two-thirds of a letter grade higher than a student who scored 50 (i.e., (80 — 50)
0.022 = 0.66).

The ingredients for computing the confidence interval are available from various
sources: MSE = SSE(A)/(n — PA) = 172.99/410 = 0.42, a descriptive statistics program
gives the variance of SATM as 46.21, and a multiple regression program gives the PRE
or R3 |, for predicting SATM with HSRank and SATV as 0.11. Hence, the 95% confidence
interval for B; is computed as:

b + \/ Fcril; 1, n- PA;a MSE
e (n- l)si'ATM (1- R%.lz)

\/ 3.87(0.42)
0.022 +
413(46.21) (1 - 0.11)

0.022 + 0.0098
[0.012, 0.032]

Hence, although our best estimate of the coefficient is 0.022, it might reasonably be as
low as 0.012 or as high as 0.032.

The Overall Model Revisited

We noted earlier that a single test of the overall model was usually unsatisfactory
because rejection of the null hypothesis does not indicate which of the many p;
significantly depart from zero. The test for adding another variable, which we have just
considered, suggests a solution. The numbering of the predictor variables is arbitrary,
so we can treat each predictor in turn as if it were the last variable to be added. In this
way we will test separately for each predictor whether its partial regression coefficient
(i.e., its coefficient with all the other variables in the model) is different from zero.
Conceptually, this implies that we need to do separate regression analyses in which we
first enter the other predictor variables and then test whether it is worthwhile to add the
last. In practice, it is not necessary to do the separate regression analyses for each variable
as the last because the required information is available when the statistical program
does the computations for the overall model. The results of these computations are often
summarized in an analysis of variance table like Figure 6.12.

We will examine how this table summarizes the statistical tests we have done of
(a) the overall model and (b) adding SATM over and above the other variables in the
model. Then we will consider how it provides information for the tests of adding either
SATYV or HSRank last. In our test of the overall model we found:

MODEL A: GPA,=—1.74 +0.027 HSRank, + 0.011SATV, + 0.022SATM,
SSE(A) = 172.99

MODEL C: GPA,=2.70
SSE(C) =221.78



6 - Multiple Regression

125

The two sums of squared errors, SSE(A) = 172.99 and SSE(C) = 221.78, correspond,
respectively, to the values in the SS column for Error and Total. Their difference is SSR
=221.78 — 172.99 = 48.79, which we used in the computation of PRE:

SSE(C) - SSE(A) 221.78-172.99 48.79
SSE(C) 22178 22178

PRE =

and which is listed in the SS column for Regression in Figure 6.12. The values in the
df column for Regression, Error, and Total are, respectively, PA — PC, n — PA, and
n — PC. The other values in the Regression row summarize the test of the overall model
against the simple model. Note that the rows for Regression, Error, and Total in Figure
6.12 have the same role as they did in Figure 5.11 for simple regression. The only
difference is that the Regression row now describes the reduction in error due to allowing
all of the partial regression slopes to differ from zero and the Error row is the remaining
error in that case. The Total row describes the error when all the partial regression slopes
are set to zero.

Unlike the ANOVA table for simple regression (Figure 5.11), the one for multiple
regression (Figure 6.12) has a row for each variable in the model. To understand this
row, we return to our earlier test of adding SATM to a model already making conditional
predictions of GPA based on HSRank and SATV. Previously, we found:

MODEL A: GPA,=~1.74 +0.027 HSRank, + 0.011SATV, + 0.022SATM,
SSE(A) = 172.99

MODEL C: GPA,=-0.71 +0.028 HSRank, + 0.018SATV,
SSE(C) = 181.48

The difference between these two sums of squared errors, 181.48 — 172.99 = 8.48, appears
in the SS column for SATM. The other columns in the row for SATM provide the statistics
for comparing the above Models A and C. We computed PRE directly from these numbers
before, but it is convenient when working with summary tables like Figure 6.12 to use
this equivalent alternate formula:

SSR 8.483 8.483
" SSR + SSE(A) 8.483 +172.994 181.477

PRE

One way to think about this computation is that if SATM were not in the model, then
the error it reduces would need to be put back into the model error—the computation
in the denominator. In other words, the denominator corresponds to the total error for
a model that included all the other variables except SATM.

Once we have this understanding of the analysis of variance summary table, it is
easy to do other model comparisons. For example, we might want to know, for these
engineering students, whether knowing their SATV scores improves predictions of GPA
over and above a model based only on HSRank and SATM. In other words, our model
comparison is

MODEL A: GPA, = B, + B,HSRank, + B,SATV, + B,SATM, + &,
MODEL C: GPA, = B, + B,HSRank, + B,SATM, + &,
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FIGURE 6.12 Analysis of variance summary table for the GPA data

Source SS df MS F PRE p
Regression 48.789 3 16.263 38.5 .220 .0001
SATV 2.779 1 2.779 6.6 .016 .0106
SATM 8.483 1 8.483 20.1 .047 .0001
HSRank 29.209 1 29.209 69.2 144 .0001
Error 172.994 410 0.422

Total 221.783 413

Instead of fitting these two models and computing their sum of squared errors we can
obtain these values from Figure 6.12. Model A is as before, so we know SSE(A) =
172.994 from the Error row in the table. The value of SS =2.779 for SATV corresponds
to SSR for the above model comparison. Hence, SSE(C) = 2.779 + 172.994 = 175.773.
We then obtain the PRE for this model comparison as:

SSR 2.779 2.779

PRE = - _ _
SSR + SSE(A) 2779 + 172.994  175.773

And we can compute F for this model comparison either using the formula based on
PRE or the sums of square formula (from the source table):

- _ _SSR/PA-PC) MSR 2779
porCospt =40 T SSE(A)(n - PA) MSE 0422

The key values for MSR and MSE are available in the MS column of Figure 6.12.
Computer programs for regression analysis often provide the probability values listed
in the last column. In this case, the probability of obtaining a PRE or F this large or
larger if Model C were correct is only 0.016. Using the usual cutoff of 0.05, we would
reject Model C in favor of Model A; in other words, we would conclude that SATV is
a useful predictor over and above HSRank and SATM.

Now that we understand the information provided in the summary table, we can
readily make the model comparison asking whether information about HSRank is useful
over and above the predictive information provided by SATV and SATM. When
comparing:

MODEL A: GPA, = B, + B,HSRank, + B,SATV, + B,SATM, + &,
MODEL C: GPA, = B, + B,SATV, + BySATM, + ,

we see that SSR =22.209, PRE =.144, and F', ;;, = 69.2 with p <.0001. Clearly, HSRank
significantly reduces error in predicting GPA over and above the error reduction provided
by using SATV and SATM. We might say that performance information (HSRank)
provided useful information beyond that provided by the aptitude information (SAT
scores).

It is important to note in the ANOVA table of Figure 6.12 that when we add the
SSRs for the individual variables, the sum (2.779 + 8.483 + 29.209 = 40.471) is less
than the total SSR we obtain when using all the predictor variables together (48.789).
The reason for this is the redundancy among the predictors. The SSRs when adding each
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predictor last captures only the unigue contribution to the error reduction made by that
predictor over and above the contribution from the other predictors. Hence, a contribution
that is shared with other predictors appears in the total SSR but not in the unique SSR
added by that variable. Had there been no redundancy among the predictors, then the
sum of their SSRs would have equaled the SSR for the overall model. With certain
patterns of positive and negative correlations among predictors, it is even possible for
the sum of the individual SSRs to exceed the total SSR, a condition sometimes
confusingly labeled as “suppression.” Whether the sum of the SSRs is smaller or larger
than the overall SSR is not particularly important. Simply interpret the individual SSRs
as the unique contribution to the error reduction of each variable and the overall
SSR as the total reduction in error when using all the variables together in a model.

Testing Other Model Questions

So far we have asked questions about the overall model and about each variable if it
were added last to the model. And we saw how these tests are summarized in the ANOVA
table of Figure 6.12. However, this does not begin to exhaust the interesting questions
we might ask. Another common question is to ask whether it is useful to add a set of
variables to the model. For example, we observed above that performance information
(HSRank) added useful prediction over and above aptitude information (test scores). If
we want to ask the corresponding question of whether, as a set, aptitude information
provides useful prediction over and above performance information, then we would
compare these two models:

MODEL A: GPA, = B, + B,HSRank, + B,SATV, + BSATM, + ¢,
MODEL C: GPA, = B, + B,HSRank, + &,

In this case, the null hypothesis is that the parameters for hoth SATV and SATM are
zero. That is:

Hy: B,=B,=0
To answer this question we need only find the appropriate SSEs. Using the most basic
multiple regression program, we can simply estimate both models, obtain their SSEs,
and do the computations of PRE and F manually. More advanced multiple regression
programs usually have options for testing sets of parameters directly. We will use the
basic approach:

MODEL A: G13Al. =-1.74 + 0.027 HSRank; + 0.01 1SATV, + 0.022SATM,

SSE(A) =172.99

MODEL C: GPA, = 0.18 + 0.028 HSRank,

SSE(C) = 189.11
189.11-172.99  16.121 .085/2

PRE = - =085 Fyp=———=19.04
189.11 189.11 (1 - .085)/410

The values for PRE and F easily exceed their critical values so we conclude that, as a
set, the test scores SATV and SATM provide significant error reduction over and above
that for HSRank alone.
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As another example of the kind of questions we might ask beyond the obvious ones
provided by most multiple regression programs, we might ask whether SATV and
SATM need to be weighted differently. Or, in other words, we are asking whether the
observed weights of 0.011 for SATV and 0.022 for SATM in the overall model are
significantly different from each other. For predicting first-year GPA for engineering
students, we might suspect that more weight should be given to SATM. Answering this
question implies this model comparison:

MODEL A: GPA, = B, + B,HSRank, + B,SATV, + B,SATM, + s,
MODEL C: GPA, = B, + B,HSRank, + B,SATV, + B,SATM, + &,

Look closely to see that the only difference in the two models is that the same coefficient
(B,) 1s used for both SATV and SATM in Model C but separate coefficients (8, and S;)
are used in Model A. Note that this meets our rule for Model A/Model C comparisons
because the parameters used in Model C are a subset of those used in Model A, even
though both models have the same variables. In this case, the null hypothesis is:

Hy: B, =B
Unlike the prior test where we asked whether both coefficients were zero, here we ask
only if they are equal, but not necessarily zero. Another way to express this null
hypothesis is that their difference is zero; that is:

Hy:B8,-8,=0
Some sophisticated multiple regression programs allow specification of complex null
hypotheses like this. If not, then some ingenuity is required to obtain the necessary SSEs

in order to compare the models. In this case we observe with a simple algebraic
rearrangement that Model C is equivalent to:

GPA, = B, + B,HSRank, + B,(SATV, + SATM)) + ,
GPA,= B, + B,HSRank, + B,(SATTOT)) + &,

where SATTOT = SATV + SATM. Hence, we can get the SSE(C) by regressing GPA
on HSRank and SATTOT:
MODEL A: GﬁAi =-1.74 + 0.027HSRank; + 0.011SATV, + 0.022SATM,
SSE(A) =172.99

MODEL C: GPA,=-1.63 + 0.027HSRank, + 0.016SATV, + 0.016SATM,
SSE(C) = 173.86
173.86 - 172.99  0.87 005

PRE = - =.005 F 4=
173.86 173.86 ’

— e _206
(1 - .005)/410

Even for n — PA = 500, these values do not exceed the respective critical values of .008
and 3.86 for o = .05. Hence, there is not sufficient evidence in these data to conclude
that SATV and SATM ought to be weighted differently when predicting first-year GPA
for engineering students.

These are but two of the many specialized, focused questions we might want to ask
about our data that are beyond the obvious questions answered by the usual output from
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multiple regression programs. Other questions that might be of interest would be asking
whether the new model is significantly better than the old model that might have been
used in the decision to admit these students. Or we might want to ask questions about
the mean GPA of these students, in which case we would convert our variables to mean
deviation form and do model comparisons parallel to those in Chapter 5 for the intercept.
The important point is that you can answer any question about your data by framing it
in terms of a Model A/Model C comparison, obtaining the SSEs for those models, and
then computing PRE and F.

CAUTIONS ABOUT USING MULTIPLE REGRESSION

Multiple regression is likely the most widely used statistical procedure in the social
sciences. As a consequence, it is also the most frequently abused procedure. In this section
we comment on some important cautions about using and especially interpreting multiple
regression.

Causal Conclusions from Nonexperiments

We interpret the partial regression coefficient b; as the amount the predicted value I;l
changes for each unit increase in the predictor variable, controlling for all other variables
in the model. It is important to remember that this is only a prediction based on the
existing data and may not represent a causal relationship between X; and Y. Users of
multiple regression sometimes forget this fact and incorrectly presume that manipulating
X; will cause a change in Y.

The following example highlights the causal ambiguity inherent in observational
data. In almost any city with seasonal temperature variation it is easy to demonstrate
that the number of ice cream cones sold in a month is a good predictor of the number
of suicides in that month: the more cones sold the more suicides there will be. However,
it would be ludicrous to suggest that by banning ice cream sales suicides would be
reduced. The problem with such a conclusion is that ice cream is not causing suicides;
rather, it is probably just a proxy variable for temperature, which might be the cause of
both increased suicides and increased ice cream sales. And even temperature is probably
just a proxy variable for discomfort or unpleasantness that might send a depressed person
over the brink.

The causal error is obvious in the ice cream example. But many researchers do not
realize that the dangers of presuming that manipulation of the predictor variable will
cause a change in Y are no less serious whenever the regression analysis is based on
observational data.

On the other hand, it is also incorrect to assume that causal conclusions can never
be based on regression analyses. If the researcher determines the values of the predictor
variables and randomly assigns those values to the cases, then it is quite proper to presume
that changing the predictor variables will cause a change in Y. Such a design, involving
random assignment to levels of a predictor, is commonly known as an experimental
design. For example, to test the sensitivity of credit card use to the interest rate charged,
a bank might randomly assign, say, one of five different interest rates to different
customers. If a regression analysis revealed that the interest rate was a significant
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predictor of the amount that customers charged to their credit cards, then one would
reasonably presume that the manipulation of the interest rate by the bank causally
affected the amount that people charged to their cards.

There are some other research designs, originally called quasi-experiments by
Campbell and Stanley (1963), in which limited causal conclusions from regression
analyses of observational data are warranted. For further treatment of these issues, see
Shadish, Cook, and Campbell (2002) and Judd and Kenny (1981a). In general, however,
one should be extremely cautious about making causal conclusions from regression
analyses of nonexperimental data.

Relative Importance of Predictor Variables

Many researchers are tempted to make inferences about the relative importance of
predictor variables in multiple regression models. It should be obvious that it is not
reasonable to compare directly the relative magnitudes of b, because they clearly depend
on the unit of measurement. By making the unit of measurement for a given predictor
variable smaller (e.g., using centimeters instead of inches to measure height), we can
make b, arbitrarily large without changing the fundamental impact of that variable in
the model.

Sometimes predictor variables will be measured on the same scale, enabling the
same units of measurement for the variables. For example, consider trying to model
attitudes toward a particular political party as a function of economic status. It might be
reasonable to use both income and savings as predictor variables. We can easily measure
both variables in dollars, so that we could be assured of using the same units. However,
even here comparing b; values as a measure of importance would probably not be
appropriate, because the ranges of the variables would be so different. One variable
might have a smaller b—that is, a smaller predicted change in Y for a unit increase in
X—but still have a larger overall impact because it had a larger range over which it
could change.

The dependence of the overall effect of a predictor variable on its range suggests
that we might normalize the partial regression coefficients by multiplying them by their
ranges or, more typically, their respective standard deviations. This effectively makes
the unit of measurement either the range or the standard deviation, respectively. The
standardized regression coefficients are also traditionally normalized to include the
standard deviation of Y according to the formula:

sl

J J
Sy

Some books and computer programs unfortunately use B; or “beta weights” to refer to
standardized regression coefficients. We prefer b* to avoid confusion with the unknown
values of the model coefficients in our models and to emphasize that standardized regres-
sion coefficients are simple transformations of the partial regression coefficients b,.
Unfortunately, the standardized regression coefficients do not solve the problem of
making inferences about relative importance. First, they still depend on the particular
range and distribution of the predictor in the particular dataset. If this distribution were
to change for any reason—for example, if the researcher were to include a wider range
of cases—then the standardized regression coefficients could change dramatically even
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if the underlying relationship between the predictor and the data remained the same (i.e.,
the partial regression coefficient is unchanged). Such dependence on the vagaries of a
particular set of observations hardly provides a good basis for inferring relative
importance. Second, relative importance is also clouded by redundancy. A regression
coefficient (standardized or not) might be low not because its associated predictor
variable has no relationship with Y, but because that predictor variable is at least partially
redundant with the other predictors. Thus, standardized regression coefficients do not
really allow us, as they were intended, to make relative comparisons of predictors. The
fundamental problem is that we cannot frame a question about relative importance in
terms of a Model A versus Model C comparison because both models would necessarily
have the same predictors. Hence, our machinery for statistical inference cannot address
the question of relative importance.

In sum, relative importance of predictor variables is a slippery concept. Any statement
about relative importance must be accompanied by many caveats that it applies to this
particular range of variables in this particular situation. As a result they are, in our opinion,
seldom useful. Thus, although it is tempting to compare the importance of predictors in
multiple regression, it is almost always best not to do so.

Automatic Model Building

Many regression programs have procedures for automatically building models. The most
commonly used such procedure is stepwise regression, which, as its name implies, builds
a model step by step. On each step a predictor variable may be added or deleted from
the model. Usually the criterion for adding or deleting a variable is defined in terms of
F or PRE when considering the variable as the last one in the model. On the first step
the variable with the largest /' is added (so long as it exceeds a preset minimum
threshold). On subsequent steps, the variable not in the model that has the largest F is
added to the model or a variable in the model whose F' has fallen below the threshold
is removed. The latter can happen because of redundancy. A predictor variable that had
a high F when it was with few other variables in the model can have a much lower F'
on later steps after a number of variables, with which it is partially redundant, have been
added. The stepwise procedure terminates when all the variables have F values above
the threshold and all the variables not in the model have F values below the threshold.
Many programs for stepwise regression allow for fine-tuning of the threshold parameters.
Common variations are forward selection—start with the simple model and add variables
in the order of their usefulness until none exceeds the criterion—or backward selection—
start with all the variables in the model and remove variables in decreasing order of
usefulness until all variables remaining in the model exceed the criterion.

Stepwise regression and its variants present the alluring promise of finding the “best”
model with virtually no effort by the researcher or data analyst. However, the allure is
deceptive because it can be shown that for redundant predictors the stepwise procedure
will not always find the best model. For example, a stepwise procedure may be fooled
by the redundancy and stop, say, with four predictor variables in the model. However,
when all possible four-variable regressions are computed, another model may be found
with a higher overall PRE. Stepwise regression developed at a time when computer
computations for a large-scale regression analysis were expensive. With contemporary
computer speeds and better algorithms it is now feasible to estimate regression models
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with all possible subsets of variables. Hence, if one is going to build models automatically,
it is better to use all-subset regressions instead of the stepwise procedure to avoid the
latter’s tendency to be misled by redundancy. However, one then has the problem of
deciding between models of different size that do not have a Model C/Model A
relationship because one model will not necessarily be a subset of the other. In such
cases, the model with the highest adjusted R? (the unbiased estimated of n?) is selected
or the related Mallow’s C, criterion is used.

We do not recommend the use of any of the automatic model-building procedures
for three reasons. First, an unfocused search through many possible models (sometimes
pejoratively referred to as a “fishing expedition”) increases the likelihood of capitalizing
on chance (i.e., making Type I errors) and thereby finding a model that represents only
a spurious relationship. In an exercise that we urge readers to try themselves, we
generated 51 random variables with 100 observations for each. We randomly designated
one of those variables as Y and then used stepwise regression to build a model with the
remaining 50 variables as potential predictor variables. The estimated final model was:

¥,=0.03 +0.25X,,, — 0.29X,,, — 0.35X,,; + 0.26X,;, — 021X,

with the test of the overall model against the simple model, which was the true model,
having PRE = .31, Fso, = 8.49, p <.0001. All five partial regression coefficients are
significant, with the minimum being PRE = .04, F',, = 5.78, p = 0.018. Hence, the
stepwise regression procedure produced six Type I errors. Given that there are about 50
statistical tests at each step and there is ample opportunity to make Type I errors, it is
not surprising that six actual Type I errors were made.

Second, as we learned in this chapter, the interpretation of the coefficients and the
meaning of the questions being asked depend on what other variables are included in
the model. For example, testing whether there is a relationship between age and weight
is different from testing whether there is a relationship between age and weight after
controlling for or adjusting for any height differences. It seems unwise to let an automatic
algorithm determine the questions we do and do not ask of our data. Some day there
may indeed be artificial intelligence procedures in statistical packages, but the automatic
model-building procedures are not them.

Third, it is our experience and strong belief that better models and a better
understanding of one’s data result from focused data analysis, guided by substantive
theory. For an interesting illustration of the superiority of substantively guided data
analysis over automatic model building, see Henderson and Velleman (1981). They state
a fundamental principle of their philosophy of data analysis, a principle with which we
agree: “The data analyst knows more than the computer.” Failure to use that knowledge
produces inadequate and often flawed data analyses.

STATISTICAL POWER IN MULTIPLE REGRESSION

The discussion of statistical power in the context of simple regression, using a single
predictor variable, generalizes quite readily to the multiple regression case, with multiple
predictors. If we have an estimate of the true proportional reduction in error, 72, for
whatever model comparison is of interest, then we can use a software program, such
as R or SAS, to estimate the statistical power for a given number of observations.
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The usual sources of estimates of the true proportional reduction in error are appropriate
here: past studies or experience in a research area; Cohen’s small, medium, and large
effects; or estimates computed from expected parameter values.

The interesting complexities in discussing power in the case of multiple predictors
arise from the presence of the other predictors in the model. As we have already
discussed, the denominator of the confidence interval for the coefficient for a particular
predictor includes the tolerance of that predictor. As that tolerance decreases, the
confidence interval for its regression coefficient increases in width. Accordingly, as the
tolerance of a predictor decreases (i.e., as it becomes more redundant with the other
predictors in the model), tests of its regression coefficient become less powerful.

Other predictors may also enhance the power of tests of a regression coefficient in
multiple regression. Recall that in the numerator of the confidence interval is the mean
square error (MSE) for the augmented model. As that mean square error decreases in
size (i.e., as the predictors in the augmented model do a better job of predicting Y)), the
width of the confidence interval decreases. Factors that reduce the mean square error
thus increase the power of tests of the regression coefficients included in the model. The
power of any model comparison question is enhanced whenever nonredundant and
error-reducing predictor variables are added to both the augmented and compact models.
When the added variables are redundant with the key variables of the question there is
a tradeoff: the gain in power from reducing MSE may be offset by a reduction in power
due to redundancy. It is difficult to estimate this tradeoff in power. However, the
implication is that to improve power one should try to add significant, nonredundant
predictors to the model, assuming that their presence makes substantive sense. Of course,
the presence of predictors in the compact and augmented models that do not significantly
relate to ¥ will result in less power, because the degrees of freedom for error for
augmented and compact models will be reduced, thus increasing MSE.

SUMMARY

In this chapter we have considered models with multiple continuous predictors, tradition-
ally known as multiple regression models. Such models permit complex questions about
the simultaneous roles of multiple, partially redundant predictors in explaining variation
in the dependent variable. The major issue that complicates interpretation of parameter
estimates in such models is that of partial redundancy among predictors. Accordingly,
we spent a considerable amount of time developing notions of what it means to interpret
a partial regression coefficient and, more particularly, what it means to examine the effect
of one predictor controlling for others that are included in a model.

Our model comparison approach to statistical inference in such models is identical
to the approach of earlier chapters, where we compare an augmented model to a compact
one. In the context of multiple-predictor models, the number of possible model
comparisons that might be of interest is considerably larger than in the case of simpler
models considered in earlier chapters. We illustrated a number of possible model com-
parisons that might be of interest, many of which are typically conducted by standard
multiple regression computer programs. The most frequently reported of these are tests
of the overall model and tests of individual partial regression coefficients. However,
there are many other possibilities that are not routinely output in standard regression
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programs. The advantage of the model comparison approach is that whenever one is
dealing with augmented and compact models, these can be separately estimated and then
their error sums of squares compared. The range of questions we can thus ask of our
data extends considerably beyond those that the computer programmers thought we would
be interested in when they wrote the standard multiple regression programs.



Moderated and Nonlinear
Regression Models

In Chapter 6 we considered in some detail models with multiple predictor variables. In
this chapter we extend these models by discussing the addition of predictors that are
themselves products of other predictors. Such models, as we will show, permit us to
extend dramatically the range of questions that we can ask of our data. In the models
of Chapter 6, our questions about individual predictor variables had the following generic
form: “Is one predictor useful over and above or controlling for the set of other predictors
in the model?” In this chapter we will ask a set of rather different questions about
predictors. The questions considered in this chapter take the following generic form:
“Does the utility of one variable as a predictor depend on the value of another variable
or even of that particular variable itself ?”

At this point, it may not be clear why this second sort of generic question is likely
to be of interest. It probably is not even clear exactly what this second question means.
To clarify things, we start this chapter with an extended example, using new data. We
first recapitulate some of the major points of Chapter 6, in a somewhat different language,
once again clarifying the sorts of questions about models that we asked there. We then
show how the questions we will ask of our data with the models developed in this chapter
differ from and extend the questions we asked earlier. Our hope is that this initial section
will give an understanding of the second generic question mentioned above and will
further the understanding of the sorts of questions addressed earlier in Chapter 6.

The models we consider in this chapter go by a variety of names. Occasionally they
are known as moderator regression models. They are also known as polynomial,
interactive, nonadditive, or nonlinear models. Regardless of the name we give them,
the goal in this chapter is to discuss the estimation, interpretation, and tests of models
that include, as predictors, products of other predictors.

Let us turn to the data that we will use to illustrate things. These are hypothetical
data, supposedly gathered from 80 individuals who are all runners. Three variables have
been measured. The first variable (Time) is each runner’s most recent 5-kilometer race
time, measured in minutes. Next we have each runner’s age (Age). The final variable is
the average number of miles per week that each runner runs when in training for a race
(Miles). The data are presented in Figure 7.1.

SIMPLE AND ADDITIVE MODELS PREDICTING
RACE TIMES

Our interest in these data will focus on how the age of the runner and the amount of
training relate to race times in the 5-kilometer race. Let us start by examining how these
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FIGURE 7.1 Runners’ data

Time Age Miles Time Age Miles
24.91 29 10 29.68 22 10
21.82 25 20 20.36 24 30
21.54 27 40 18.07 22 40
23.03 25 50 28.78 39 10
25.35 37 20 18.80 39 30
22.84 31 40 14.87 39 50
30.16 43 10 32.19 47 20
27.00 44 20 19.46 40 30
16.42 46 40 35.32 58 10
24.87 53 20 20.83 59 30
24.95 58 40 22.69 27 20
18.32 30 30 15.69 24 40
16.66 27 50 30.89 32 10
25.08 36 20 23.11 34 30
16.53 32 40 19.17 35 50
35.29 45 10 26.09 41 20
26.41 45 30 21.81 50 40
22.48 48 50 37.75 51 10
34.38 55 10 30.30 51 20
19.00 53 30 22.95 51 40
21.86 24 10 20.14 20 20
22.11 24 30 15.23 24 40
17.45 25 40 18.53 22 50
24.58 34 20 24.96 35 30
19.97 36 40 19.21 31 50
34.34 45 10 25.07 41 20
25.22 49 30 20.99 43 40
20.52 44 50 29.94 59 10
29.98 55 20 23.08 59 30
21.62 57 40 21.52 53 50
19.35 29 20 21.38 27 30
20.45 24 40 19.52 28 50
16.07 28 50 27.00 37 10
23.06 38 20 17.61 39 30
20.94 31 40 15.19 39 50
28.77 42 10 26.03 45 20
29.86 46 30 21.51 42 40
22.96 46 50 34.53 58 10
25.62 56 20 23.68 56 30
24.98 55 40 23.50 53 50

two variables relate to race time individually, using the single-predictor models developed
in Chapter 5. If we regress Time on Age, the following simple regression equation results:

N
Time = 14.955 + .217Age

The sum of squared errors for this model equals 1714.720. The sum of squared errors
for a single-parameter compact model in which we predict the mean time for each case
equals 2211.091. Testing the null hypothesis to determine whether Age is a significant
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FIGURE 7.2 Time-Age simple relationship
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predictor of race time yields a value of PRE of .224, which converts to an F of 22.58
with 1 and 78 degrees of freedom. These values indicate that indeed Age is a significant
predictor of Time.

This simple regression result is graphed in Figure 7.2. As the positive slope makes
clear in the graph, our best prediction based on these data is that race times increase
with age. Since this is a simple regression model and no other predictor variables have
been included, we are unable to answer questions about what other variables may be
related to Time or what would happen to the Time—Age relationship if we controlled
for some other variable, such as Miles. It may be that Age and Miles are redundant or
confounded in these data, such that older runners train with fewer miles. If this were
the case, then if we included Miles in the model, we might reach rather different
conclusions about how Age was related to Time once Miles was controlled.

The simple relationship between Time and Miles is captured by the least-squares
simple regression equation:

PN
Time = 31.911 — .280Miles

The sum of squared errors from this model equals 1029.013. To determine whether Miles
and Time are reliably related, we want to compare the sum of squared errors from this
model with the sum of squared errors from the compact single-parameter model. This
compact model is the same one we used to test whether Age is reliably related to Time.
Its sum of squared errors equals 2211.091. The value of PRE that we get when comparing
these two models equals .535, which converts to an F statistic of 89.60 with 1 and 78
degrees of freedom. Again, this value of F is significant, and we conclude that Miles
and Time are related. The simple relationship is graphed in Figure 7.3.

When we regress Time on both Miles and Age, the following multiple regression
equation results:

N
Time = 24.605 + .167Age — .257Miles

The sum of squared errors for this three-parameter model equals 741.195, which gives
a PRE of .665 when compared to the single-parameter compact model that includes
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neither predictor. The overall F statistic to compare this three-parameter model with the
single-parameter model equals 76.35 with 2 and 77 degrees of freedom.

We can also compare this three-parameter model with each of the simple regression
models to determine whether each predictor variable significantly increases the accuracy
of our predictions when controlling for the other predictor variable. The value of PRE
when comparing compact and augmented models without and with Age equals .280,
which converts to an F statistic of 29.92 having 1 and 77 degrees of freedom. The value
of PRE when comparing compact and augmented models without and with Miles equals
.568, which converts to an F statistic of 101.20 with 1 and 77 degrees of freedom. Hence
we conclude that each of these predictor variables significantly increases the accuracy
of our predictions of Time even when the other predictor is controlled. The source table
in Figure 7.4 summarizes the results of the inference tests we have just conducted using
this multiple regression model.

It is instructive to graph this multiple regression equation much like we did in the
case of the simple equations. In Figure 7.5, we have graphed the prediction plane
that this model generates in a three-dimensional space, where the vertical axis is Time,
and Miles and Age are the two horizontal axes. As this figure makes clear, a specific
predicted value of Time is made by the model at each pair of values for Miles and
Age. The individual data points could also be included in this graph, and errors of
prediction would be simply the vertical distances between each data point and the plane
of prediction.

FIGURE 7.3 Time—Miles simple relationship
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FIGURE 7.4 Multiple regression source table
Source SS df MS F PRE p
Model 1469.90 2 734.95 76.35 .665 <.001
Age 288.13 1 288.13 29.90 .280 <.001
Miles 974.56 1 974.56 101.20 .568 <.001

Error 741.19 77 9.63
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FIGURE 7.5 Prediction plane plot from multiple regression predicting Time from Age
and Miles

“Simple” Re-expressions of the Additive Model

To make the presentation of this model a little simpler, we could also take slices of this
prediction plane, treating Age, for instance, as the predictor on the horizontal axis and
graphing Time—Age prediction lines at different levels of Miles. If we group terms in
the multiple regression equation a little differently, we get the re-expression:

2N .
Time = (24.605 — .257Miles) + .165Age

We can think of this re-expression as telling us about the “simple” relationship between
Time and Age, allowing the intercept in the simple regression to change as Miles
changes. In other words, suppose we wanted to predict race time conditional on age for
someone who trained 20 miles per week. We would substitute 20 for Miles in the above
re-expression and get:

N
Time = (24.605 — .257(20)) + .165Age
=19.465 + .165Age
For a runner who trained 30 miles per week, our “simple” predicted relationship between
Time and Age would be:

N
Time = (24.605 - .257(30)) + .165Age
=16.895 + .165Age

We call these re-expressions “simple” relationships, meaning that we are acting as if we
are examining a “simple” regression model between Age and Time at particular values
of the other variable, Miles.

If we graphed the Time—Age relationship from this multiple regression equation
where we also use Miles as a predictor, we would get many different “simple” regression
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prediction functions between Time and Age, one for each of the possible levels of Miles.
A few such lines are graphed in Figure 7.6. Importantly, these “simple” relationships
all have the same slopes: they are parallel lines that differ only in their intercepts.
Accordingly, this multiple regression equation suggests that the slope or “simple effect”
of Age on Time is the same regardless of the level of Miles. As Age increases, we predict
the same change in Time, regardless of the level of Miles.

Since Miles is in theory a continuous variable, our plot of the Time—Age relationship
within levels of Miles contains an infinite number of lines, one for each of the possible
levels of Miles. All of these “simple” prediction lines combine to form the prediction
plane of Figure 7.5.

Now let us turn the equation around and graph the Time—Miles “simple” relationship
at different Age levels. Re-expressing our multiple regression equation, we get:

N .
Time = (24.605 + .165Age) — .257Miles

For representative values of Age, we have graphed this function in Figure 7.7, putting
Miles on the horizontal axis this time. Again, we see that as Age changes, the intercept
for the Time—Miles “simple” relationship changes but the slope does not. In other words,

FIGURE 7.6 Time-Age “simple” relationships
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the “simple effect” of Miles on Time (i.e., its slope) is assumed to remain the same
regardless of Age.

INTERACTIONS BETWEEN PREDICTOR VARIABLES

The assumption that we are making in this multiple regression equation, and that these
graphs make clear, is known as the additive assumption. In slightly more abstract
language, if we regress some variable Y; on predictors X;; and X,,, we are assuming that
the contribution of each predictor to the best predicted values, fi, does not depend on
the value of the other predictor. The two contributions are thus additive: regardless of
the level of X, the relationship (i.e., slope) between Y; and X, does not change. Likewise,
regardless of the level of X,,, the relationship between Y, and X|; is presumed not to
change. We can simply “add” up the “effects” of two predictors in deriving };l In figuring
out what the contribution of each predictor variable is to these fl values, we do not need
to worry about the level or value of the other predictor.

How reasonable is this additive assumption? The answer is that its reasonableness
depends on the substantive domain under examination. For the variables at hand, it may
not be a very good assumption. For instance, it seems reasonable to suggest that the age
difference in race times might be greater when dealing with people who do not run very
much than when dealing with people who run a lot. To put this hypothesis another way,
training a lot may reduce the relationship between Age and Time, such that differences
in race times associated with age may be smaller with more training. This hypothesis is
graphed in Figure 7.8. Notice that the slope of the prediction function linking Age and
Time is hypothesized to be steeper when Miles is relatively low than when it is relatively
high. In other words, the relationship between Age and Time is hypothesized to be
stronger when Miles is low than when it is high.

We are suggesting that rather than Age and Miles combining additively in giving
us our best predictions of Time, they may inferact in affecting time. An interaction
between two variables, say X|; and X,,, is said to occur whenever the slope or the “simple
effect” of one of them, say X|,, on the dependent variable Y, varies with or depends on
the value of the other variable, .X,,. In the case at hand, we are hypothesizing that Age

FIGURE 7.8 Hypothesized “simple” Time—Age relationships
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and Miles interact in affecting Time. This means that we suspect that the relationship
between Age and Time depends on or varies with the number of miles run.

Whether or not there is an interaction between two variables in predicting a third
is an issue that is totally independent of whether or not the two predictor variables are
correlated or redundant with each other. To suggest that Age and Miles may interact in
predicting Time is to suggest that the “simple” relationship between Age and Time may
depend on or vary with Miles. This may be true regardless of whether Age and Miles
are themselves correlated or redundant predictor variables.

To test this hypothesis about the interaction between Age and Miles, we want to
compare our three-parameter additive model with one in which the “simple” slope of
one predictor variable is allowed to change as the other predictor variable changes. We
saw earlier that the simple additive model allows the “simple” intercept of one predictor
variable to change as the other predictor variable changes. However, the “simple” slope
does not. The “simple” slope of Age, for instance, was invariant across changes in Miles.
To allow for changing slopes, we need to build a model that allows both the intercept
and the slope in the “simple” re-expressions to vary. In the following, we show how
this can be done.

First, consider the additive model:

2N ,
Time = b, + b;Age + b,Miles

and its two “simple” re-expressions, the first focusing on the Time—Age “simple”
relationship at different levels of Miles and the second focusing on the Time—Miles
“simple” relationship at different levels of Age:

2N :

Time = (b, + b,Miles) + b;Age
2N :
Time = (b, + b,Age) + b,Miles

Now we would like to modify these “simple” expressions so that not only the “simple”
intercepts vary as a function of the other variable, but so do the slopes. In other words,
we want the “simple” re-expressions to have the following forms:

A

Time = (b, + b,Miles) + (b, + b;Miles) Age
A

Time = (b, + b;Age) + (b, + b;Age) Miles

In the first of these two, examining the “simple” relationship between Time and Age at
different levels of Miles, the “simple” intercept (b, + b,Miles), varies as a function of
Miles, and now so does the “simple” slope (b, + b;Miles). That is, as Miles changes
value, the “simple” slope for Age varies, to the extent that b, differs from zero. Likewise,
in the second of the above “simple” expressions, focusing on the Time—Miles “simple”
relationship, both the “simple” intercept (b, + b, Age) and the “simple” slope (b, + b;Age),
are allowed to vary as a function of Age.

These two “simple” expressions are actually symmetrical and can be equivalently
written as:

A
Time = b, + b;Age + b,Miles + b;(Age x Miles)
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This then indicates how we go about estimating models in which we allow for
interactions, that is, models in which the “simple” slope for each variable is allowed to
vary as a function of the value of the other variable. We simply form a new variable
that is the product of the two predictors and estimate a model that includes this product
variable as an additional predictor, in addition to the two component variables as
predictors themselves. And the symmetry of these two “simple” effect expressions and
their equivalence to the model that includes the product predictor means that interactions
can be interpreted in either of two ways. If the product is a useful predictor, over and
above its component variables, then that can be interpreted either as “the simple slope
for Age depends on the value of Miles” or as “the simple slope for Miles depends on
the value of Age.”
Accordingly, in the following model:

AN
Time = b, + b;Age + b,Miles + b;(Age x Miles)

two different, but equally correct, interpretations of the various regression coefficients
are possible, depending on which “simple” relationship we focus on. If we think about
this model in the context of the “simple” Time—Age relationship:

Time = (b, + b,Miles) + (b, + b;Miles) Age
then the following interpretations follow:

b,: the intercept for the “simple” Time—Age relationship when Miles equals zero.

b,: the slope for the “simple” Time—Age relationship when Miles equals zero.

b,: the change in the intercept for the “simple” Time—Age relationship as Miles increases
by one unit.

b;: the change in the slope for the “simple” Time—Age relationship as Miles increases
by one unit.

On the other hand, if we think about this model in terms of the “simple” Time—Miles
relationship:

2N .
Time = (b, + b;Age) + (b, + b;Age) Miles
then the following equivalent interpretations follow:

b,: the intercept for the “simple” Time—Miles relationship when Age equals zero.

b,: the change in the intercept for the “simple” Time—Miles relationship as Age increases
by one unit.

b,: the slope for the “simple” Time—Miles relationship when Age equals zero.

b;: the change in the slope for the “simple” Time—Miles relationship as Age increases
by one unit.

Although these two sets of interpretations sound rather different, in fact they are
fundamentally equivalent. In any specific context, it is likely that one set of interpreta-
tions, and accordingly one “simple” relationship, will be more compelling than the
alternative. But, in a formal sense, both sets remain equally viable regardless of such
preferences.
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Estimation and Interpretation of the Interactive Model

Let us now illustrate this interactive model, and the resulting possible interpretations,
with the data at hand. We have already estimated the three parameters of the linear
additive model, including both Age and Miles as predictors:

N
Time = 24.605 + .167 Age — .257 Miles

Now let us estimate the four parameters of the interactive model. To do this we need to
compute a new predictor variable that is the product of Age and Miles. We call this
variable AgeMiles. Its value, for each observation, is the product of the runner’s value
on Age multiplied by his or her value on Miles. We then regress Time on Age, Miles,
and this new predictor variable, AgeMiles:

N
Time = 18.899 + .308 Age — .069Miles — .005AgeMiles

The sum of squared errors for this model equals 697.625.

Let us compare this estimated model to the results that we have already given for
the additive model. We can do this in two steps: compare the models to ask whether the
interactive model does significantly better than the simpler additive one; and compare
the estimated coefficients of the two models, and their interpretations.

In order to compare the quality of predictions of the two models, we treat the additive
one as Model C and the interactive one as Model A:

MODEL A: Time = 3, + B,Age + B,Miles + B;AgeMiles + ¢,
MODEL C: Time = B, + B,Age + B,Miles + ¢,

permitting us a test of the null hypothesis that the parameter associated with the additional
predictor (the AgeMiles product) equals zero:

Hy: B;=0

The additive model has a sum of squared errors of 741.195 with 77 degrees of
freedom for error, having estimated three parameters. We have just seen that the
interactive model has a sum of squared errors of 697.625, with 76 degrees of freedom.
Thus the comparison yields an SSR of 43.570 (i.e., 741.195 — 697.625) with PA — PC
= 1. The values of PRE and F that result from this comparison are thus:

PRE = =.059
741.195

.059/1 43.570/1
Fl,76 = = =4.
(1-.059)/76 697.625/76

Both of these values exceed their critical values. Accordingly, the interactive model,
including the product predictor, does a significantly better job of predicting the data than
the simpler additive model. In other words, the product predictor is a useful predictor
over and above the two variables that are its components, that is, over and above Age
and Miles.
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To help us understand what this conclusion means, and to understand exactly how
this model differs from the additive one, it is important to compare the models in terms
of the interpretations we can give the parameter estimates. We will do this in the context
of the models’ “simple” re-expressions, as defined earlier. In general, we strongly
encourage interpretations of parameter estimates in the context of “simple” re-expressions,
particularly in the case of interactive models.

We have already interpreted the various parameter estimates in the additive model
twice: once as we examined the “simple” Time—Age relationship within levels of Miles
and once as we examined the “simple” Time—Miles relationship within levels of Age.
As we saw there, when we focused on the “simple” Time—Age relationship, the estimated
coefficient for Miles, —.257, was the change in the “simple” intercept as Miles increases,
while the estimated coefficient for Age, .167, was the “simple” slope for Age, invariant
across levels of Miles. When we focused on the “simple” Time—Miles relationship, the
estimated coefficient for Age (.167) was the change in the “simple” intercept as Age
increases, while the estimated coefficient for Miles (—.257) was the “simple” slope for
Miles, invariant across levels of Age.

Parallel interpretations can be given for the interactive model. First, looking at the
“simple” Time—Age relationship within levels of Miles, we re-express the estimated
interactive model as follows:

Time = (18.899 - .069Miles) + (.308 — .005Miles)Age

Now let us evaluate this “simple” re-expression at various levels of Miles. We start with
the value of zero. Obviously, we must be cautious here in talking about the “simple”
Time—Age relationship at this value, since no observation in our dataset had a Miles
value of zero. Nevertheless, based on the model, we can substitute the value of zero for
Miles in the above re-expression. Our predicted Time—Age “simple” relationship for this
value of Miles is:

N
Time = 18.899 + .308 Age

Accordingly, when interpreted from the point of view of the “simple” Time—Age
relationship, the intercept in the interactive model, 18.899, gives us our best estimate of
the intercept for the “simple” Time—Age relationship when Miles equals zero. The
coefficient for Age in the interactive model, .308, tells us the estimated “simple” slope
for the Time—Age relationship when Miles equals zero. Note that this interpretation is
quite different from the interpretation given for the regression coefficient for Age in the
additive model. There the regression coefficient for Age was interpreted as the slope for
the Time—Age relationship within levels of Miles, regardless of the actual value of Miles.
In other words, there the “simple” slope did not change as Miles changed.

Now, however, in the interactive model, the “simple” slope for Age changes as the
value of Miles varies. Suppose we were interested in the “simple” relationship between
Time and Age for runners who average 30 miles per week. The prediction function for
such runners is:

N
Time = (18.899 - .069(30)) + (.308 - .005(30))Age
=16.829 + .158Age
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FIGURE 7.9 “Simple” Time—Age relationships from interactive model

40 —

Time

20 30 40 50 60
Age

Clearly this “simple” relationship between Time and Age is not what it was for the
prediction function when Miles was set equal to zero. As Miles has increased, both
the “simple” intercept and the “simple” slope for Age have decreased. For each unit
change in Miles, the “simple” intercept has decreased by .069 units. And for each
unit change in Miles, the “simple” slope has decreased by .005.

From this perspective, focusing on the “simple” Time—Age relationship in this
interactive model, we can now interpret all four parameter estimates. First, the intercept
in the model, 18.899, is the “simple” intercept when Miles equals zero. The estimated
coefficient for Miles, —.069, is the change in the “simple” intercept as Miles increases
by one unit. The estimated coefficient for Age, .308, is the “simple” slope for Age when
Miles equals zero. And the coefficient for the product predictor, —005, is the change in
the “simple” slope as Miles increases by one unit.

In Figure 7.9 we have graphed a few of the “simple” Time—Age prediction functions
for representative values of Miles. Clearly, both the intercepts and the slopes of these
“simple” prediction functions vary as a function of Miles—the intercept by —069 per
unit increase in Miles and the slope by —005 per unit increase in Miles. In comparison
to the graph of this same simple relationship from the additive model (contained in Figure
7.6), we now are allowing nonparallel “simple” prediction functions. Our earlier statistical
conclusion that the product predictor variable significantly improved the quality of the
predictions made by the model is equivalent to the conclusion that the graphed “simple”
prediction functions in Figure 7.9 are significantly nonparallel. Substantively, the
interaction represented by these plotted lines amounts to the conclusion that while
5-kilometer race times may be slower for older than for younger runners, that age
difference is less pronounced with more training.

We now turn to the alternative “simple” re-expression of this interactive model,
focusing on the “simple” Time—Miles relationship at different levels of Age and
interpreting the estimated regression coefficients from this perspective. The re-expressed
interactive model is:

PR .
Time = (18.899 + .308Age) + (- .069 — .005Age)Miles
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FIGURE 7.10 “Simple” Time—Miles relationships from interactive model
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The value of the estimated intercept, 18.999, is the “simple” intercept when Age equals
zero. The estimated coefficient for the Age predictor is the change in the “simple”
intercept as Age increases by one unit. The estimated coefficient for the Miles predictor,
—.0609, is the “simple” slope for Miles when Age equals zero. And finally, the estimated
coefficient for the product predictor, —.005, is the change in the “simple” slope for Miles
as Age increases by one unit.

Again, in Figure 7.10 we have graphed a few representative prediction functions
from this “simple” re-expression. Once again, our earlier statistical test, comparing the
additive model as the compact one with the interactive one as the augmented one, is in
essence asking whether these “simple” prediction functions are significantly nonparallel.
Substantively, our conclusion from this graph of the “simple” prediction functions
focuses on the effect of training and how that varies as a function of age. While people
who train more run faster 5-kilometer races, that training benefit is greater among
those who are older than among those who are younger.

As the above has made clear, each estimated regression coefficient in an interactive
model has multiple interpretations (which in a deep sense are all equivalent). So, the
coefficient associated with the Age predictor can be interpreted either as the “simple”
slope for Age when Miles equals zero or as the change in the intercept for the “simple”
Time—Miles relationship as Age increases. The estimated coefficient for the Miles
predictor in a parallel manner can be interpreted either as the “simple” slope for
Miles when Age equals zero or as the change in the intercept for the “simple” Time—Age
relationship as Miles increases. And finally, the estimated coefficient associated with
the product predictor can be interpreted either as the change in the “simple” slope for
Age as Miles increases or as the change in the “simple” slope for Miles as Age increases.

While the choice of interpretation for the coefficient associated with the product
predictor is largely arbitrary, we do have a preference about one of the two interpretations
for the coefficients associated with the variables that are components of the product.
In general, we find it easier to think in terms of “simple” slopes rather than “simple”
intercepts. Accordingly, in the case at hand, we have a preference for interpreting
the estimated coefficient for Age as its “simple” slope when Miles equals zero, and the
estimated coefficient for Miles as its “simple” slope when Age equals zero. Both
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FIGURE 7.11 Interactive model predictions
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interpretations for the estimated coefficient for the product predictor refer to “simple”
slopes, either how the Age “simple” slope varies as a function of Miles or how the Miles
“simple” slope varies as a function of Age. Here, the preference of one over the other
of these depends entirely on theoretical assumptions about which of the two component
variables is in some sense primary and which one modifies or moderates its “effect.” In
the case at hand, we have a slight preference for saying that the age difference in running
times decreases as one trains more. But someone else might prefer to say that the training
difference in running times is greater among older runners. Both are equally viable
interpretations of the significant interaction that is present in these data.

Figure 7.11 presents a three-dimensional graph of the prediction plane generated by
this interactive model. As the graphs of the “simple” relations in Figures 7.9 and 7.10
make clear, if we take slices of this prediction plane parallel to one of the horizontal
axes, the slope of the resulting prediction lines change. Thus, as we move up the Age
horizontal axis, the slope of the plane becomes more and more negative. Compared to
the prediction plane generated by the additive model (graphed in Figure 7.5), this
prediction plane seems to twist as we move across the values of one of the horizontal
axes.

Tests of Other Parameters in the Interactive Model

We have already tested the null hypothesis that the value of B8, equals zero when we
compared the augmented interactive model with the compact additive one. This test of
whether the parameter associated with the product predictor departs from zero is formally
a test of the interaction: Does the “effect” of Age depend on Miles or, equivalently, does
the “effect” of Miles depend on Age? Importantly, this model comparison must include
the two component predictors in both Models A and C. A test of a product predictor is
a test of the interaction only when both component predictor variables are also included
in the models.

With multiple predictors in the interactive model, there are of course other Model
Cs with which the interactive model might be compared, other than the additive one that
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leaves out the product predictor. For instance, suppose we constructed a compact model
in which the parameter associated with the Age predictor was set equal to zero and
compared such a model with the full interactive one. This comparison would be testing
the null hypothesis that the component variable Age is not a useful predictor over and
above Miles and the product predictor. Models A and C for this comparison are estimated
as follows:

N

MODEL A: Time = 18.889 + .308 Age — .069Miles — .005AgeMiles
RS

MODEL C: Time = 31.542 - .416Miles — .004AgeMiles

The augmented interactive model has a sum of squared errors of 697.625, as we saw
previously, while this compact model has a sum of squared errors of 869.153. Their
comparison yields a PRE value of .197 and an F statistic of 18.688 with 1 and 76 degrees
of freedom. Clearly, we must reject the null hypothesis that the parameter associated
with Age in the interactive model has a value of zero.

We can also test the null hypothesis that the parameter associated with Miles in the
interactive model equals zero. Estimating a compact model with only Age and AgeMiles
as predictors, we get:

N
MODEL C: Time = 16.784 — .357Age — .006AgeMiles

with a sum of squared errors of 702.953. Again, comparing this model with the augmented
interactive model, we get PRE =.008 and ' = 0.581 with 1 and 76 degrees of freedom.
We thus cannot reject the null hypothesis that the parameter associated with Miles in
the interactive model equals zero.

At the very start of this chapter we tested null hypotheses about the parameters
associated with both Age and Miles in the additive model that did not include the product
term. Testing whether the regression coefficient for Age in the additive model differed
from zero, we obtained a PRE value of .280 and an F of 29.899 with 1 and 77 degrees
of freedom. Testing whether the regression coefficient for Miles in the additive model
differed from zero, we obtained a PRE value of .568 and an F of 101.143 with 1 and
77 degrees of freedom. Clearly these tests of the Age and Miles parameters in the additive
model do not give the same results as the tests of the parallel parameters associated with
these variables in the interactive model. For the test of the Age parameter, the resulting
PRE value in the additive model was .280, while in the interactive model it equalled
.197. For the tests of the Miles parameter, the resulting PRE value in the additive model
was .568, while in the interactive model it equalled only .008. Why this difference?

In a general sense, we have already discussed the reason for this difference. As shown
in Chapter 6, the interpretation of a partial regression coefficient depends on what other
predictors are included in a given model. Since the interactive model includes a different
set of predictors than the additive one, we would naturally expect the partial regression
coefficient for a given predictor variable to differ between the two models.

In this case, a more specific and substantive answer to this question is extremely
important, although in fact this more specific answer is just a restatement of the general
one given in Chapter 6 and in the above paragraph. The partial regression coefficients
for Age and Miles have quite different interpretations in the interactive model than
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they do in the additive one, as we have repeatedly stressed in interpreting the interactive
model. Hence, testing whether they significantly differ from zero in the two models
amounts to testing entirely different substantive hypotheses. In the additive model, the
Age parameter is interpreted as the slope for Age within levels of Miles or holding
Miles constant. But that slope is presumed not to change in the additive model as Miles
changes. Hence, we can interpret the slope as something like the average Time—Age
slope within levels of Miles. On the other hand, the regression coefficient for Age in
the interactive model is the slope for Age when and only when Miles equals zero.

Therefore in the additive model, when we test whether the Age parameter equals
zero, we are testing whether Time and Age are significantly related on average within
levels of Miles or holding Miles constant. On the other hand, in the interactive model,
we are testing whether Time and Age are significantly related when Miles equals zero.
Similarly, when we test whether the regression coefficient for Miles equals zero in the
additive and interactive models, we are testing entirely different substantive null
hypotheses. In the additive case, we are testing whether the slope for Miles on average,
within levels of Age or holding Age constant, differs significantly from zero. On the
other hand, in the interactive model, the test of whether the Miles parameter differs
from zero amounts to testing whether Time and Miles are significantly related when Age
equals zero.

In the present case, of course, asking questions about “simple” slopes of one
predictor variable when the other one equals zero is totally uninteresting and un-
informative, since our data do not include any observations with zero values on these
variables. Given that we have already found that the interactive model does a better job
than the additive one, and therefore that the “simple” slope of one variable changes as
a function of the other variable, it seems unlikely that we would be interested in testing
a “simple” slope at values outside the range of those included in the data.

In our experience of giving advice on issues of data analysis and in reviewing articles
that report results from multiple regression models, misinterpreting regression coefficients
associated with predictor variables that are components of interactions is the most
frequent error of interpretation that we have encountered. In general, when a product
predictor is included in a model, along with its components, the coefficients associated
with each component estimate the “simple” effect of that component when the other
component with which it is multiplied to make the product equals zero. Since it is
frequently the case that values of zero are not of theoretical interest and may not even
be possible values of the data, it makes no sense to interpret such regression coefficients.
Certainly, they do not represent “overall” or “net effects” of predictors. Indeed, the search
for some estimate of the “overall effect” of a component predictor variable is generally
misguided. The very nature of a significant interaction between one variable and another
means that the “effect” of either one of them “depends”; there is no constant or overall
“effect.” Rather, the magnitude (and/or direction) of the effect depends on the level of
the other component variable.

Deviating or Centering Component Predictors

It is possible to obtain and test more meaningful “simple” slopes of component predictor
variables by transformations that change the zero values of such predictors. Recall that
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in Chapter 5 we showed that by deviating a predictor from its mean, or centering it, the
intercept in simple regression models came to equal the predicted value at the mean
level of the predictor, which equivalently is the mean of Y,. It then became possible to
compare augmented and compact models to ask potentially interesting questions about
the mean of Y. In a similar vein, it often makes sense in interactive models to center
the two component variables to make their regression coefficients of greater interest.
Importantly, one must center the predictor variables before computing the product. In
other words, the product variable that is included as a predictor in the interactive model
should be the product of the two centered predictors. If such an interaction model is
estimated, then the regression coefficients for each component predictor variable will
equal the “simple” slope for that predictor when the other centered predictor equals zero,
that is, at the mean level of the other predictor. Admittedly, no overall or “net” effect
of each component predictor is readily available in the context of a significant interaction.
Yet one may well want to ask questions about the average “simple” effect of a component
predictor, that is, its “simple” effect at the average level of the other component predictor
variable.

Let us illustrate with the data at hand. In the dataset, the mean Age is 39.662 and
the mean Miles trained is 29.875. We compute new centered or mean-deviated versions
of both variables, Age, and Miles,, subtracting the means of the variables from each
observation’s raw values. The zero subscript is used to indicate that each variable, in its
centered form, now has a mean of zero. We now compute a new product predictor
variable, taking the product of the two centered components, Age,Miles,.! We then
estimate the interactive model again, this time using the centered predictor and their
product:

Time = 23.431 + .166Age, — .258Miles, — .005A ge,Miles,

In a deep sense, this is exactly the same interactive model that we estimated previously,
without the centered variables. We have simply relocated the zero values on the two
horizontal axes of Figure 7.11, putting zero at the mean values of both Age and Miles.
The data themselves have not changed nor have the model’s predicted values, that is,
the prediction plane in Figure 7.11. Thus, the sum of squared errors for this model is
identical to what it was for the estimated interactive model with all variables in their
uncentered form, that is, 697.625.

But now all of the estimated coefficients, except for that associated with the product
predictor, have changed. And this is because, within the context of this interactive model,
they are now estimating different things. The intercept, 23.431, is the predicted value
when all three predictors equal zero, which are the mean values of Age, and Miles,,. The
regression coefficient associated with Age,, .166, is the “simple” slope for Age when
Miles, equals zero, that is, for runners who run the average number of miles in the dataset.
Similarly, the regression coefficient associated with Miles, —.258, is the “simple” slope
for Miles when Age, equals zero, that is, for runners who are of the average age in the
dataset. Since this interactive model is one in which each of these “simple” slopes changes
as a function of the other variable, these are different values from the simple slopes
estimated in the model with the uncentered predictors. And the degree to which they
depart from those uncentered “simple” slopes is a function of the regression coefficient
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associated with the product predictor. This is therefore the one estimated coefficient that
remains unchanged in the model: it continues to indicate the extent to which the “simple”
slope of Age changes as Miles increases or, equivalently, the extent to which the
“simple” slope of Miles changes as Age increases. Graphically, the regression coefficients
associated with the predictors that are components of the product in the interactive model
(Age and Miles in the original model or Age, and Miles, in the centered model) are
slopes of the prediction plane at particular values along the two horizontal axes (i.e.,
where the values equal zero), while the coefficient associated with the product predictor
is the change in these simple slopes, that is, the degree to which the predicted plane
twists as values along a horizontal axis change.

Tests of the regression coefficients associated with the component predictor variables
in the centered interactive model are considerably more informative than those same
tests in the uncentered version of the model. Comparing the centered interactive model
with a compact one that fixes the coefficient for Age, at zero yields an SSR of 283.351,
a PRE of .289, and an F of 30.91 with 1 and 76 degrees of freedom. Comparing this
same interactive model with a compact one that fixes the Miles,, coefficient at zero yields
an SSR 0f 976.934, a PRE of .583, and an F of 106.50 with 1 and 76 degrees of freedom.
Conclusions from these tests suggest that within the confines of this interactive model
(i.e., allowing “simple” slopes to change) the effect of each component predictor variable
is significant at the mean level of the other predictor.

Note that the statistical results of these “simple” tests are similar, although not
identical, to the tests of each of the predictors in the three-parameter additive model
reported at the start of this chapter. There the statistical test for the additive effect of
Age yielded a PRE of .280 and an F of 29.92 with 1 and 77 degrees of freedom, and
the test of the additive effect of Miles yielded a PRE of .568 and F' = 101.20 with 1 and
77 degrees of freedom. Although these results are very similar, they are fundamentally
asking different questions. In the context of the additive model, we are simply asking
about the “effect” of each variable controlling for the other. In the context of the centered
interactive model, we are asking about the “simple effect” of each variable at the average
value of the other, allowing those “simple effects” to vary as the other predictor changes
values.

Since the regression coefficient associated with the product predictor has not
changed as a function of centering its components, and since in a deep sense this
centered version of the interactive model is identical to the uncentered version, it has to
be the case that the Model A/Model C comparison to test whether the parameter
associated with the product equals zero yields the same result in the centered version as
in the uncentered case already examined, that is, PRE = .059 and F' = 4.75 with 1 and
76 degrees of freedom. In other words, regardless of whether we center Age and Miles,
the test of the regression coefficient for their product is always a test of whether the
“simple” slope of one variable changes as the other variable changes in value, so long
as the two variables involved in the product term, Age and Miles or Age, and Miles,,
are included as separate predictors in the augmented model. The italics are to emphasize
that the regression coefficient for a product of two predictor variables estimates the effect
of the interaction between those variables only when the regression coefficient is a partial
one, partialling out or controlling for the component variables that were multiplied
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together to yield that product. As long as the components are included as separate
predictors in the model, a test of whether the regression coefficient for the product departs
from zero will be invariant across all linear transformations of the component variables
(Cohen, 1978).

The utility of a centering transformation for both Age and Miles in order to increase
the interpretability of their regression coefficients can be generalized to other sorts of
deviation transformations in order to test hypotheses about particular “simple”
relationships in which one might be interested. Suppose, for instance, in the interactive
model, allowing for different “simple” Time—Age relationships at various levels of Miles,
we were interested in determining whether Time and Age were significantly related for
runners who averaged 50 miles a week. Since the coefficient for Age in the interactive
model estimates the “simple” Time—Age slope when the other predictor with which Age
interacts equals zero, we could transform Miles by subtracting 50 from the value of Miles
for each observation, resulting in a deviation transformation defined as:

Miles, = Miles — 50

Now we regress Time on Age,, Miles,,, and their product Age,Miless:

Time = 18.244 + .070Age, — .258 Miless, — .005Age,Miless,

Notice that while the coefficient associated with Miles,, has not changed as a result of
its transformation (it still equals the same value as it did when both predictors were
centered), the coefficient for Age, has changed considerably and now is no longer
significant: PRE = .022 and F = 1.69 with 1 and 76 degrees of freedom. It, of course,
estimates the “simple effect” of Age for runners who train an average of 50 miles per
week (i.e., when Miless, equals zero). This estimated “simple effect” is not significant
in these data: We cannot conclude that there is an age difference in 5-kilometer race
times among runners who train 50 miles per week.

Note the curious but correct implication of this transformation exercise: A linear
transformation of one component predictor variable in an interactive model (and a
recomputation of the product predictor) does not affect the regression coefficient associ-
ated with that component predictor; rather, it affects the regression coefficient associated
with the other component predictor. This curious fact results from the definition of these
component coefficients as “simple” slopes for each component when the other equals
zero. If the zero value of one is altered, the “simple” slope for the other changes, assuming
that an interaction between the two exists.

One set of commonly used and recommended transformations, to present the results
of an interactive model, is to estimate and test “simple” slopes of one component
variable at three values of the other: its mean, one standard deviation above its mean,
and one standard deviation below its mean. Although there is nothing sacred about such
values, and others might be more informative in a particular context, getting into the
habit of estimating and testing different “simple” slopes of variables that are components
of interactions is good practice.
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Power Considerations in Interactive Models

In Chapter 6, we presented the general formula for the confidence interval of a regression
coefficient in multiple regression. That formula, reproduced from Chapter 6, is:

b F.(MSE)
pl2..p-1— S;Z,(l’l _ 1) (1 _ R,z,)

where b,,, , is the regression coefficient for the pth predictor variable, F,; is the
critical value of the F statistic with 1 and n — PA degrees of freedom, MSE is the mean
squared error of the model, slf is the variance of the pth predictor, and 1 — R,f is its
tolerance. This formula is the appropriate one regardless of the nature of the predic-
tor variable. Thus, it provides the confidence intervals for the regression coefficients of
products and their components in interactive models, as well as for the coefficients
of additive models.

The same considerations affect the power of tests in interactive models as in additive
models. Namely, factors that tend to increase the size of the confidence interval tend to
decrease the power of the test of the null hypothesis that the estimated parameter equals
some a priori value. Factors that decrease the size of the confidence interval increase
power. Accordingly, as the mean square error of the model decreases, as the variance
for the pth predictor increases, and as the tolerance of the pth predictor increases, the
inferential test of its associated parameter is more powerful.

Within the context of interactive models, however, there is an interesting twist to
the power issue, since the product predictor variable is computed from the other predictor
variables in the model and thus is in some sense dependent upon them. Consider the
following two variables and their product:

X7 XZ X7X2
3 2 6
1 3 3
4 5 20
2 1 2
5 4 20

If we were to regress some data variable Y, on these three predictors, the confidence
interval for the regression coefficient for the product variable would be a function of
the critical value of F', the mean square error from the model, the variance of the product
predictor, its tolerance, and the sample size. Let us think about these last three terms,
all in the denominator of the formula for the confidence interval. Multiplying the variance
of the product by n — 1 gives the sum of squares of the product around its mean. The
tolerance of the product is obtained by regressing it on its two components and subtract-
ing the resulting R? from 1. In this case, the total sum of squares of the product equals
328.80 and its tolerance equals .0097 (notice that the product and its components are
extremely redundant here). If we multiply these two together we get 3.175,2 which is
the sum of squared errors resulting from the model where the product is regressed on
its two components. This is the value of the denominator in the formula for the confidence
interval.
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Now consider what happens if we center both X, and X,, subtracting their mean
values (3 in both cases), and then compute the product of the transformed variables:

X70 X20 XiOXZO
0 -1 0

-2 0 0
1 2 2

-1 -2 2
2 1 2

Now the variance of the product variable equals 1.2, n — 1 still equals 4, and the
tolerance of the product equals .6615. As a function of the transformations of X,, and
X, their product is considerably less variable and relatively less redundant (linearly)
with its two components. Even so, by multiplying these three terms together, the product
in the denominator of the confidence interval still equals 3.175 (and this number is again
the error sum of squares from a model in which the product of the two centered variables
is regressed on its two centered components). This is exactly as it should be, since
inferential tests of a product variable’s regression coefficient are not affected by linear
deviation transformations of its components, as we have seen. Thus, the power of the
test of the interaction or product variable is unaffected by deviation transformations of
its components, as long as those components are included as predictors in the model.

What is interesting about this result, however, is that deviation transformations do
affect the tolerance of the product variable or its linear redundancy with its components.
Yet the width of the confidence interval of its regression coefficient is unaffected
since the change in tolerance is exactly compensated for by the change in the variance
of the product variable. This is an interesting exception to the general rule given in
the last chapter that redundancy among predictors tends to reduce power. When a
predictor is a product of other predictors, then various transformations can radically
affect its redundancy with its components. Yet such transformations have no effect on
the power of the test of the product’s regression coefficient, as long as the component
variables are included as predictors in the model.

For the running data, we compute the confidence interval for the regression
coefficient of the product predictor for the interactive model, first with the component
predictors in their original metrics, and then with them centered. In both models, the
critical value of F, with 1 and 76 degrees of freedom, is 3.96 and the MSE from both
models equals 9.18.

In the original uncentered model, the variance of the product, AgeMiles, equals
380,387.09 and its tolerance (1 — R? when regressed on Age and Miles) equals .064.
Accordingly the confidence interval for the coefficient of the product predictor is:

3.96 x 9.18
.005 + \/
380,387.09 x 79 x .064

[ 36.35
005 [ ——/—————
1,917,017.84

.005 = .004
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And when the two component predictors are centered and these and their product are
the predictors in the interactive model, the confidence interval for the coefficient for the
product equals:

3.96 x 9.18
.005
24,276.01 x 79 x .999

[ 36.35
005+ ——F——F—F——
1,917,017.84

.005 +.004

The lesson from all of this is that while a product variable may be quite redundant,
in a linear manner, with its components, and while transformations of its components
may reduce that redundancy, such transformations will have no effect on the statistical
inference of the product variable’s regression coefficient as long as the component
variables are included in the model.

A GENERAL PROCEDURE FOR THE DERIVATION
OF “SIMPLE"” SLOPES

As we have emphasized, we find it easiest to interpret parameter estimates in models
with product predictors by thinking in terms of “simple” slopes. Up to this point we
have relied on a simple heuristic to derive these “simple” slopes: we have simply
rearranged terms in the model. With more complex models, this approach does not work.
In this section we present a more general procedure for deriving “simple” slopes, relying
on a notion in calculus: the derivative or partial derivative of a function with respect to
some variable.

A derivative is a “simple” slope, in the way we have been using it, in so many
words. We can express any estimated multiple regression equation in the following
generic terms:

Y= FX, X, X, .., X))

meaning simply that our predicted values are some function of a set of predictor variables.
The “simple” slope associated with one of these variables, say X, is the partial derivative
of the function with respect to that variable:

Ay
AX,

This standard notation for a derivative means that it is a slope, in the sense that the “A”
indicates a change or difference: We are asking about the “simple” difference in the
predicted values as a function of a one-unit difference in a particular predictor, X,.
Even if one is unfamiliar with calculus, it is easy to calculate partial derivatives of
the sorts of functions that are of interest to us in this book. Three simple rules suffice:

1. The partial derivative of a sum, with respect to X, equals the sum of the partial
derivatives of the components of that sum.
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2. The partial derivative of X" with respect to X is am)(j’"", where a can be either a
constant or another variable (or some product of both).

3. The partial derivative of a component of a sum, with respect to X), where that
component does not contain X}, is zero.

Let us take the interactive model that we have been dealing with so far in this chapter
and apply these rules to derive the “simple” slopes of both Age and Miles at particular
levels of the other variable.

The function is:

AN
Time = b, + b,Age + b,Miles + b;AgeMiles

To evaluate the “simple” slope for Age, we take the partial derivative of all four
components of this expression with respect to Age. According to the third rule above,
the partial derivative of the first component, b, is zero, as is that of the third. And the
partial derivative of b,Age is b, according to the second rule above, and that of
b,AgeMiles is b;Miles, also according to the second rule. This yields the following partial
derivative for Age:

AN
ATime

AAge

= b, + b;Miles

This derivation of the Age “simple” slope is, of course, identical to that discussed earlier:
b, is the “simple” slope when Miles equals zero and b, is the increase in that “simple”
slope as Miles increases. Unsurprisingly, a parallel process yields the “simple” slope for
Miles identified earlier, that is, b, + b;Age.

Consider now a model, which we have yet to explicate, involving a product of a
predictor with itself:

I?i:bo"'bl)(i‘"2’2)([2

Let us take the derivative of this with respect to X, thus obtaining its “simple” slope:

AY,
— =b, + 2b,X;
AX,

1

What does this mean? This is the “simple” slope at a particular value of X,. It says that
the “simple” slope depends on the very value of X; itself. At higher values of X, the
“simple” slope is something different than at lower values. This defines a curvilinear
relationship between X; and Y, such that the “simple” slope varies as a function of X,
itself. The “simple” slope is thus the slope of the line (actually curve) at a particular
value of X, with that slope changing continuously as X; increases. If it helps, think about
this simple slope (i.e., the derivative) as the slope of a line tangent to the curve that
results from the plot of the predicted values from the estimated model:

Y,=by+ bX, + X7

We will return with a data example to illustrate this shortly.
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Finally, consider a considerably more complicated model:
Yi = by + b Xy, 0, X5, 403X +h,X X,

Again, we will worry about the specifics of such a model later. For now, we simply
derive the “simple” slopes of both X}, and X,

AY,

A_Xl,. = by +2b3X); + by X,
AY,

AX, =b, + b, X},

Thus, according to this model the “simple” slope of X;; depends both on its value and
on the value of )X,,, while the “simple” slope of X,; depends only on Xj;.

POWERS OF PREDICTOR VARIABLES

A generalization of what has been learned about interactions between two predictor
variables can be used to understand models that include powers of a predictor variable.
Suppose, for instance, with the data at hand, we suspect that the relationship between Time
and Miles depends on the level of Miles. We suspect that when one does not train very
much, the relationship between training and race times might be a lot stronger
than it is when one trains a great deal. In other words, adding 5 miles more per week to
one’s training regimen is likely to make much more of a difference to one’s race time if
one’s base were 10 miles per week than if one’s base were 50 miles per week. Such a
prediction amounts to arguments about changes in the “simple” Time—Miles relationship.
This time, however, we are not saying that the magnitude of that “simple” relation-
ship changes as Age changes. Rather, we are hypothesizing that the “simple” Time—Miles
relationship changes as Miles changes. In essence, we are hypothesizing an interaction
of Miles with itself in predicting Time.

We use the same functional form to incorporate such an interaction into our model;
namely, we include the product of the two variables that are hypothesized to interact as
a separate predictor in the regression model. But this time, since it is Miles that is thought
to interact with itself, we include a product predictor that is Miles X Miles (or Miles?):

Time = b, + b;Miles + b,Miles>

Given the present data, this model is estimated as:

PN
Time = 37.479 — .754Miles + .008Miles’

with a sum of squared errors of 894.190.

To interpret this model and what its parameters mean, we do two things: we derive
and plot predicted values of Time as a function of Miles; and we interpret the parameters
by focusing on the “simple” slope for Miles. Since the maximum value of Miles in our
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dataset is 50, we derive predicted values of Time (as a function of Miles) varying between
0 and 50. For instance, when Miles equals zero, the predicted value of Time equals:

37.479 — .754(0) + .008(0%) = 37.479
And when Miles equals 10, the predicted value of Time equals:
37.479 — .754(10) + .008(10%) = 30.739

Once we have a full set of such predicted values we plot them, as in Figure 7.12. As is
apparent, these predicted values, as a function of Miles, no longer lie along a straight
line. Although in a formal sense our model is still a “linear” one, the prediction function
is now a curve. And, as we expected, the shape of the curve is such that the slope is
decidedly steeper at lower levels of Miles than it is at higher levels: Training one
additional mile per week has more of a benefit in reducing race times if one is at a low
training base than if one is at a high training base.

To interpret the coefficients of the model, we can start with the intercept, 37.479.
This number represents what it always has, namely the predicted value when the
predictors both equal zero. In this case, it is the predicted race time for someone who
trains zero miles per week.

To interpret the two slope estimates in this model, we derive the “simple” slope for
Miles, using the procedure explicated in the last section to get the derivative of this
function with respect to Miles:

S
A Time

AMiles

=-.754 + (2).008 Miles

This Miles “simple” slope obviously varies as a function of Miles. It amounts to the
slope of lines that are at a tangent to the prediction curve in Figure 7.12 at various points
along the Miles horizontal axis. So, for instance, when Miles equals zero, the “simple”
slope of the curve equals —.754. When talking about someone who runs 10 miles per
week, the “simple” slope of the curve is —.754 + (2).008(10) = —.594. At the point of
the curve where Miles equals 20, the “simple” slope is —.754 + (2).008(20) = —.434.
And by the time we get up to someone who runs 40 miles per week, the “simple” slope
is —.754 + (2).008(40) = —.114.

FIGURE 7.12 Time-Miles nonlinear model

40 —

Time

Miles
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Let us be clear about what these “simple” slopes are and are not. They are not
predicted values of Time. Predicted values are what we plotted when we derived the
graph in Figure 7.12. These “simple” slopes are rather the slopes of the curve at each
different point along the Miles axis. They tell us the expected benefit of running one
more mile per week on race times, given that one already is training by running a given
number of miles each week. It may be difficult to think about the slope of this curve at
particular points, since the curve is obviously changing its slope continuously.
Accordingly, think about the slope of lines that are at a tangent to the curve at different
values of Miles. The slopes of such lines, at particular values of Miles, are the “simple”
slopes.

From the point of view of the “simple” slope, the coefficient associated with Miles,
—.754, is the “simple” slope of the curve at only one point, namely when Miles equals
zero. In the plot of Figure 7.12, it is the slope of the curve at the intercept, when the
curve is steepest. And as Miles increases, the “simple” slope becomes less and less
negative. For each one-unit increase in Miles, the slope becomes less negative by
2 X .008. This provides the interpretation for the regression coefficient associated with
Miles?: .008 is half the change in the “simple” Miles slope as Miles increases by
one unit. If you wish, it indexes the degree of nonlinearity in the curve plotted in
Figure 7.12.

We can ask whether this model, with its changing “simple” slope and its quadratic
prediction function, does a better job than the simpler linear model with Miles as the
only predictor. Our model comparison is thus:

MODEL A: Time = 3, + 8;Miles + B,Miles® + &
MODEL C: Time = 8, + p,Miles + &

and the null hypothesis is H,: 8, = 0. In words, the null hypothesis is that the Time—-Miles
relationship is simply a linear one; there is no diminishing marginal return for additional
miles of training on 5-kilometer race times.

At the very start of this chapter, we provided the estimates for Model C:

RN
Time = 31.911 - .280Miles

with SSE(C) = 1029.013. Recall that SSE(A) = 894.190. Thus the value of SSR for this
comparison is 134.823, which converts to a PRE of .131 and an F of 11.61 with 1 and
77 degrees of freedom. Thus, Model A is to be preferred to Model C and we can conclude
that a quadratic prediction function is a better fit to the data than a linear one. There is
thus evidence that the benefit of training one more mile per week, on 5-kilometer race
times, is less the higher the training base is.

We could also, of course, compare this augmented nonlinear model to a compact
one in which B, is fixed at zero, regressing Time only on Miles?. The estimates for such
a model are:

PN
Time = 28.101 — .004Miles>

with a sum of squared errors equal to 1222.243; the comparison generates a PRE of .268
and an F of 28.25 with 1 and 77 degrees of freedom. We thus conclude that the parameter
associated with Miles in this augmented model is not equal to zero. But what exactly
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have we tested here? Have we tested the overall linear effect of Miles on Time? The
answer is clearly “no,” since in this augmented model the effect of Miles on Time varies
as a function of Miles, as indicated by the Miles “simple” slope, —.754 + (2).008Miles.
What we have just tested is not an “overall” linear effect of Miles, but rather the
“simple” effect of Miles when and only when Miles equals zero. Based on these data
and allowing Miles to be nonlinearly related to Time, we can conclude that running one
more mile per week lowers race times when one is currently running zero miles per
week. But since the effect of running more miles depends on the number of miles one
already runs per week, this test does not tell us about the benefits of running one more
mile given any other base per week. Additionally, since the value of zero on Miles lies
outside the range of values included in the dataset, we probably should not have
confidence in this prediction even if it is statistically significant.

As with the interactive model discussed previously, the interpretation of slopes of
component predictor variables is a bit easier if those components are mean-deviated or
centered and then the product predictor is recomputed using this centered variable. When
we center Miles and regress Time on Miles,, and Milesj (i.e., the centered variable and
its square), we get the following parameter estimates:

PN
Time = 22.054 - .279Miles, + .008Miles;

In a deep sense, of course, this model is the same as that estimated before, prior to
centering the predictor. All we have done is move the zero point on the horizontal axis
of Figure 7.12, so that it is now at the mean value of Miles, 29.875. And at that point,
the “simple” slope of Miles in this model is —279. This is the interpretation of the
coefficient for Miles,, in this centered model: It is the simple slope when Miles, equals
zero, which of course is at the mean of Miles.?

A comparison of this model with a Model C that fixes 3, at zero tests whether the
“simple” effect of Miles is different from zero when dealing with runners who train the
average number of miles per week (average in the dataset). The estimated Model C is:

PN
Time = 22.021 + .008Miles;

with a sum of squared errors of 2070.265. This comparison gives a PRE of .568 and an
F of 101.264, with 1 and 77 degrees of freedom. At the average level of Miles in the
dataset, there is a highly significant Time—Miles relationship: Running one more mile
per week leads to a lower 5-kilometer race time.

Note that this analysis is subtly different in both its details and its conclusion from
asking the simple regression question of whether there is a significant overall linear
relationship between Time and Miles. Here we are asking about a significant “simple”
linear relationship at the mean level of Miles, in the context of an overall quadratic model.
When we ask whether Miles is related to Time in a simple regression model, we are
assuming a linear and thus constant Time—Miles relationship.

We have just provided tests of “simple” slopes both when Miles equals zero and
when Miles equals its mean. We could re-estimate this nonlinear model, of course, with
Miles deviated from any other particular value where the Miles “simple” slope was of
interest. Suppose, for instance, that someone ran 40 miles a week and wanted to know
whether the present data suggest a significant effect of running one more mile, given
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this base. To test the “simple” slope of Miles when Miles equals 40, within the confines
of this nonlinear model, we would simply re-estimate it with a new deviated Miles
predictor, deviating it from 40, and its square:

Time = 20.042 - .118Miles,, + .008Miless

Again, in a deep sense, this is the same nonlinear prediction function, making the same
predictions. But now the coefficient associated with Miles,, estimates the “simple” slope
for Miles when it equals 40. And a comparison of this augmented model with a Model
C that omits the Miles,, predictor provides a test of that “simple” slope. The resulting
PRE is .057, which converts to an F of 4.62 with 1 and 77 degrees of freedom. We can
conclude that there is a significant “simple” effect of Miles when Miles equals 40,
allowing a nonlinear relationship between Time and Miles.

Just as we noticed when discussing interactive models, the coefficient for Miles? in
all three versions of the quadratic model we have estimated (with Miles in its raw metric,
with Miles centered, and with Miles deviated from 40) remained the same. And Model
A/Model C tests of its significance yield the same result in every case. Again, assuming
that the component predictor is included in the model, the test of the coefficient of the
product predictor is invariant across deviation transformations of its component. It
continues to examine whether the “simple” slope changes as Miles changes value.

MORE COMPLEX PRODUCT MODELS

We have found evidence in our data for both an interaction between Age and Miles and
a quadratic effect of Miles in predicting race times. We have examined these two
nonlinear effects separately, rather than putting them both in a single model, for didactic
purposes. Let us now look at a more complete model that incorporates both the Age by
Miles interaction and the quadratric Miles term. The estimated model is:

N
Time = 25.578 + .273Age - .565Miles + .008Miles® — .004AgeMiles

The sum of squared errors for this model equals 579.724. If we compare this model with
a model that omits the Miles? predictor, the resulting PRE equals .169 and the F, with
1 and 75 degrees of freedom, equals 15.30. Hence, the nonlinearity in the Time—Miles
relationship is still found even when we control for Age and the interaction of Age with
Miles. However, when we compare this model with one that deletes only the AgeMiles
interaction term, the resulting PRE (.039) and F (3.06) are not significant. Hence,
although we found that Age and Miles reliably interact in predicting Time when Miles?
is not controlled, that effect ceases to be significant in this more complete model.

Nevertheless, let us continue to interpret the various coefficients of this model in
order to clarify the interpretation of more complex nonlinear functional forms. As before,
we want to do two things to interpret this model. First, we derive predicted values of
Time for all combinations of Age and Miles and we plot these, this time in the three-
dimensional graph of Figure 7.13. And second, to interpret the regression coefficients
of the model, in the context of this graph of the predicted values, we derive the “simple”
slopes of both Age and Miles according to this model:



7 - Moderated and Nonlinear Regression Models

163

FIGURE 7.13 Predictions of model with Miles squared and Miles by Age interaction
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First, let us interpret the coefficient associated with Age in the model, .273.
According to the “simple” slope derived for Age, above, it is that “simple” slope of Age
when and only when Miles equals zero. In the three-dimensional plot of Figure 7.13,
we can think about taking slices of the prediction plane parallel to the Age axis. Such
slices are prediction lines as a function of Age, at particular values of Miles. One of
these slices is found when Miles equals zero. And the slope of that slice (or line) is .273.
Substantively, we might say that with no training, a 1-year increase in Age is predicted
to result in slower 5-kilometer race times by .273 minutes.

The coefficient associated with the Miles predictor, —.565, can be interpreted in the
context of the derived “simple” slope for Miles, above. There we can see that it is the
“simple” slope of Miles when and only when both Age and Miles equal zero. Graphically,
it is the slope of the plane, with respect to Miles, at the point in the plot where both Age
and Miles equal zero. If we met a runner who was zero years old and who ran zero miles
per week, we would predict that running one more mile per week would result in a faster
5-kilometer race time by .565 minutes! Obviously, neither this coefficient nor the one
associated with the Age predictor focuses on a “simple” slope of much interest, given
the values in our dataset. We will revisit them, with centered predictor variables later,
once we have interpreted the other two slope coefficients in this model.

The coefficient for Miles? in the model, .008, is half the change in the “simple”
slope for Miles as Miles increases. Again, looking at the prediction plane in Figure 7.13,
taking slices parallel to the Miles axis we get a series of curves. This coefficient tells
us about the degree to which these curves depart from linearity. The Miles “simple”
slope is not constant; it changes as Miles increases, becoming less negative. This
interpretation is similar to the interpretation given earlier for the coefficient for Miles?
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in the model that included neither Age nor AgeMiles. The difference is that here we are
estimating the degree of nonlinearity in the Time—Miles “simple” relationship, controlling
for Age and its interaction with Miles.

Finally, the coefficient associated with the AgeMiles product, —.004, can be
interpreted in the context of either of the derived “simple” slopes. From the point of view
of Age, it is the change in the Age “simple” slope as Miles increases. In Figure 7.13, taking
slices of the prediction plane parallel to the Age axis we can see that the “simple” slope
for Age is not invariant. It seems steeper (i.e., more positive: older runners have longer
race times) when Miles is relatively low than when the value of Miles is higher. From the
point of view of the Miles “simple” slope, it is the change in that “simple” slope as Age
increases. Taking slices of the prediction plane parallel to the Miles axis, in general
the predictions are going down as Miles increases (i.e., faster race times with more
miles training). But the extent to which this is true seems greater among older runners
than among younger ones. The linear effect of Miles is greater among older runners than
among younger ones.

If we were to center Age and Miles and regress Time on the centered predictors
and their product terms, it is an interesting exercise to figure out which of the coefficients
in the model would change and which would not. Obviously, all we would be doing is
changing where the value of zero is found on both the Age and Miles axes. Any
coefficient that makes reference to the value of zero of either variable would thus
change. Accordingly, it should come as no surprise that when we reestimate this model,
having centered the two variables and recomputed the product terms, we get the
following:

PN
Time = 22.044 + .167Age, — .257Miles, + .008Miles; — .004Age,Miles,

The coefficients associated with Age, and with Miles, now have different values. The
former is the “simple” slope for Age when Miles equals its mean value; the latter is
the “simple” slope for Miles when both Miles and Age equal their mean values. The
coefficients associated with Miles? and Age,Miles,, have not changed, for they make no
reference to zero values on the two axes. Rather, these coefficients indicate changes in
the “simple” slopes; they are not “simple” slopes when something else equals zero. It
should by now come as no surprise that this “centered” model has the same sum of
squared errors as the “uncentered” one estimated previously.

Although the data that we have been using throughout this chapter are not consistent
with any more complex nonlinear functional forms than those already explored, we could
extend this model to a more complex one, should our theories suggest that more complex
forms are plausible. There is nothing inherently more difficult about interpreting more
complex nonlinear models, so long as the basic principles that we have explained are
kept in mind. In general, we want to generate predicted values as a function of the possible
values of the predictors, and then graph these. To interpret the resulting coefficients, it
is easiest to do so in the context of derived “simple” slopes. Doing this makes clear the
general principle that the coefficient associated with any predictor variable that is a
component of one or more product predictors included in the model estimates the
“simple” slope of that variable when and only when the other component(s) of those
products equal zero. So, in the example just discussed, the estimated Age coefficient is
the “simple” slope for Age when Miles equals zero, because Age is a component of the
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AgeMiles product that is included in the model. And the estimated coefficient for Miles
is the “simple” slope for Miles when both Age and Miles equal zero, because Miles is
a component of both the Miles? and AgeMiles products that are included in the model.

Additionally, if the interpretation of a coefficient is in terms of a “simple” effect at
a zero level of some other component variable, then transformations that affect that zero
level will alter the obtained coefficient. Only the coefficients of predictors in models
that are not themselves components of product predictors will be unaffected by such
deviation transformations.

We close the chapter with one last model that includes the product of three different
predictor variables:

YAi = byt b Xy, + by, + DXy, + b X, Xy + b X)Xy + bXo X + DX X0 X

As before, whenever we have products in a model, we want to make sure that we include
all the components of those products as predictors. And in this case, all components of
the triple product X, .X,.X;; include not only the single predictor variables, e.g., X;;, but
also the products of two of the three predictors, e.g., X,,X,,. To aid interpretation of the
resulting coefficients, we will assume that all variables have been centered and the
included product predictors have been computed from their centered components.

With a model such as this, a single plot is not possible because only three dimensions
are visually available. Instead, we could generate separate three-dimensional plots at
various levels of the fourth variable. For instance, we might put X;; and X,, on the
horizontal axis and plot predicted values of Y, in one graph at one value of X;;, creating
additional graphs for different values of Xj;.

To interpret the various parameter estimates, we generate the “simple” effect
expressions:

AY,
A_Xli= by + by Xy + bs X5, + b X0, X5,
AY,
= by + by Xy + beX;; + b, X1, X5,
2
A{Ii by + b X, + b Xy + b XX
= + + i+ iX0;
AXgi 3 521 62 2i T 14220

These “simple” slopes inform us first of all about the estimated coefficients attached to
the three predictor variables by themselves, b,, b,, and b,. These obviously are the
“simple” effects of each variable at the mean (zero value given centering) of both of the
other predictors. Each of the estimated coefficients associated with the products involving
two variables, b,, bs, and b, can be interpreted in the context of two different “simple”
slopes. These estimate “simple” two-way interactions between the variables involved in
the product at the mean level (zero level) of the third variable. For example, b, can be
interpreted either as the change in the “simple” slope of X}, as X, increases when X,
equals the mean, or as the change in the “simple” slope of X,; as X|; increases when
X;; equals the mean. And finally, there are three possible interpretations for the coefficient
associated with the triple product, b,. These three possible interpretations are perhaps
best shown if we derive “simple” slopes for each of the three two-way products:
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4%, b, + b, X
AXUXZ,- 4 7430
4 fl’ bs + b, X
= + .
AX, X, s+ D7y
AY,
=bs + by Xy,
AXy X,

These are derived in exactly the same way as we explicated for the “simple” slopes of
single predictor variables, but now we apply those rules to a product predictor. In this
context, b, can be interpreted in the following three equivalent ways:

1. The change in the effect of the X, .X,, interaction as Xj; increases.
2. The change in the effect of the X, X;; interaction as X, increases.
3. The change in the effect of the X,.X;; interaction as X, increases.

These interpretations obviously imply that one has already interpreted the “simple” two-
way interactions at the mean level of the third variable, as discussed above. Thus, the
process of understanding a model like this, with a triple interaction, happens in steps.
First, one attempts to make sense of the “simple” effects of single variables at the mean
level of the others, then the two-way interactions at the mean of the third (i.e., how the
“simple” effect of one variable depends on the level of a second, at the mean of the
third), and finally one interprets the three-way interaction by talking about how a
“simple” two-way interaction is affected by changes in the third variable.

As we have discussed, with a two-way interaction there are two equally viable
interpretations (“the simple effect of X|; depends on the value of X, or “the simple
effect of X,; depends on the value of X;;”), but one of these is likely to be more intuitively
compelling than the other. Similarly, with a three-way interaction and its three possible
interpretations, one will generally emerge as more intuitively compelling than the other
two.

One final word of caution is in order about the sorts of models we have been
exploring in this chapter. With three variables as predictors in a model, there are three
two-way interactions and one three-way interaction that might be estimated. With four
predictor variables, there are potentially six two-way interactions, four three-way
interactions, and one four-way interaction. And with increasing numbers of predictor
variables, the possible interactions go up geometrically. And this count does not include
the possibilities that arise from including quadratic terms and higher order powers of
predictors (and the interactions of these with other predictors).

Although we have explicated the general approach for testing and interpreting
models involving product predictors, in general the inclusion of such predictors should
be strongly dependent on compelling theoretical expectations. We do not encourage the
inclusion of product predictors in models unless there are such theoretical expectations.
Building more and more complex models is not our goal, even if we do have the tools
to interpret them.
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SUMMARY

The models that have been considered in this chapter considerably extend the range of
questions that can be asked of data. They do so by allowing the slopes of predictor
variables to vary as a function of the values of those variables and of other variables.
In the most frequently encountered case, these models thus allow statistical interactions
between predictor variables—examining whether the “effect” of one variable depends
on the value of another. These models also allow nonlinear effects, examining for
instance whether the “effect” of one variable changes as its own values change.

In general, these interactive and nonlinear effects are estimated by including products
of predictors as additional predictor variables, making sure that all components of those
products are included as predictors as well. Interpreting such models can be difficult
and we have recommended a two-stage procedure, first graphing predicted values and
then deriving “simple” slopes and interpreting parameter estimates in the context of such
simple slopes. By focusing on these “simple” slopes, it becomes clear that the parameter
estimate associated with a predictor that is a component of some product predictor
estimates the “simple” effect of that predictor when and only when the other components
of the product equal zero. To make these estimates generally more interpretable, we
have recommended centering or mean-deviating variables prior to computations of the
product predictors.

While models such as those that have been considered in this chapter (allowing
interactions and nonlinear effects) dramatically increase the range of questions that one
can ask of data, their complexity can become overwhelming. We therefore encourage
analysts to examine such effects only when there are good theoretical reasons for them.
Adding products willy-nilly to models will only result in Type I errors and overly complex
models.

Notes

1 While this product variable is the product of two centered variables, it will not necessarily
be centered itself. What is important is that the product be computed from the two centered
variables, not that the product itself be centered.

2 This is the product of the two if they are not rounded (as they are in the text).

3 This value can be computed directly from the expression for the “simple” slope of Miles
given earlier from the estimated nonlinear model prior to centering. There the “simple” slope
was calculated as —.754 + (2).008Miles. If we substitute the mean level of Miles, 29.875, in
this expression we get —.754 + (2).008(29.875) = —.276, which is the estimated coefficient
for Miles, in the centered model (within rounding error).



One-Way ANOVA

Models with a Single Categorical
Predictor

To this point we have relied on regression models where the predictor variables have
been treated as continuous variables. Our purpose in this chapter and the following two
is to examine our basic approach to data analysis when predictors are categorical
variables. In the language of traditional statistics books, earlier chapters concerned
multiple regression. The present chapter concerns one-way analysis of variance
(ANOVA) models or, equivalently, models with a single categorical predictor. In the
next chapter we consider models having multiple categorical predictors, or higher order
ANOVA models. Chapter 10 is devoted to models in which some predictors are categor-
ical and some are continuous. Such models have been traditionally labeled analysis of
covariance models. By integrating these into a common approach, we will not only
explore these traditional topics but also consider others that considerably extend the sorts
of questions that we are able to ask of our data, in the context of categorical predictor
variables. Throughout we will continue to use our basic approach to statistical inference,
testing null hypotheses by the comparison of augmented and compact models.

THE CASE OF A CATEGORICAL PREDICTOR
WITH TWO LEVELS

Figure 8.1 contains hypothetical data from a study in which the impact of a SAT training
course was evaluated. Twenty high-school seniors were randomly assigned to either take
the 2-week training course, designed to improve SAT performance, or to a control no-
course condition. As we can see, 10 students wound up in each of the two groups. At
the end of the 2-week period, all 20 students took the SAT test and their performance
was recorded. What we would like to do is examine whether the course made a difference
in subsequent performance. Our question thus is whether we can reliably predict
subsequent SAT performance as a function of whether a student was in the Course group
or the No Course control group.

If we are to tell the computer to specify a model in which SAT performance is
predicted by which of the two groups a student was in, we need some way of coding or
numerically representing the group variable. This variable is categorical rather than
numerical or continuous, meaning that students in the two groups differ on whether or
not they have taken the course, but no automatic numerical representation of that
difference is implied. Such variables require some coding scheme to represent them
numerically, so that they can be used as predictor variables in models. It turns out that
any numerical representation of this group variable would do, as long as we used that
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numerical representation consistently. By consistent FIGURE 8.1 Two-group SAT data
use, we mean that if a given value on the variable that Student Group SAT
represents group (Course versus No Course) numeric-

. . . 1 Course 580
ally is assigned to one group, then every student in that 5 Course e
group has that same value on the variable, and no 3 Course 660
student in the other group has that value. 4 Course 620

To illustrate, suppose we created a variable X to 5 Course 600
represent group numerically, arbitrarily assigning the 6 Course 580
value of —1 to students in the No Course group and / Course >0

. . 8 Course 640

+1 to students in the Course group. Since every student 9 Course 620
is in one group or the other, all students have values 10 Course 600
of either —1 or +1 on variable X,. Notice that our 11 No Course 580
purpose in creating this variable is simply to differen- 12 No Course 530
tiate numerically between the two groups. Since group 13 No Course 290
. . . . 14 No Course 550
is a categorical variable, no rank order or interval 15 No Course 610
informatiop need be Preserved .in our coding scheme. 16 No Course 590
We could just as easily have given the value of —1 to 17 No Course 600
the Course group and +1 to the No Course group. 18 No Course 530
Similarly, we could have given the value of 203 to 19 No Course 590
20 No Course 600

students in the Course group and the value of —20.5

to students in the No Course group. The point is that
the values that represent the categorical variable are arbitrarily defined, but they must
be consistently used.

Throughout all of the rest of the book we will use a convention for coding nominal
predictors known as contrast codes. Contrast codes are simply one of the possible
arbitrary coding schemes for numerically representing categorical predictors. Two
conditions define contrast codes and differentiate them from other coding schemes. For
now, we will only define one of these two conditions. The other is only relevant when
the categorical variable has more than two categories and will be given later in this
chapter. Let us define a value on a contrast-coded categorical variable .X; as A, (“lambda,”),
where the subscript & refers to the level of the categorical variable being coded. In this
case, k refers to the two levels of the group variable: Course versus No Course. Across
levels of k, or across all categories of the variable, a contrast code is one where:

D> a=0
k

Notice that we are summing here across levels or categories rather than across individual
observations. In other words, the condition is that the values of the contrast variable sum
to zero across the two categories, not across the individual observations in those two
categories.

In our example, the values of +1 for students in the Course group and —1 for students
in the No Course group constitute values of a contrast-coded variable, since the sum of
these two values across the two categories equals zero. Another valid contrast-coded
variable would use values of +.5 for the Course group and —.5 for the No Course group.
Notice, however, that the values of 203 for the Course group and —20.5 for the No Course
group do not meet the condition for a contrast-coded variable. Note also that in this
example the values of a contrast-coded variable, say +1 and —1, sum to zero not only
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across the two categories but also across the 20 students in those two categories. This
will be the case when a contrast-coded variable is used and when there are an equal
number of observations in the two groups or categories. Had we had more students in
one of the two groups than in the other, then the sum of the values across the two groups
would be zero, but the sum of the values across all the students would not be.

In the following sections, we will use two different contrast-coded predictors to
predict SAT performance with the data presented in Figure 8.1. We will first use
the values of +1 and —1 and then we will use the values of +.5 and —.5. These possible
values of a contrast-coded predictor are simply two from an infinite number of such
values that might be used. At a later point, we will also briefly discuss the estimation
of models using coding conventions other than contrast codes.

Model Estimation and Inference with a Contrast-Coded Predictor

We start by estimating a model in which we predict SAT performance with a contrast-
coded predictor having values of +1 for students in the Course group and —1 for students
in the No Course group. SAT is thus our Y, variable and our predictor, X, is the contrast-
coded predictor. Our model is the simple regression model with a single predictor
variable of Chapter 5. We will want to compare this model, making predictions of SAT
conditional on X, with a compact one in which we predict the same value for every
student regardless of whether they were in the Course group or the No Course group:

MODEL A: Y, = B, + B.X, + &,
MODEL C: Y;= B, + ¢,

Assuming that 8, = 0, the augmented model makes conditional predictions of SAT
performance, conditional on whether students were in the Course group or the No
Course group. On the other hand, the compact model makes the same prediction for all
students, regardless of their group.

The least-squares estimates for these models are:

MODEL A: Y, =591 + 14X,
MODEL C: Y, =591

Both of these models, as well as the data on which they are based, are graphed in Figure
8.2. The horizontal prediction function is Model C, while the prediction line that makes
differential predictions is Model A. The sums of squared errors of these two models are
16,060 for Model A and 19,980 for Model C.

The calculations of these two sums of squares are shown in Figure 8.3 where we
derive for each observation the predicted value from each model, the residual, and the
squared residual. The sums of these squared residuals, given in the last row of Figure
8.3, are the sums of squared errors for the two models.

The comparison of these two models, asking whether the predictions conditional on
the contrast-coded predictor do a better job than the unconditional predictions, yields:

19,980 - 16,060 3920

PRE = = =.196
19,980 19,980
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FIGURE 8.2 Models A and C for the SAT data
700 —
600 |— . .
| ) |
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Group
FIGURE 8.3 Calculation of SSE for Models C and A
Compact Augmented
Student  Group X; SAT(Y}) Y 2 e’ Y 2 e’
1 Course 1 580 591 =11 121 605 =25 625
2 Course 1 560 591 -31 961 605 -45 2025
3 Course 1 660 591 69 4761 605 55 3025
4 Course 1 620 591 29 841 605 15 225
5 Course 1 600 591 9 81 605 -5 25
6 Course 1 580 591 =11 121 605 -25 625
7 Course 1 590 591 -1 1 605 -15 225
8 Course 1 640 591 49 2401 605 35 1225
9 Course 1 620 591 29 841 605 15 225
10 Course 1 600 591 9 81 605 -5 25
11 No Course -1 580 591 =11 121 577 3 9
12 No Course -1 530 591 -61 3721 577 -47 2209
13 No Course -1 590 591 -1 1 577 13 169
14 No Course -1 550 591 -41 1681 577 =27 729
15 No Course -1 610 591 19 361 577 33 1089
16 No Course -1 590 591 -1 1 577 13 169
17 No Course -1 600 591 9 81 577 23 529
18 No Course -1 530 591 -61 3721 577 -47 2209
19 No Course -1 590 591 -1 1 577 13 169
20 No Course -1 600 591 9 81 577 23 529

SSE(C) = 19,980

SSE(A) = 16,060

Model A contains two parameters and Model C one, hence PA — PC equals 1 and
n—PA equals 18. Accordingly, we can compute the F statistic for this comparison either
from the computed value of PRE or from the values of the sums of squares:

M8 (1-PRE)(n-PA) (1-.196)/18

1,18

PRE/(PA - PC)

.196/1

SSR/(PA - PC)

3920/1

"~ SSE(A)(n—-PA)  16,060/18

4.39
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These statistics fall just short of their critical values, with 1 and 18 degrees of freedom,
with « set at .05. Hence, we are unable to conclude that the conditional predictions of
SAT are significantly better than the unconditional one made by Model C.

So far, once we have coded our categorical predictor, there is nothing different about
this simple regression model from those simple models using continuous predictors that
were discussed in Chapter 5. The estimation of the model parameters and the calculations
of PRE and F proceed just as before. Since all of the assumptions underlying the use of
the critical values of PRE and F involve assumptions about the distribution of Y, or
really of &;, and since the categorical nature of X; has no effect on the distribution of ¢,
none of the assumptions underlying this analysis have been impacted by the use of the
categorical predictor.

What has changed somewhat, however, is the interpretation of the estimated
parameters of the model and, accordingly, the interpretation of the statistical inference
results. It is not the case that the old interpretations (those developed in Chapter 5) are
incorrect, for the value of the intercept in the augmented model, 591, is still the predicted
value of ¥; when X, equals zero. The coefficient for X, 14, is still a slope—the amount
by which the predicted value of Y, changes for each unit increase in X,. And PRE and
F still tell us about the reduction in errors of prediction. Rather, when we have categorical
predictors, new interpretations of these statistics become possible.

To understand these new interpretations, it is helpful to consider the predicted
values that the augmented model makes. These are contained in Figure 8.3. If we are
dealing with a student in the Course group, the predicted value from the augmented
model is:

Y., =591 + 14(+1) = 605

And if we are dealing with a student in the No Course group, the predicted value from
the augmented model is:

Y., =591+ 14(-1)=577

These predicted values turn out to be the mean SAT scores of the 10 students in each
of the two groups. That is, 605 is the mean SAT score of those students who received
the course, and 577 is the mean SAT score of those students who did not. And given
our use of +1 and —1 as the values of the contrast-coded predictor, the slope associated
with that predictor equals half the difference between the means of the two groups:

Yo— Y=Y, - Y, =605-577

= (591 + 14(+1)) — (591 + 14(~1))
= 14(+1) - 14(-1)

=2(14)

In general, the least-squares parameter estimate or slope associated with a contrast-coded
predictor is given by:

S
k
S
k

b
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which, in the example at hand, is evaluated as:

(=1)577 + (+1)605 28
(-1 +(+1)?> 2

This is a very general and useful formula for interpreting the slope associated with any
contrast-coded predictor. The numerator represents a comparison between group means,
in this case the difference between the mean for the Course group and that for the No
Course group, and the denominator is a scaling factor dependent on the specific values
used for the contrast-coded predictor. The important point is that the regression coefficient
associated with any contrast-coded predictor tells us about the difference between group
means, the direction of that difference being determined by which group is coded with
a positive value and which group is coded with a negative value.

The estimated intercept of 591 equals, as always, the predicted value of ¥; when X
equals zero. Since X, equals zero halfway between the two values of +1 and —1 that code
the two groups, the estimated value of the intercept is necessarily equal to the average
of the two group means. This result is made clear by the graph of the model in Figure
8.2. It can also be shown algebraically as follows:

Y, =Y.

591 + 14(+1)

Y =Yy = 591 +14(-1)

Adding these two equalities gives:

}_’C+ YNC= (591 + 14(+1)) + (591 + 14(-1))
}_’C+ YNC= (2)591

Yo+ Y
Lf\’c: 591

Notice that this interpretation of the intercept in the augmented model, including
the contrast-coded predictor, is not the same as the interpretation of the intercept in the
compact model, the one making unconditional predictions. The intercept in the compact
model is estimated as the mean of all the observations, what we might call the grand
mean, Y, defined as:

2

i

bye=Y =

n

On the other hand, the intercept in the augmented model is the mean of the group means,
defined as:

S5,
k

bOA =

where m is the total number of groups, in this case 2.
In the dataset that we have been using, the values of these two intercepts, one from
the compact model and one from the augmented, are identical, i.e., 591, because there
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are an equal number of students in the two groups. In general, however, they estimate
different things. The intercept in the compact model, the one making unconditional
predictions, is the mean of all the observations. The intercept in the augmented model,
the one making predictions conditional on group, is the mean of the group means.

One last result when using contrast-coded predictors is important to know. Just as
the regression coefficient for any contrast-coded predictor can be represented as a
comparison among group means:

Py R4
k
S
k

so too can the SSR associated with any such predictor be similarly expressed. As always,
the SSR associated with a predictor is the difference between the SSE(A) and SSE(C)
for compact and augmented models with and without that predictor. And, as always,
that SSR equals:

SSR=3(¥,, — Y,

b

In the case of a categorical predictor, as we have seen, the predicted values for the
augmented model in this expression are the group or category means, ¥,, and the
predicted value from the compact model is the grand mean of all the observations, Y.
As a result, it is possible to show that the SSR associated with any contrast-coded
predictor can be expressed as a function of the category means (and the number of
observations in each group, n,) as follows:

347)
SSR = —
> (Gding)

In the case at hand, we have seen that SSE(C) equals 19,980 and SSE(A) equals 16,060,
resulting in an SSR associated with the contrast-coded predictor of 3920. That is
equivalently computed as:

(=1)577 + (+1)605)*
(=1)/10) + (+1)¥10) ~

Estimation with Alternative Values for the Contrast-Coded
Predictor

If we had defined the values of the contrast-coded predictor as +.5 for the Course group
and —.5 for the No Course group, rather than +1 and —1, the estimated model would be:

MODEL A: ¥, =591 + 28X,

where X, is the new contrast-coded predictor. Importantly, this model makes exactly
the same predictions for students in the two groups, i.e., their respective group means:
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A~ —

Y. =591 +28(+.5) = 605 = Y.
Y =591 +28(-5)=577="Yy.

Accordingly, in a deep sense, it is the same augmented model with the same sum of
squared errors. The slope for the contrast-coded predictor now equals 28 instead of 14,
since now there is a one-unit difference on X~ that separates the two groups (between
—.5 and +.5) rather than the two-unit difference that separated them on X; (between +1
and —1). And that slope now equals the difference between the two group means:

PR
k ~ (-=.5)577 + (+.5)605 ~ .5(605 - 577)

b= 5P+ (+.57 5
Z’lﬁ (=5 +(+.95) .
k

=605-577 =28

Of course, since this Model A is in a deep sense the same as the one where the contrast-
coded predictor had values of +1 and —1, the model comparison of it with the compact
model, making predictions that were not conditional on group, yields the exact same
SSR, PRE and F statistics. Recomputing the SSR for this comparison, using these new
codes and the formula given for the SSR in terms of the group means, gives us:

((=.5)577 + (+.5)605)?
((=.5)10) + ((+.5)%/10)

=3920

Equivalence with ANOVA and Two-Group t-Test

The slope in the augmented model, making conditional predictions, informs us about
the difference between the two group means (regardless of the values of A, used to
construct the contrast-coded predictor). Therefore, the comparison of this augmented
model with the compact one making unconditional predictions asks both whether the
parameter associated with the contrast-coded predictor departs from zero and whether
the two group means differ from each other. In other words, the model comparison we
have examined addresses the following equivalent null hypotheses:

Hy: B,=0

Hoy: pe = pye

where - and wy are the true but unknown means of the two groups.

In more traditional statistical textbooks, the test of a null hypothesis about the
difference between two group means is usually conducted by computing a two-group
ANOVA or a two-group independent samples z-test. It is therefore important to show
that our model comparison and its associated PRE and F statistics are identical to those
generated by these more traditional approaches.

In Figure 8.4 we give the ANOVA source table for the model comparison we have
just conducted, using the formulas developed in Chapter 5 and earlier. We also provide
the source table using the numeric values generated by our data example.

The formula for the SSR for the model comparison that we have given before is:

SSR = > (¥, - ¥y
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FIGURE 8.4 ANOVA source tables

Source SS df MS F p PRE

. MSR SSR
Reduction SSR PA - PC MSR —_ _—

MSE(A) SSE(C)

Error SSE(A) n - PA MSE(A)
Total SSE(C) n-1 MSE(C)
Source SS df MS F p PRE
Reduction 3920 1 3920.00 4.39 <.10 .196
Error 16060 18 892.22
Total 19980 19 1051.58

summing across all individual observations. In the present case, Y. is the mean of all
of the observations, Y, and the predicted values from the augmented model, Y 4> are the
two group means Y. and Yy.. Let us generically represent these group means as Y,,
thereby indicating the group mean for the kth group. Then we can write the above
expression for the sum of squares reduced as:

SSR = D (¥, - Tof = > (¥; - ?)2=an<&— 7y

where 7, is the number of observations in the kth group.
We can also re-express the formula for SSE(A) and SSE(C) in terms of means, since
those are the predicted values from each model:

SSE(A)= D (¥,- ¥,0*= > (¥,- T,y

SSE(C) = > (¥,- Vo = D (¥,- )

Accordingly, the formulas in the source table that we have used all along for summarizing
our computations of PRE and F (given in the top half of Figure 8.4) can, in this case,
be equivalently written with the formulas used to compute an analysis of variance to
compare group means in traditional statistics textbooks. This revised version of the source
table is given in Figure 8.5.

The names given to the rows in this version of the source table have been changed
to reflect those traditionally used in analysis of variance. So, the sum of squares reduced
and its mean square are traditionally called the sum of squares and mean square between
groups, and the sum of squares and mean square from Model A are traditionally called
the sum of squares and mean square within groups. But fundamentally and algebraically
this is the same source table, yielding the exact same F and PRE, as the one we are more
used to, given in Figure 8.4.

The square root of F'is the ¢ statistic (since n — PA =1), with n — 2 degrees of freedom,
that is traditionally called the two-group independent samples #-test.

All of this is simply to demonstrate that our integrated approach to statistical
inference, resting on model comparisons estimated with any least-squares multiple
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FIGURE 8.5 ANOVA source table

Source sS df MS F p PRE
Between Z, n (Y= Yy 1 MSB MSB SSB
) MSW SST
Within D> V- n-2 MSW
i
Total > y- v n-1 MST

i

regression program, yields the same results as the cookbook recipes given in more
traditional statistical textbooks. Our model comparison in this case, testing whether the
regression coefficient for a single contrast-coded predictor departs from zero, is exactly
equivalent to a two-sample #-test for examining whether the means of two groups differ
from each other.

Confidence Interval for the Slope of a Contrast-Coded Predictor

The formula that we gave in Chapter 6 for the confidence interval for a regression
coefficient continues to be applicable in the situation where predictor variables are
contrast-coded. The confidence interval for the slope associated with any predictor
variable was given there as:

F;; MSE

(n = 1)si (o))

Since the slope of a contrast-coded predictor informs us about the magnitude of the
difference between group means, so its confidence interval also informs us about the
confidence interval associated with that mean difference. To see this, let us take the case
where the contrast-coded predictor used values of —.5 for the No Course group and +.5
for the Course group. The resulting slope in this case equaled 28 and the confidence
interval for that slope is calculated as:

- [4.41(892.22)
~V 19(0.263)1

28 £ 28.06

where 4.41 is the critical F value with 1 and 18 degrees of freedom, 892.22 is the mean
square error from our Model A, n — 1 equals 19, the variance of the 20 individuals on
the contrast-coded predictor is 0.263, and its tolerance is of course 1 since it is the only
predictor in the model. This confidence interval can also be written as:

—-0.06 = B, = 56.06

Since the parameter that is being estimated here, with this contrast-coded predictor, is
also an estimate of the true mean difference between the two groups, this confidence
interval can be equivalently expressed as

—0.06 = 1 — pye = 56.06
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When the contrast-coded predictor used the values of —1 and +1 rather than —.5 and
+.5, the estimated slope was half the difference in the group means (i.e., 14) and its
confidence interval is computed as:

4.41(892.22)
14+ |22
19(1.052)1
14 + 14.03

The term that is different in this interval (other than the value of the estimated slope
itself) is the variance of the predictor (coded +1 and —1), which is 1.052 rather than
0.263.

In this case, the confidence interval is given equivalently as:

-0.03 <, < 28.03

~0.03 < “‘TMNC <28.03

Thus, it continues to tell us about the confidence interval for the mean difference, except
with these codes of course it is the confidence interval for half the mean difference. If
we multiply this expression by 2, we get the confidence interval for the mean difference.

CATEGORICAL PREDICTORS WITH MORE THAN
TWO LEVELS

Suppose a developmental psychologist is interested in the effects of feedback about
performance on subsequent motivation to do a task. She hypothesizes that subsequent
motivation will decline if children are told that they earlier failed at the task. To test
this hypothesis, she randomly assigns children to three conditions; in one condition they
are told that they failed on the task; in a second condition they are given no feedback;
and in a third condition they are told they succeeded. The experimenter then monitors
the number of tasks they subsequently complete, after the differential feedback has
been given. Twenty-four children are run in total, eight in each of the three conditions.
The hypothetical raw data are given in Figure 8.6.

FIGURE 8.6 Hypothetical experimental data for three conditions (values represent number of
tasks each subject completes)

Failure No Feedback Success
2 4 4
2 3 6
2 4 5
3 5 4
4 5 6
4 2 4
3 4 3
4 3 3
\7k 3.000 3.750 4.375
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Contrast Codes for Multilevel Categorical Predictors

In order to examine the effects of feedback on the number of tasks subsequently
completed, we need to derive a coding scheme to represent the three levels of the
categorical feedback variable. We might think that a single variable that codes all three
conditions would be appropriate, giving observations from the Success condition a
higher value on the variable than observations for the No Feedback condition who in
turn receive a higher value than observations from the Failure condition. We could then
see if such a coded variable would be predictive of Y,. The problem with using a single
variable to code the three levels of this categorical variable is that with such a coding
scheme we are assuming that the categories can be ordered in an a priori manner and
that the relationship between the values of the single predictor variable and Y, is a linear
one. While we may have a reason for expecting that ¥, should be lower in the Failure
condition than in the other two, we do not have any reason for assigning particular values
to the groups, expecting linear predictions as a function of those particular values. In
other words, a single-predictor variable that codes the three conditions with particular
values does not make much sense, given that we are dealing with a categorical variable
whose levels do not differ in a neat linear way.

To ask whether we can predict Y, as a function of some categorical variable having
in general m levels or groups is equivalent to asking whether there are differences among
the m group means (Y,) across those levels (with k varying from 1 to ). To answer this
question, we need to employ m — 1 contrast-coded predictor variables in our model. We
will then be able to ask about mean differences among the groups, allowing for all possible
orderings of those means. To define these m — 1 contrast-coded predictors, it is now
time to introduce the second defining condition for contrast codes. The first condition,
you will recall, was that for a contrast-coded variable the sum of the A values across the
groups or levels of the categorical variable must equal zero: >\, = 0. When we use
more than a single contrast-coded predictor to code a categorical variable having more
than two levels, the second condition that must be met is that across levels of the
categorical variable all pairs of contrast codes must be orthogonal to each other. Given
that the first condition is met, this second condition of orthogonality will be met whenever
the sum (across k or the levels of the categorical variable) of the products of the A values
from pairs of contrast codes equals zero.

In our example, we have three levels of the categorical variable. We will therefore
use two contrast codes to code it. Each value of A now has two subscripts, the first one
designating which contrast code we are talking about and the second one designating
the level of the categorical variable (k). The condition of orthogonality is met when:

D dyAy =0
k

To make this second defining condition of contrast codes more understandable, let us
illustrate codes that do and do not meet it for the example at hand. In Figure 8.7, two
sets of codes, with two codes in each set, are given for coding the three levels of the
categorical predictor variable: Failure, No Feedback, and Success.

Each of the four codes meets the first defining condition for a contrast code, in that
the sum of the A values for any given code, computed across the three levels of the
categorical variable, equals zero. The second defining condition, however, is only met
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FIGURE 8.7 Sets of codes for a three-level categorical predictor

Failure No Feedback Success
Set A
A -2 1 1
Ay 0 -1 1
Set B
Ak -1 0 1
Ay 0 -1 1

by the codes in Set A. If we multiply the value of A,, by the value of A, at each of the
levels of the categorical predictor variable and then we add up the resulting three
products, we get a sum of 0 from Set A (i.e., 0 + (-1) + 1 =0) and a sum of 1 from Set
B (i.e., 0 + 0 + 1 = 1). Accordingly, only the codes in Set A can legitimately be called
contrast codes.

This second defining condition means that a given code cannot be defined as a
contrast code in isolation. We could not, for instance, look at the code for A, in Set A
and identify it as a contrast code, unless we looked at the other code or codes with which
it is used in combination to code the categorical predictor variable. For instance, if we
changed the values of A,, in Set A to be —1, —1, and 2 for Failure, No Feedback, and
Success, respectively, then the codes in Set A would no longer be contrast codes, even
though we had not changed the values of A for the first code. This set of codes would
no longer be contrast codes since the sum of the products of the A values across the
category levels would no longer equal zero.

If our categorical predictor variable had four levels, we would need three contrast
codes to code it completely. The second defining condition for contrast codes would be
met in such a case if the sums of the products of the A values for all possible pairs of
codes equaled zero. Suppose, for instance, that we had a categorical variable with four
levels, as in Figure 8.8. There we define three contrast codes with values of A,;, A,,, and
Ay We then have three pairs of codes, and for each of these pairs the sum of the products
of the A values must equal zero. For codes 1 and 2, the sum of the products of the Ay
values equals (-3)0 + 1(-2) + 1(1) + 1(1) = 0. For codes 1 and 3, the sum of the products
of the A values equals (-3)0 + 1(0) + 1(-1) + 1(1) = 0. And for codes 2 and 3, the sum
of the products of the A; values equals 0(0) + 0(-2) + 1(-1) + 1(1) = 0.

With a categorical predictor having three levels, then, we need two contrast codes
and a single sum of products of A values must equal zero. With a categorical predictor
having four levels, we need three contrast codes. Those three codes result in three possible
pairs of codes, and hence three sums of products of A values must equal zero. In general,
with a categorical variable having m levels, we need m — 1 contrast codes to code it.
From these m — 1 contrast codes, there are (m — 1)(m — 2)/2 pairs of codes. This many
sums of products of A values must equal zero to meet the second defining condition of
contrast codes.

For any given categorical predictor, there are an infinite number of sets of contrast
codes that could be used. The choice of codes to be used should be guided by some
theoretical or substantive notions about how the groups defined by the categorical
predictor variable are expected to differ on the dependent variable. For instance, in the
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FIGURE 8.8 Codes for a four-level categorical predictor

Level 1 Level 2 Level 3 Level 4
A -3 1 1 1
Aoy 0 -2 1 1
Asy 0 0 -1 1

illustration at hand, we expected subjects in the Failure condition to have lower scores
than subjects in the other two conditions. Since, as we saw in the case of a categorical
predictor with only two levels, the regression coefficient for a contrast code tells us about
the relative mean difference between observations having different values on the contrast
code, it makes sense to derive a code that will allow us to examine this prediction about
mean differences on the dependent variable. In other words, given that we want to see
whether the observations in the Failure condition have lower scores than observations
in the other two conditions, the first contrast code we gave in Set A of Figure 8.7 is one
that we may well choose to examine.

As was the case with a single contrast-coded predictor that codes a categorical
variable with two levels, the regression coefficient associated with a contrast-coded
predictor in the case of a categorical variable with more than two levels tells us about
mean differences among the various groups or levels of the categorical variable, according
to the following formula:

Z A‘k }_]k
k
2

k

But this will be the case only if a complete set of m — 1 coded predictors are included
in the model and only if the contrast codes used meet the orthogonality condition that
we have just defined. At a later point in this chapter we will discuss estimation in the
presence of nonorthogonally coded predictors. For now, the important point is that slopes
tell us about coded mean differences among the categories only with a complete set of
codes and only with orthogonality.

Based on theoretical considerations, then, we are interested in the comparison that
is made by the first contrast code of Set A in Figure 8.7. With three levels of our
categorical variable and one code chosen, the second code is constrained to be one that
compares the means in the No Feedback and Success conditions, like the second code
in Set A. In general, with m levels of a categorical variable and m — 1 contrast codes,
the final code is constrained once the first m — 2 codes have been defined, in order to
meet the orthogonality condition.

We can use these two codes to define two predictor variables, X, based on the codes
-2, 1, 1 (for Failure, No Feedback, and Success respectively) and X,; based on the
codes 0, —1, 1, and then estimate a multiple regression model in which these are used
as simultaneous predictors of Y,. If we did this, we can exactly specify the mean
differences estimated by the two resulting slopes using the formula for the slope of a
contrast-coded predictor in the context of a model with a full set of orthogonal contrast-
coded predictors:

b
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e k_(_2)YF+(1)YNF+(1)YS_(?NF+ YS)_Q'YF_( 2
Yy e 6 3

k k_(O)YF+(_1)YNF+(1)YS_YS_YNF
Y @Ay 2

In general, such slopes will inform us about differences among category means following
the codes used, with the numerator of the above expressions representing the mean
difference, and the denominator representing a scaling factor. Notice that group means
for levels of the categorical variable that are coded with a zero value of A on a particular
contrast-coded predictor drop out of the numerator of the slope and thus do not figure
in the comparison that is made (i.e., the group mean for the Failure condition does not
play a role in the slope of the second contrast-coded variable).

To show the impact of the scaling factor in the denominator of the slope expression,
had we used fractional values for A (-, %, / for X|;, and 0, —)4, ’ for X)) rather than
those defined above, then the following would be the values of the slopes:

Z A Yy
k

, (DYe+ Y+ QYs (Ve Y 5
by = 22, (N2, (I\2 = - Yr
2 =) +G)+06) 2
Z Ak
k
Z Ak Yk _ s s
byl k _ 0) Y+ () Yyr+ @Y _ %

- Vo—
Saz O Y0 Y
k

The advantage of such fractional codes is that their slopes will equal the mean differences
rather than fractions of mean differences.

Without practice, it may seem difficult to come up with a set of orthogonal contrast
codes, particularly when dealing with a categorical variable having more than three or
so levels. Our advice is that one should initially create codes that represent mean
comparisons one would like to make theoretically, and then derive the remainder of the
codes so that orthogonality is preserved. One way to do this, once one or more initial
codes have been defined, is to construct further contrast codes that compare category
means that were tied (or received the same value of A) on already used code(s). With
some practice, deriving orthogonal codes becomes a relatively easy task.

In the absence of any motivated comparisons, one can always use a convention called
Helmert codes, regardless of the number of levels. A simple algorithm generates such
codes. If there are m levels of the categorical variable, one defines the first of m — 1
contrast codes by assigning the value of m — 1 to the first level and the value of —1 to
each of the remaining m — 1 levels. For the second contrast code, the first level is given
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FIGURE 8.9 Helmert contrast codes

Category level
Code 1 2 3 . m-2 m-1 m
A m-1 -1 -1 -1 -1 -1
Aot 0 m-2 -1 -1 -1 -1
At 0 0 m-3 -1 -1 -1
Aok 0 0 0 2 -1 -1
Aty 0 0 0 0 1 -1

the value of 0, the second level is given the value of m — 2, and all remaining levels are
given the value of —1. For the third contrast code, the first two levels of the categorical
predictor are assigned values of 0, the third level is given the value of m — 3, and the
remaining levels are given the value of —1. One proceeds in this manner to define all m
— 1 contrast codes, with the last one having values of 0 for all levels of the predictor
variable except for the last two. These last two levels have values of 1 and —1. The
resulting code values are presented in Figure 8.9.

Estimation and Inference with Multilevel Categorical Predictors

Using the data in Figure 8.6, we estimated the parameters of the following multiple
regression model, with X|; and X, as contrast-coded predictors, given the values of A
defined by Set A in Figure 8.7:

MODEL A: Y, = B, + B X}; + B.Xy; + &
The parameter estimates are:

MODEL A: Y, = 3.7083 + .3542X,, + 3125X,,
and the sum of squared errors is 23.375.

Unsurprisingly, the predicted values from this model are the means of the three
categories (given in Figure 8.6) of the categorical independent variable:

Y, = 3.7083 +.3542(-2) + .3125(0) = 3.000
Yyr = 3.7083 +.3542(1) + .3125(-1) = 3.750
Yo = 3.7083 +.3542(1) +.3125(1) = 4.375

As we have said before, a model with a categorical independent variable will make
predictions of the group or category level means whenever a complete set of m — 1 codes
is used as predictors.

We have already discussed the interpretations of the two parameter estimates
associated with the contrast-coded predictors in terms of the category means. Let us
revisit these interpretations now that we have the numerical estimates:

o Yyt Y. _ /3.750 +4.375
> aT, (L‘)_YF (;>—3.oo
k 2 2
= =.3542

- . 3 3
s

by

1
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A’kYk - -
. ; Ys- Yy 4.375-3.750
= - 5
P
k

And just as we found with a categorical predictor with two levels, the estimated intercept
in this model equals the mean of the three category means:

> T
k 3.000 + 3.750 + 4.375
" m 3

=.3125

=3.7083

Although these interpretations for the regression coefficients in models with contrast-
coded predictors are typically the most useful, interpretations we gave earlier for
parameter estimates in multiple regression models continue to be entirely appropriate.
Thus slopes of a predictor can be interpreted as differences in f, values as the predictor
increases by one unit, holding constant other predictors. In the case of the slope for X,
as we move from a score of —2 (for the Failure condition) to a score of +1 (for the
No Feedback and Success conditions) the predicted values go from the mean of the Failure
condition (3.000) to the means in the No Feedback and Success conditions (3.750 and
4.375). Thus, for a three-unit increase in X;;, we go from a predicted value of 3.000 to
one of 4.0625, meaning that the increase in predicted values for a one-unit increase in
X,; 1s .3542. And for X,, as we go from a score of —1 to 1, the predicted value goes
from 3.75 to 4.375. Accordingly, per unit increase in X,, we predict a .3125 increase in
);l.. And finally, the intercept equals the predicted value when both contrast-coded
predictors equal zero. When do these predictors equal zero? From the first condition
used to define contrast codes, the mean of each contrast code, across categories, equals
zero. Accordingly, the intercept is the predicted value for the average of the categories.

There are, of course, many Model Cs with which we can compare this model to test
various null hypotheses. One obvious comparison is with the single-parameter simplest
model, estimating just the intercept:

MODEL C: Y, = B, +

and predicting the grand mean, Y, for all the observations. Since, in this example, each
of the levels of the categorical variable has the same number of observations, the overall
grand mean of the 24 observations is the same as the mean of the category means. Hence,
it is the case that the estimated parameter in this Model C is identical to the intercept
in the three-parameter Model A with which we are comparing it:

MODEL C: Y, =3.7083

This estimated Model C has a sum of squared errors of 30.9583.

What exactly is the null hypothesis that is tested by this model comparison?
Obviously it is that the two predictors have slopes of zero, that is, that using them as
predictors does nothing to improve the quality of our predictions:

Hy: B, =B,=0
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But this null hypothesis can also be expressed in terms of the equality of the category
means, since Model C predicts the grand mean, Y, for every observation and Model A
makes predictions that are conditional on category membership, predicting the category
mean, Y,, for each observation. Accordingly, the null hypothesis can equivalently be
expressed as:

Hy: pp = poyr = ps

where these are the true but unknown means of the three levels of the categorical
independent variable.
The comparison of these two models yields the following values of PRE and F:

30.9583 - 23.3750
T 309583
PRE/(PA - PC) 24512
" (1-PRE)(n-PA) (1-.245021
5 _SSRIPA-PC)  7.5832
> SSE(A)/(n-PA) 23375121

PRE .245

406

2,21

406

And these come just short of beating the critical values for 2 and 21 degrees of freedom.
Hence, we cannot reject the null hypothesis that there are no mean differences among
these three categories or conditions.

This conclusion does not mean, of course, that we should accept the null hypothesis
of no mean differences. And in this case, since we clearly had an expectation that the
mean in the Failure condition would be less than the mean in the other two conditions,
we should certainly proceed to directly test that hypothesis, which is the comparison
made by the first contrast-coded predictor. Within the analysis of variance tradition, it
is sometimes maintained that one should not test specific focused comparisons among
category means unless the overall multiple-degree-of-freedom test that we have just
conducted—that there are no mean difference among the categories—is rejected. We
strongly disagree with this point of view. For reasons we have explained earlier, we are
generally not enamored of model comparisons where PA — PC is > 1. One of the distinct
advantages of a regression-based approach to traditional analysis of variance procedures
is that one is forced to construct individual one-degree-of-freedom comparisons or con-
trasts among group means. Many traditional ANOVA programs automatically provide
only the omnibus, multiple-degree-of-freedom test, and this, we think, is a distinct
disservice.

As we have seen, the regression coefficients for X;; and X, estimate particular
differences among category means, the first comparing the Failure mean with the average
of the No Feedback and Success means, and the second comparing the No Feedback
and Success means. Hence, model comparisons that test whether these two parameters
depart from zero are equivalently tests of mean differences among the three categories.
Specifically, one model comparison is whether the parameter associated with X,; equals
Zero:

MODEL A: Y, = B, + B.X,; + B,Xy; + ¢
MODEL C1: Yz = BO + Bzle‘ + &;
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with the following equivalent null hypotheses:
Hy: B,=0
Hy: pp = (yp + pg)/2

And the other model comparison tests whether the parameter associated with X,; equals
Zero:

MODEL A: Y,=B,+ B.X,,+ BoXy + &,
MODEL C2: Y, = B, + B.X,; + &,

with the following equivalent null hypotheses:
Hy: B,=0
Hy: pye = g

Model A for both of these comparisons is the same three-parameter augmented model
that we estimated earlier, with a sum of squared errors of 23.375. Model C1 for the first
comparison is estimated as follows:

MODEL Cl: Y,=3.7083 + .3125X,,

with a sum of squared errors of 29.396. And Model C2 for the second comparison is
estimated as follows:

MODEL C2: Y,=3.7083 + .3542X,,

with a sum of squared errors of 24.937. Note that the estimated intercept and slope in
these models are unchanged from what they were in the Model A with both predictors.
This results from the conjunction of two conditions: First, we have employed contrast-
coded predictors, which by definition are orthogonal at the level of the three categories.
Second, we have an equal number of observations in each of the three conditions. As a
result of these two conditions, the contrast-coded predictors are uncorrelated with each
other across the 24 individual observations. Their tolerance in Model A is 1.00.

The first model comparison, asking whether 3, differs from zero, yields the following
PRE and F statistics:

29.396 - 23.375
PRE=——F7—"—"—=.205
29.396

F, =541

This F statistic exceeds the critical value of F with « at .05. Hence, we conclude that
B, differs significantly from zero. Equivalently, we conclude that the mean value of
Y; in the Failure condition is significantly different from the average of the mean values
in the Success and No Feedback conditions. Since the sample mean in the Failure
condition is less than the average of the other two sample means, we conclude that
Failure feedback in this study decreases subsequent performance relative to Success and
No Feedback.

The test of the second null hypothesis, that 3, equals zero, yields the following PRE
and F statistics:
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24.937 - 23.375
PRE =——————=.063
24.937

Fpy = 1.40

Since this F' does not exceed its critical value, we conclude that 8, does not differ
significantly from zero. Equivalently, we cannot conclude that the mean performance
under the Success condition is different from that under No Feedback.

Earlier in this chapter we gave a general formula for the SSR due to a contrast-
coded predictor expressed in terms of the category means:

(S13)

SSR=—F  °

> (@iiny)

This expression for the SSR of a contrast-coded predictor continues to apply in the case
of categorical variables with more than two levels, as long as a full set of m — 1 contrast-
coded predictors is included in Model A. Thus, in the present case, we have seen that
the SSR for the Model A/Model C1 comparison that tested whether 3, equaled zero was
equal to:

SSRy, = SSE(C1) — SSE(A) = 29.396 — 23.375 = 6.021

This can be obtained equivalently in terms of the category means as:

((=2)3.00 + (+1)3.750 + (+1)4.375)
(=2)%8 + (+1)/8 + (+1)¥8

=6.021
Likewise, we saw that the SSR for the Model A/Model C2 comparison that tested whether
B, equaled zero was equal to:

SSR,, = SSE(C2) — SSE(A) = 24.937 - 23.375 = 1.562

This can be obtained equivalently in terms of the category means as:

((0)3.00 + (=1)3.750 + (+1)4.375)?
(08 + (=1)/8 + (+1)¥/8

=1.562

We have now done three different tests comparing the augmented model, which
includes both contrast-coded predictors, with three different compact ones. The results
of these three tests are presented in Figure 8.10. Notice that we have given labels, in
parentheses, for each of these tests to indicate the questions they are examining in terms
of the group means. The two-degree-of-freedom test, done first, comparing Model A to
a Model C that predicted the grand mean for all observations, was an omnibus test of
any group mean differences. The second, comparing models with and without X;; as a
predictor, examined whether the mean in the Failure condition differed from the average
of the two in the other conditions. And the third, comparing models with and without
X,; as a predictor, examined whether the means in the No Feedback and Success
conditions differed. We want to emphasize again that even though the two-degree-of-
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FIGURE 8.10 Summary source table

Source b SS df MS F PRE
Model (between conditions) 7.583 2 3.792 3.406 245
X, (Failure vs. No Feedback, Success) 3542 6.021 1 6.021 5.409 205
X, (No Feedback vs. Success) 3125 1.562 1 1.562 1.403 .063
Error 23.375 21 1.113

Total 30.958 23

freedom test did not prove to be significant, we did find a significant mean difference
when we tested the more focused contrast question represented by X;,. As always, we
strongly encourage focused PA — PC = 1 model comparisons.

As the sums of squares in this source table show, the SSRs for the individual predictor
variables sum to the SSR for the first model comparison, where the overall augmented
model was compared to a compact single-parameter model, predicting the grand mean
for all observations. As we saw in Chapter 6, this will be the case whenever predictors
are completely nonredundant, with tolerances of 1.0. In the present case, this results
from the conjunction of two conditions: the use of contrast-coded predictors, which are
by definition orthogonal at the level of the groups or categories; and the fact that each
category contains the same number of observations.

A Quick Look at Alternative Contrast Codes

Earlier we stated that there were many, many possible sets of contrast codes that could
be used to code a categorical predictor. Let us examine the same data that we have been
focusing on using a different set of codes. Suppose we now define our contrast codes

as follows:
Failure No Feedback Success
Ay -1 0 1
Ay -1 2 -1

To differentiate these codes from the earlier set, we define Z,; and Z,; as contrast-coded
predictors, assigning individuals the indicated values to represent category membership.
We then regress Y, on Z;; and Z,, with the estimated parameters:

Y,=3.7083 + .6875Z,; + .0208Z,,

While the parameter estimates for the two contrast-coded predictors in this model are
quite different from those that we estimated using the earlier set, in a deeper sense this
model is equivalent to the model we developed under the old set of codes. Substituting
for the values of Z,; and Z,,, we see that the group or condition means continue to be
the predictions made by the model for all observations:

= 3.7083 + .6875(~1) +.0208(~1) = 3.000

F
Yy = 3.7083 +.6875(0) +.0208(+2) = 3.750
Yy = 3.7083 + .6875(+1) +.0208(-1) = 4.375
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Since the model makes the same predictions for all observations as the model with the
previous set of contrast-coded predictors, the sum of squared errors is identical to what
it was before, that is, 23.375.

The regression coefficients for the contrast-coded predictors have changed since the
new contrast codes are making different comparisons among condition means from the
comparisons made by the old set of codes. The contrast-coded predictor Z,; is now
comparing the means in the Success and Failure conditions. The value of its regression
coefficient equals half the difference between these two group means. The second
contrast-coded predictor, Z,,, compares the mean in the No Feedback condition with the
average of the means of the other two conditions. Its regression coefficient equals one-
third of the difference between the mean in the No Feedback condition and the average
of the other two means. These values for the regression coefficients are easily derived
using the formula we gave earlier for the regression coefficient for a contrast-coded
predictor. They also follow immediately once we realize the comparisons made by the
contrasts and the number of units that separate observations in the various conditions
on Z,; and Z,,. The intercept has not changed in value as a result of the new set of codes.
It still equals the mean of the three condition means, as it will whenever a full set of
contrast-coded predictors is used.

Since the change in codes has not changed the predicted values or the sum of squared
errors for this model, a test of the null hypothesis that both 8, and 3, equal zero produces
the same values of PRE and F as it did under the old set of codes. The compact single-
parameter model is:

MODEL C: Y, =3.7083

with a sum of squared errors of 30.958. PRE continues to equal .245, which converts
to an F of 3.406 with 2 and 21 degrees of freedom. Thus, a test of the omnibus null
hypothesis—that all of the condition means equal one another—reaches the same
conclusion regardless of our choice of contrast codes.

Single-degree-of-freedom tests of whether 3, or 8, equals zero, however, reach rather
different conclusions than they did before. These regression coefficients now estimate
different comparisons between the condition means from those estimated with the earlier
set of contrast codes. A test of whether B, equals zero is now equivalent to a test of
whether the means in the Failure and Success conditions are equal to each other. The
compact model for this test is:

MODEL Cl: ¥, = 3.7083 + 02082,

with a sum of squared errors of 30.938. The resulting PRE equals:

30.938 - 23.375
30.938

=.244

which converts to an F statistic of 6.793 with 1 and 21 degrees of freedom. Since this
exceeds the critical value, our test reveals both that B, is significantly greater than zero
and that the mean in the Success condition is significantly greater than the mean in the
Failure condition. As before, the sum of squares reduced associated with this contrast-
coded predictor can be computed as a function of the relevant condition means that are
being compared:
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[(=1)3.00 + (0) 3.750 + (+1)4.375]
SSR,, = - . . =7.562
! (~1)Y8 + (0)/8 + (+1)/8

The test of whether B, differs from zero is equivalently a test of whether the No Feedback
mean is significantly different from the average of the Failure and Success means. The
compact model for this test is:

MODEL C2: Y, =3.7083 + .6875Z,,

with a sum of squared errors of 23.396. The resulting PRE equals .001, which converts
to an F of 0.019 with 1 and 21 degrees of freedom. Clearly, the difference between the
No Feedback mean and the average of the means in the other two conditions is not
significant. As before, the SSR for this comparison can be directly calculated from the
condition means:

[(=1)3.00 + (+2)3.750 + (~1)4.375]

SSR, = =0.021
& (-1)/8 + (+2)/8 + (-1)¥/8

Since these two new contrast-coded predictors are nonredundant, just as were the
earlier two, the two SSRs explained by each predictor over and above the other can be
added to equal the SSR explained by them both as a set. The three tests we have just
conducted can be summarized in Figure 8.11. Note that the only changes in this source
table compared to the one using the earlier set of contrast codes (Figure 8.10) occur in
the two rows of the table testing the specific comparisons made by the coefficients
associated with Z; and Z,,. All we have done is divide up the sum of squares between
conditions (7.583) differently here, focusing on a different set of contrasts. As we have
said before, with m category levels, there are only m — [ orthogonal contrasts or
comparisons that can be used. And whether we use these codes or those we discussed
earlier is only a matter of theoretical preference.

FIGURE 8.11 Summary source table

Source b SS df MS F PRE

Model (between conditions) 7.583 2 3.792 3.406 245
Z, (Failure vs. Success) .6875 7.562 1 7.562 6.793 244
Z, (No Feedback vs. Failure, Success) .0208 0.021 1 0.021 0.019 .001

Error 23.375 21 1.113

Total 30.958 23

Problems and Pitfalls in Using Nonorthogonal Codes

Suppose we were interested in asking the following two questions of these data, coded
by the following set of codes:
Failure No Feedback  Success

A -2 +1 +1
Ay -1 0 +1
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The first question is whether the Failure mean differs from the average of the means
in the other two conditions. This was the first of the codes that we used in our first set,
used to create the predictor X;;. The second is whether the means in the Failure and
Success conditions differ. This was the first of the codes that we used in our second set,
used to create the predictor Z,;. As we have seen, these are perfectly legitimate questions
that we might want to ask of these data, but they are not orthogonal questions about the
mean differences, as revealed by the fact that the second condition for contrast codes is
not met by these two codes if we use them simultaneously:

D daidar = (“D(=1) + (+1)(0) + (+1)(+1) = +3

It is for this reason that we have not called them “contrast codes” when we think about
them as a set. But, of course they are perfectly valid questions to ask of the data, albeit
nonorthogonal.

If we were interested in these two questions, we might be tempted to use the two
resulting predictors, X|; and Z,,, created with these codes to simultaneously predict Y,
even though the codes themselves are not orthogonal. The resulting model would be:

Y,=3.7083 + .0417 X,, + .6250Z,,

This model, even with these nonorthogonal codes, is the same in a deep sense as the
earlier model, in that it makes the same predictions of the condition means for every
observation:

3.000
3.750

3.7083 +.0417(-2) + .6250(~1)

3.7083 + .0417(+1) + .6250(0)

~ > N
© bl
g

3.7083 + .0417(+1) + .6250(+1) = 4.375

And, as a result, it has the same sum of squared errors, 23.375. A model comparison
between it, as Model A, and the single-parameter Model C, making a constant prediction
for all observations, thus still provides the omnibus two-degree-of-freedom test about
whether there are any differences among the category means. The resulting test of the
overall model is summarized in the first row of the source table given in Figure 8.12
(PRE = .245, F(2,21) = 3.406). Both this row and the final two rows of the table are
identical to what they were in the earlier source tables that we presented from these
data. However, when we estimate the model in a regression program and examine
the regression coefficients for the individual predictor variables and their respective
SSRs, as given in the source table of Figure 8.12, they are not the values that we might
expect.

FIGURE 8.12 Summary source table using nonorthogonal codes

Source b SS df MS F PRE
Model (between conditions) 7.583 2 3.792 3.406 .245
X, .0417 0.021 1 0.021 0.019 .001
Z, .6250 1.562 1 1.562 1.403 .063
Error 23.375 21 1.113

Total 30.958 23
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The coefficient for X;;, when it was embedded in an orthogonal set of contrast-coded
predictors (i.e., with )X,,), equaled .3542, which was shown to be:

Vet Ys
2 - 4F

and its associated SSR was 6.021, which was shown to equal:

(DY + (+D) Yy + (+1) Ty
(=2)%8 + (+1)*/8 + (+1)%/8

Now, however, when it is used to predict Y; along with the nonorthogonal predictor Z
its estimated coefficient equals .0417 and its SSR equals 0.021.

Similarly, the coefficient for Z,; in this model equals .625, whereas its coefficient
when used in the orthogonal set with Z,; equaled .687, which was half the difference
between Yy and Y. And now its SSR equals 1.562, whereas earlier, when used in the
orthogonal set with Z,, its SSR was 7.562, which was shown to equal:

1>

((_I)YF‘I' (O)YNF+ (+1)YS)2
(=1)*/8 + (0)/8 + (+1)*/8

The important point is that predictors that code the levels of a categorical independent
variable will not yield coefficients that equal the expected mean differences and their
associated SSRs unless a full set of orthogonal contrast-coded predictors is used. In other
words, the following important equalities will not hold, unless a full set of contrast-
coded predictors is included in the augmented model:

pyR
k

b=

Serious interpretative errors can ensue if one thinks that a given categorical predictor
codes a particular mean difference when it is embedded in a nonorthogonal set.
Orthogonality here depends solely on meeting the second defining condition of contrast
codes—that the sum of the products of their coded values across category levels equals
zero. As we will show, unequal numbers of observations can result in redundant contrast-
coded predictors, redundant across observations, but this creates no interpretative
problems as long as the codes are themselves orthogonal contrasts.

Given this, how might one proceed if one really were interested in testing the
nonorthogonal questions of whether the Failure mean differs from the average of the
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No Feedback and Success means (i.e., the question implicit in the X;; codes) and of
whether the Failure and Success means differ (i.e., the question implicit in the Z,;
codes)? Obviously, one could test these sequentially by specifying two models, one using
both X}, and X,; as predictors and the other using Z,; and Z,; as predictors, just as we
did in the earlier sections. Alternatively, one could simply rely on two bits of knowledge
to test the mean differences implied by these contrasts without doing both estimations.
First, as we have shown, the SSE(A) for a Model A that incorporates any complete set
of contrast-coded predictors will be the same regardless of the specific set of such
predictors used. Second, if a given contrast-coded predictor were included in a complete
set of contrast-coded predictors, its SSR would be given by the following formula:

S0

"D (iiny

k

Accordingly, in the case at hand, had one simply estimated the model that included X,
and X, as predictors, one would have known that the SSE(A) for a model that used any
full set of contrast-coded predictors would equal 23.375 with 21 degrees of freedom.
One then could calculate the SSR associated with Z,; if it were embedded in a full set
of contrast-coded predictors, that is:

(zhn)ﬂ4mﬁ@mﬁﬁnmt

SSR = C(DY8 (08 + (+1)8 7.362
> (Riny
k

Then one could calculate the values of PRE and F' that would result if one tested Z;; in
the context of a complete set of contrast-coded predictors:

7.562
PRE=—""7""—F7"—-=244
23.375 + 7.562

7.562/1
6.793

F,=——=
Y1 03.375/21

When doing this, one should recognize that the questions represented by these two
contrast codes are not independent. The question of whether the Failure mean differs
from the No Feedback and Success means is not entirely independent of the question
of whether the Failure and Success means differ from each other. The answer to one is
partially informative about the answer to the other.

Dummy Codes

There is another coding convention, known as dummy coding, that is widely used in
some of the literature. Under this convention, one of the groups defined by the categorical
variable is given values of zero on all m — 1 codes, and the other groups are given values
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of zero on all but one of the codes. So, for instance, in the case at hand the following
codes are consistent with this convention:

Failure No Feedback  Success

A 0 +1 0
Ayt 0 0 +1

Obviously dummy codes do not meet either of the conditions that define contrast
codes. As a result, it takes care to interpret exactly what is examined when one uses
such codes to form predictor variables. One might think that a predictor that uses the
first codes above would be comparing the No Feedback group to the other two groups
and that a predictor that uses the second code above would be comparing the Success
group with the other two groups, but in fact the regression coefficients for these two
coded predictors, if included simultaneously, would each be asking whether the
group coded zero on both codes differs from the group coded with a 1 for the predictor
that is being examined. So, the predictor with the first code would examine the Failure—
No Feedback difference and the predictor with the second code would examine the
Failure—Success difference.

Because of the fact that interpretive mistakes can follow from the use of dummy
codes, unless one is thoroughly familiar with them, we strongly recommend that
researchers adopt the contrast-coding convention that we have explicated and that we
will use in the remainder of this book.

CONTRAST CODES WITH UNEQUAL CELL SIZES

Historically, the procedure of ANOVA to detect mean differences was developed for
data from experimental designs in which there were equal numbers of observations in
every cell or condition of the design. In this sense, it was developed as an arithmetic
shortcut, based on the assumption that predictors would be nonredundant. Of course,
with the wide availability of computer programs that permit the estimation of linear
regression models with partially redundant predictors, the assumption of nonredundant
predictors is no longer necessary and, as we have just shown, ANOVA is easily
implemented within general purpose multiple regression procedures, even with unequal
numbers of observations in the various conditions.

In this section we present a new example with four levels of a categorical variable
having unequal numbers of observations in each level or category. The bottom line is
that, as long as estimation is done with a full set of contrast-coded predictors, all inter-
pretations that we have previously given continue to be applicable, even though with
unequal n values those predictors will be partially redundant across observations.

Let us assume that you are in a Psychology Department of a major university in
which there are four PhD programs to which students are admitted every year: Clinical,
Developmental, Experimental, and Social. The number of students who are admitted
varies across the programs. Your question is whether there are mean differences in
the verbal Graduate Record Examinations (GREs) of admitted students across the four
programs. The data for a given year are presented in Figure 8.13, along with the
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FIGURE 8.13 Hypothetical GRE scores, group means, and contrast codes

Program
Clinical Developmental Experimental Social
750 700 640 690
730 630 660 720
710 620 710 750
690 620 670
670 650
770
Y, 720 650 657.5 696
n 6 3 4 5
A 3 -1 -1 -1
Ay 0 2 -1 -1
A 0 0 1 -1

four group means and the contrast-coded predictors that we will use. We simply use the
Helmert coding convention here to derive these codes, as we have no strong expectations
about where mean differences might be found.

We create three contrast-coded predictors, X,;, X,,, and Xj,, using these codes. We
then proceed to estimate a Model A in which these three are used to predict verbal GRE
scores:

);l. =680.875 + 13.042X,, - 8.917X,, — 19.250X;,

This model has a sum of squared errors of 21,595 and makes predictions of the category
means for all observations.

The model’s parameter estimates can be interpreted as we have done previously,
based on the fact that we used a full set of contrast-coded predictors, even though those
predictors are now partially redundant because of the unequal numbers of observations
(i.e., the tolerances of all three predictors are less than 1.0).

The intercept, 680.875, is the mean of the four category means. It is not the mean
of all 19 observations, which equals 687.778. The values of the three slopes equal
differences among the category means, according to the following formulas:

DY A ] ] g Dot er X
b k B) Y+ (DY, + (DY + (=Yg

B , 12 4
;Mk

1

Y, -

T Tt QT+ DT+ (DT

by ; 3 =-8.917
ZAsz
k
Z)"}k}-fk - = 5 % % %
RN () A0 AAION AT A Ceb (RPN
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FIGURE 8.14 Summary source table for analysis of GRE scores

Source b SS df MS F PRE

Model (between groups) 14,516.00 3 4838.70 3.14 40
X, (Cvs.D, ES) 13.04 10,727.00 1 10,727.00 6.95 .33
X, (D vs. E, S) -8.92 1605.00 1 1605.00 1.04 .07
X5 (Evs. S) -19.25 3293.89 1 3293.89 2.14 A3

Error 21,595.00 14 1542.5

Total 36,111.00 17

Figure 8.14 presents the source table that results from a comparison of this Model A
with four different Model Cs. The first row of the table is a comparison between this
Model A and the single-parameter Model C that predicts the grand mean for all
observations. The null hypothesis for this comparison is that all the group means are
equal to each other. The second row of the table gives the model comparison between
this Model A and a Model C that omits the X; predictor. The null hypothesis here is
that B, equals zero or, equivalently, that the mean of the Clinical group (C) is equal to
the average of the means of the other three groups. The third row of the table gives the
model comparison between this Model A and a Model C that omits the X,; predictor.
The null hypothesis here is that 8, equals zero or, equivalently, that the mean of the
Developmental group (D) is equal to the average of the means of the Experimental (E)
and Social (S) groups. And the fourth row of the table gives the model comparison
between this Model A and a Model C that omits the X;; predictor. The null hypothesis
here is that B8, equals zero or, equivalently, that the mean of the Experimental group is
equal to the mean of the Social group. All the resulting SSRs for these single-degree-
of-freedom comparisons can be expressed in terms of the means, according to the
formula we have frequently used before:

_\2
(Z A’k Yk)
k
SSR =

> (@iiny)

In short, all interpretations and computations explicated in this chapter for the
analysis of a categorical independent variable apply regardless of whether there are equal
numbers of observations across the levels of the categorical variable, as long as (once
again) a full set of contrast-coded predictors is employed. The only thing that differs in
this example from those presented earlier, as a function of the unequal values of #n,, is
that the sums of squares for the individual single-degree-of-freedom tests in the above
source table cannot be added up to equal the overall SSR for the model as a whole.
In this case, the sum of the SSRs for the single-degree-of-freedom comparisons equals
15,625.89, while the overall test of the model yields an SSR of 14,516. This difference
is due to the fact that across observations the predictors are now somewhat redundant.
But all model comparisons and interpretations remain as they have been all along
throughout the chapter.



8 - One-Way ANOVA 197

ORTHOGONAL POLYNOMIAL CONTRAST CODES

Sometimes the observations fall into discrete categories FIGURE 8.15 Hypothetical scores on
on an independent variable of interest even though the standardized arithmetic test
underlying variable itself can be thought of as a con- Grade

tinuum. For instance, suppose we were interested in age Fourth Fifth Sixth
differences among elementary school children in their

performance on a standardized arithmetic test. We take g? 32 3(5)
children from three different elementary school classes, 76 63 78
those in the fourth, fifth, and sixth grades, and give them 65 72

the standardized test. We then want to know if there are 70 65

class mean differences. Our conceptual independent 80

variable of interest is the children’s age, but what we B 69

measure is their year in school and observations are Yy 70.20 71.00 77.67
clearly in three distinct categories on this measured Mk > / 3
variable.

Imagine that we had data from the 14 children given in Figure 8.15. In cases like
this one, there is a special set of contrast codes that are sometimes useful for assessing
trends in category means. These special codes are really just regular contrast codes, but
they have the special name of “orthogonal polynomials” when values on the categorical
independent variable can be ordered on some underlying continuum, as they clearly can
in this case. In Figure 8.16 we present orthogonal polynomial contrast codes for
categorical predictors having up to five levels.

As we indicate there, these codes have names that refer to the trend in the category
means, across levels of the categorical independent variable, that they examine. So,
with a two-level categorical variable, we can only examine whether the means go up or
down, in essence fitting a linear function to the category means. With three levels, we
can fit both a linear trend to the three category means and also ask whether the mean of
the middle level is higher or lower than it ought to be given a simple linear ordering

FIGURE 8.16 Orthogonal polynomial contrast codes

Trend Category
1 2
Linear -1 1
1 2 3
Linear -1 0 1
Quadratic -1 2 -1
1 2 3 4
Linear -3 -1 1 3
Quadratic 1 -1 -1 1
Cubic -1 3 -3 1
1 2 3 4 5
Linear -2 -1 0 1 2
Quadratic 2 -1 -2 -1 2
Cubic -1 2 0 -2 1
Quartic 1 -4 6 -4 1
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(the quadratic trend). With four levels, we can fit not only linear and quadratic trends,
but also a cubic one, having two bends rather than one. And so forth.

With the three-level categorical variable in our data, let us use the two codes from
the orthogonal polynomials to fit the linear and quadratic trends to these data. We create
two contrast-coded predictors, X|; and X,,, using the codes specified in Figure 8.16 for
a three-level categorical variable (4th grade is category level 1, etc.). The estimated model,
using these to predict the standardized test scores, is:

Y,=72.96 +3.73X,,— 98X,

with a sum of squared errors of 237.47. Of course this model, with a full set of contrast
codes, exactly predicts the group means:

Vi = 72.96+3.73(-1)= 0.98(~1) = 70.20

Y Sth

72.96 +3.73(0) — 0.98(+2) = 71.00

Y = 72.96 +3.73(+1) - 0.98(-1) = 77.67
And as always the parameter estimates can be interpreted in terms of the group means.
The intercept, 72.96, is the mean of the three means, 3.73 is half the difference between
Y, and Y, and —0.98 is one-third of the difference between Y, and the average of
the other two group means. The source table that summarizes the analysis of these data
is given in Figure 8.17.

So far, there is nothing new about this model or its interpretations. So why do we
refer to the codes we have used as orthogonal polynomials? The reason is that the slope
of the first one is the slope that results if we were to fit a straight line to the three group
means, going from the fourth grade up to the sixth grade. And the slope of the second
contrast-coded predictor estimates the degree to which the group mean for the fifth grade
does not lie on that prediction line, that is, the degree to which that prediction function
deviates from a straight line if it is to predict all three group means. Given the significance
of the coefficient associated with X|,, we can conclude that there is a linear increase in
performance on the standardized test as we go up from children in the fourth grade to
children in the sixth grade.

An obvious question is how these results would differ from what would be obtained
if we simply regressed Y; on Grade itself, treated as a continuous variable, numerically
coded as 4, 5, and 6. Such a model would be a simple regression model, asking if there
is a linear relationship between Grade and test performance. It is estimated as:

Y,=55.62 + 3.38Grade,

with a sum of squared errors of 268.62. A test of whether there is a linear relationship
between grade and performance yields an SSR of 88.31, PRE = .25, and F = 4.27 with
1 and 13 degrees of freedom. In this model, the slope associated with the Grade predictor
variable informs us about the degree to which predicted performance on the standardized
math test increases as grade goes up by one unit, that is, from fourth to fifth and from
fifth to sixth.

While these are obviously different models in a variety of ways, the important
conceptual difference is that in the one using the orthogonal polynomial contrast codes
we are predicting the group means and asking about differences among those group
means. And in the simple linear regression model, using Grade as our predictor, we are
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FIGURE 8.17 Summary source table for analysis of arithmetic scores

Source b SS df MS F PRE

Model (between groups) 119.47 2 59.73 3.019 34
X 3.73 104.506 1 104.506 5.28 31
X, -0.98 31.17 1 31.17 1.57 12

Error 237.47 12 19.79

Total 356.93 14

simply fitting a linear function to all the individual observations, rather than to the group
means. Given that the group sizes are very unequal, modeling the group means and
modeling the individual observations yield different results.

TYPE | ERROR RATES IN TESTING MEAN DIFFERENCES

Earlier we discussed the general strategy for testing any mean difference that was of
interest in designs with multiple levels (m) of a categorical independent variable. One
first derives a full set of contrast codes (m — 1 of them) and uses them to estimate an
augmented model, which predicts the category means. This model provides tests of the
specific mean differences that were used as codes for the predictors. Importantly, it also
provides the SSE(A) and the mean square error for any model that used a full set of
codes, regardless of which set was used. Then, for any additional mean comparison of
interest, one calculates the SSR associated with that contrast as if it were used as a
predictor in a complete set of orthogonal contrast-coded predictors:

\2
545)
SSR = ———

> (diny)

Dividing this SSR by the MSE from the estimated model yields the F statistic associ-
ated with the mean comparison of interest, and the PRE for that comparison can be
calculated as:

SSR
SSE(A) + SSR

When there are more than two or three levels of the categorical variable, the number
of potential mean differences that might be tested can become very large. For instance,
with only four levels, one could in theory test the means of individual groups against
each other, the means of all pairs of groups against each other, the mean of each triad
of groups against the mean of the remaining group, and so forth. A problem that arises
in this case, where many mean differences might be tested, is that the probability of a
Type I statistical error may become unacceptably large. While « may be set at .05 for
any one mean comparison, across many such comparisons the probability that somewhere
a Type I error has been committed can quickly become quite large. For instance, if we
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had four groups and we asked whether each mean differed from each other mean, that
would be six contrasts tested (in addition to others included in the orthogonal set of
codes used initially to generate Model A). If on each test « was set at .05, across the
six tests, the probability that we would make at least one Type I error is equal to:

1-(1-.050=1-.950= 265

In other words, even if the null hypothesis were true and all the true group means were
equal to each other, at least one of the six mean comparisons would be significant more
than a quarter of the time. In the ANOVA literature many different procedures have
been developed for dealing with this issue. We focus on only two of them, and the crucial
difference between these two is whether the mean comparison that is tested is a planned
comparison or a post hoc comparison.

Planned comparisons

Planned comparisons are those that the researcher had theoretical or substantive reasons
for examining before conducting the experiment. In other words, the researcher specified
all the planned comparisons of interest before collecting or examining the data. Ideally,
as many of these planned contrasts as possible would be included in the set of orthogonal
contrast-coded predictor used to generate the initial Model A. Regardless, one adds up
the number of comparisons that one intends to examine, both in the initial model and
in the other models of theoretical interest. Let us say that number is ¢. To keep « at .05
across all ¢ tests, one wants to compare each obtained F to a critical value of F, using
a/c to determine the critical F. So, for instance, if there are six tests to be conducted,
one would use a critical value of F at .05/6 = .0083 rather than at .05.!

Post hoc comparisons

Post hoc comparisons are those that do not occur to us until after we have examined the
data. Often when looking at the data certain comparisons that we did not anticipate appear
to be interesting. It is natural to want to test those interesting, unanticipated contrasts.
However, it is impractical to use the above procedure for planned comparisons because
when looking at the data we are implicitly doing many, many comparisons—all those
that do not strike us as interesting—that ought to be included in ¢, the total number of
comparisons made. Instead of trying to count all those implicit comparisons, standard
practice is to compare F to the following critical value developed by Scheffé (1959):

(m-1F

crit;m—1,n—PA;a

There are two important features of using the Scheffé adjusted critical value. First, the
overall probability of making at least one Type I error will remain at @ no matter how
many contrasts are evaluated using the adjusted critical value. Thus, the researcher can
do as much snooping and exploring with contrasts as desired without undue risk of
making Type I errors. Second, there will be at least one contrast whose F' exceeds the
Scheffé adjusted critical value if and only if the omnibus test, comparing Model A to a
Model C that predicts the grand mean for all observations, is statistically significant.
Thus, if the omnibus test is not significant, then there is no point in evaluating any post
hoc contrasts using the Scheffé criterion.
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POWER ANALYSIS FOR ONE-WAY ANOVA

Estimating Statistical Power

The advantage of consistently adhering to the model comparison approach is that all
that we have learned before still applies as we consider new types of models. Thus, the
methods for estimating statistical power presented in Chapter 6 for multiple regression
apply unaltered to one-way ANOVA. In particular, you can use prior research to estimate
the value of n? (the expected proportional reduction in error) for either the omnibus test
of any mean differences or specific one-degree-of-freedom contrasts. As before, you
should consider adjusting empirical estimates of 7? based on the number of observations
and parameters. This is especially important for experiments in which the number of
observations is often small relative to the number of model parameters. Also, as before,
you may use either Cohen’s values for small, medium, and large effects for your power
analyses, or values from the literature of your substantive research topic. For example,
if we wanted to re-do the SAT coaching study (with which we began this chapter) with
a larger number of observations, we would start our power analysis by adjusting the
PRE of .196 reported in that study:

H=1-(1- PRE)[” - PC]: 1-(1- .196)[M} - .15
n-PA 20-2

A quick check of the power associated with this value suggests that about 50 participants
would be required to have an 80% chance of detecting an effect of this magnitude.

Earlier we also saw how estimates of the parameter values—the regression slopes
and the variance of the error—can provide estimates of the effect size for power analysis.
However, in one-way ANOVA, rather than having prior ideas about the values of
regression parameters, a researcher more commonly has notions about the values of the
group means that determine the regression slopes. Hence, it is worth examining how we
can estimate the expected effect size by beginning with expectations of the cell means.
We begin with our usual definition of PRE:

SSE(C) - SSE(A) _ SSR

PRE = -
SSE(C) SSE(C)

We have noted before that SSE(C) = SSE(A) + SSR (i.e., the error for the compact
model includes all the error of the augmented model plus the error that was reduced by
the addition of the extra parameters in the augmented model). Hence:

SSR 1

PRE = =
SSE(A) + SSR (SSE(A)/SSR) + 1

To obtain a definition of 7%, we simply calculate SSE(A) and SSR using the true
parameter values (B, B;, etc., &%) instead of the estimated parameters (b, b,, etc., s2).
For one-way ANOVA, we can start with our expectations about what the true group
means, p,, might be, and use those in the formula for the SSR for a contrast-coded
predictor:



202 Data Analysis: A Model Comparison Approach

DYWTAL
SSR for a contrast = M

S Ailn,

For a complete model, SSE(A) depends only on o2, the within-cell variance. Specifically:

SSE(A) = (Z nk)02= no?
k
where 7 is the grand total of observations. We multiply by # instead of by (n — PA)
because we have not estimated any parameters from data in the calculations of SSE(A).
Substituting these values for SSR and SSE(A) calculated from the presumed true
parameters into the formula for PRE yields the following formula for 7’:

, (naZ(z 2 )
=" +
[2 A’k/“l‘k]z

If n,, the number of observations in each group, is equal for all groups and if m is the
number of groups so that n = mn,, then the above formula reduces to:

()

which does not depend on either the total number of observations or the number of
observations in each group. Therefore, to find a value for n? to use in our power
calculations, we need only specify the values for o and for u, that we expect to obtain
in our study. And, of course, we need to specify the A, values for the contrast code for
which we want to estimate the statistical power.

As an example of this direct approach for estimating 77, let us again consider the
feedback study described earlier in this chapter. Suppose the researcher on the basis of
prior research had expected values of 3, 4, and 4 for the means of the Failure, No
Feedback, and Success groups, respectively, and a within-cell variance of about 1.5.
Then for the {-2,1,1} contrast the expected effect size is:

L (30156 .
K "([(-2)3+4+4]2+ ) =13

From this we estimate that about 60 observations, 20 per group, would be necessary to
provide a statistical power of .8.

Power and Research Design

When planning experiments, researchers must choose how many groups to use and how
many observations should be in each group. It is important to consider the consequences
that such choices have for statistical power. We first consider the design implications
for the omnibus test of whether there are any differences among the means and then for
the power of specific contrasts.

The statistical power of the omnibus test of whether there are any mean differences
among the groups is maximized when there are an equal number of observations in each
group. In that case, the omnibus F statistic equals the average of all the F statistics for
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a set of orthogonal contrasts. This highlights a common mistake in research design: If
too many groups are used, then there are many contrasts where no differences are
expected, which in turn lowers the omnibus /. Sometimes using too many groups cannot
be avoided. For example, biopsychological researchers must sometimes use multiple
control groups (e.g., handling the animal, injecting with a drug vehicle, injecting with
a placebo) in comparison to a single treatment group. If there are no differences expected
among the different control groups, then the possible magnitude of the omnibus F statistic
is reduced. In this case, the omnibus F is often misleading and researchers should simply
focus on the treatment versus controls contrast.

Researchers using ordered category levels over which they expect polynomial trends
often use too many groups. For example, researchers expecting linear and perhaps
quadratic trends sometimes err in using as many as five levels. With equal numbers of
observations at each level, the omnibus F is reduced because it is the average of not
only the expected linear and quadratic contrasts but also the not-expected cubic and
quartic contrasts. Even the power of the separate tests of the linear and quadratic
contrasts is reduced because some of the study’s valuable resources—the observations—
have been allocated to test for the cubic and quartic effects. At the same time, testing
more polynomial trends than expected increases the chances of making Type I errors.

For specific contrasts, allocating an equal number of observations to all groups
effectively gives equal importance to all contrasts. If one or two contrasts are more
important to the research purpose than the other contrasts, one may want to allocate the
number of observations unequally across the groups so as to maximize the statistical
power of the contrasts of greater importance. Power for a contrast is maximized when
the allocation of observations to groups is proportional to the absolute values of the
contrast weights. For example, for the #-test where the weights are {—1,+1}, statistical
power is maximized with an equal number of observations in each group. However, for
the quadratic contrast for three groups with weights {—1,+2,-1}, power is maximized
by allocating a quarter of the observations to each of the extreme categories and the
remaining half of the observations to the middle category. The biopsychology researcher
comparing the treatment group to four control groups could maximize the power of that
comparison by allocating half the total observations to the treatment group and one-
eighth of the observations to each of the four control groups.

SUMMARY

In this chapter we have considered models with a single categorical predictor having two
or more levels or categories. Such predictors need to be numerically coded and we have
given our strong preference that the codes to be used are orthogonal contrast codes. A full
set of such codes means that there are m — 1 contrast-coded predictors with m category
levels. Additionally, given that the sum of the codes for any predictor equals one, orthog-
onality is assured by codes where the sum of all pairs of crossproducts equals zero.
Assuming that a full set of codes is used to predict the data variable, then the predicted
values from such a model will equal the category means of that data variable. Accord-
ingly, inferences about slopes are then equivalently inferences about difference among
category means. And these models are then equivalent to traditional independent
sample f-tests (given m = 2) and one-way ANOVA models (given m > 2). Although
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one-way ANOVA has traditionally emphasized omnibus tests to examine whether there
are any mean differences among the groups or categories, our strong preference is for
single-degree-of-freedom model comparisons, testing specific focused contrasts that are
of theoretical interest. We encourage analysts to ask about mean differences that are of
interest to them, even when those differences are not themselves orthogonal. We discuss
appropriate procedures for asking about such nonorthogonal differences, given the
constraint that a full set of codes be orthogonal. Finally, we discuss procedures for
avoiding inflated « levels when conducting many mean comparisons, whether a priori
or post hoc.

Note

1 The use of a/c instead of « is based on the Bonferroni inequality and so some manuals for
statistical programs refer to this as the Bonferroni method of multiple comparisons. Sometimes
this is also referred to as the Dunn method.



Factorial ANOVA

Models with Multiple Categorical
Predictors and Product Terms

In the previous chapter we developed models with one categorical predictor. In this
chapter we expand our consideration to models with two or more categorical predictor
variables. Our reasons for wanting to include more than one categorical variable as a
predictor in our model are the same as those that motivated us to expand from simple
regression models with one predictor to multiple regression models with two or more
predictors in Chapter 6. Models in which predictions are conditional on two or more
categorical variables may be required by our data and, more importantly, by the under-
lying process that generates the data. Just as in multiple regression, controlling for one
categorical variable by including it in the model often allows us to have a better look
at the effects of other categorical variables. Also, as in multiple regression, we are
often interested in modeling the joint effect of two or more categorical variables.
With categorical variables we will be especially interested in whether the effect of a
given categorical variable depends on the levels of the other categorical variables; that
is, we are interested in whether or not there is an interaction between the categorical
variables analogous to the interactions of continuous variables in multiple regression
considered in Chapter 7.

The generalization of models with one categorical predictor (one-way ANOVA of
the previous chapter) to models with two categorical predictors (two-way ANOVA) and
to models with more than two categorical predictors (g-way factorial ANOVA, where
q is the number of categorical predictors) is straightforward. As we shall demonstrate,
classical analysis of variance with two or more categorical predictors is nothing more
than a simple one-way ANOVA with a specific, clever set of contrast codes. In other
words, the only new thing to learn is how to generate the appropriate set of contrast
codes; fitting the model and testing hypotheses are exactly the same as for one-way
ANOVA in Chapter 8.

FACTORIAL ANOVA AS ONE-WAY ANOVA

We begin by considering the hypothetical dataset in Figure 9.1. In this hypothetical
experiment clinically depressed patients either receive psychotherapy (treatment) or not
(control) and receive one of three drugs (A, B, or placebo). After six months each patient
completes a mood questionnaire on which higher scores mean improved mood or
decreased depression.
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FIGURE 9.1 Hypothetical data (mood scores) in a Drug (3) by Psychotherapy (2) experimental

design

Psychotherapy
Drug Treatment Control
A 31 31 34 17 15 19
B 25 25 28 23 18 16
Placebo 17 18 16 9 10 8

FIGURE 9.2 Hypothetical data of Figure 9.1 arrayed as a one-way design

Group 1 Group 2 Group 3 Group 4 Group 5 Group 6

(AT) (B (P.7) AQ (9 (PO

31 25 17 17 23 9

31 25 18 15 18 10

34 28 16 19 16 8
Mean 32 26 17 17 19 9

Group

Contrast codes Predictor 1 2 3 4 5 6
A 1vs.2,3,4,5,6 Z, 5 -1 -1 -1 -1 -1
A, 2vs.3,4,56 Z, 0 4 -1 -1 -1 -1
A;  3vs.4,5,6 Z, 0 0 3 -1 -1 -1
Ay, 4vs. 5,6 Z, 0 0 0 2 -1 -1
As  5vs. 6 Zs 0 0 0 0 1 -1

The experimental design depicted in Figure 9.1 is known as a factorial design because
every level of one categorical variable or factor is combined with every level of the
other categorical variable or factor. There are three levels of the Drug variable and two
levels of the Psychotherapy variable, so there are a total of 3 X 2 = 6 different
combinations, each defining a group or cell in the design. We often refer to this as a
3 X 2 design. In this hypothetical study, from a total of 18 patients, three patients are
randomly assigned to each of the six groups.

Although it is natural to display these data in a table with three rows and two columns
as in Figure 9.1, we can also display the data as a one-way layout in terms of the six
groups or cells as in Figure 9.2. Seeing the data in the one-way layout makes it clear
that we can use any of the sets of contrast codes developed in the previous chapter to
analyze these data. To illustrate this, we will first do an analysis with one-way contrast
codes that are statistically correct but that do not ask questions that are usually interesting.
In this first set of contrast codes we form the first contrast A, by comparing Group 1
(Drug A combined with psychotherapy Treatment: A,T) with all the other groups; the
corresponding contrast-coded predictor is Z,.! The contrast A, compares Group 2 against
all the remaining groups except Group 1, and so on. These contrast codes are also
displayed in Figure 9.2. We can verify that these codes are orthogonal by checking that
the sum of each set of crossproducts is zero. For example:



9 - Factorial ANOVA 207

6
E:lwln=5®)—1@)—104)—104)—104)—104)
k=1
=0-4+1+1+1+1
=0
We can regress Y,, the mood scores, on the predictor variables Z,, Z,, . . ., Zs using a
standard multiple regression program or, equivalently, we could use the one-way ANOVA
formulas from Chapter 8. Figure 9.3 shows the actual data matrix we would use to regress
Y,onZ, Z, ..., Z;. Note that the mean for each contrast-coded predictor is zero because
there are equal numbers of observations in each group.
We can ask whether all six group means are equal by comparing these models:
MODEL A: Y, = By + B Zy; + BoZyi + BsZsi + Byly + BsZs; + &
MODEL C: Y, =B, + ¢

Ho py =y = 3 = g = s
Regressing the mood scores on the five contrast-coded predictors yields the analysis in
Figure 9.4. The two estimated models are:

MODEL A: ¥, =20 +2.4Z,, + 2.1Z,, + 0.5Z;, + 1Z,, + 5Z,,
MODEL C: Y, =20

FIGURE 9.3 Data matrix for analyzing mood scores using multiple regression and one-way
coded predictors

Group Mood scores Predictors

Drug Psychotherapy Y Z, Z, Zs Z, Zs
A T 31 5 0 0 0 0
A T 31 5 0 0 0 0
A T 34 5 0 0 0 0
B T 25 -1 4 0 0 0
B T 25 -1 4 0 0 0
B T 28 -1 4 0 0 0
P T 17 -1 -1 3 0 0
P T 18 -1 -1 3 0 0
P T 16 -1 -1 3 0 0
A C 17 -1 -1 -1 2 0
A C 15 =1 -1 -1 2 0
A C 19 -1 -1 -1 2 0
B C 23 -1 -1 -1 -1 1
B C 18 -1 -1 -1 -1 1
B C 16 -1 -1 -1 -1 1
P C 9 -1 -1 -1 -1 -1
P C 10 -1 -1 -1 -1 -1
P C 8 -1 -1 -1 -1 -1
Mean 20 0 0 0 0 0
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FIGURE 9.4 ANOVA table of the hypothetical mood scores using the model:
Yi= Bo+ BiZii+ Boloj+ BsZsi+ Bulai + BsZsi + &

Source b; SS df MS F p PRE

Between groups 960.0 5 192.0 46.1 .0001 .95
Z, 2.4 518.4 1 518.4 124.4 .0001 91
Z, 2.1 264.6 1 264.6 63.5 .0001 .84
Z, 0.5 9.0 1 9.0 2.2 17 .15
Z, 1.0 18.0 1 18.0 4.3 .06 .26
Zs 5.0 150.0 1 150.0 36.0 .0001 75

Within groups (MSE) 50.0 12 4.2

Total 1010.0 17

The augmented model using all five predictors reduces the error of the compact model
using the mean by 960/1010 = .9505. We calculate F in the usual way:

.9505/5
F5,12 = =
(1-.9505)/12

This omnibus tests rejects Model C in favor of Model A because the large value of PRE
(.95) is statistically surprising (Fs,, = 46.1, p <.0001), which implies, as it did in one-
way ANOVA, that the means for the six groups are not all equal to one another. That
is, the six groups cannot be adequately represented by the overall mean.

But which groups are different from each other? The test of the Z, contrast indicates
that the estimate b, = 2.4 is significantly different from zero and it reduces 91% of the
error remaining after all the other codes are in the equation.? Remember that this test is
obtained by comparing an augmented model including all the Z values with a compact
model including all the Z values except Z,. In particular:

MODEL A: Y, = B, + B\Z); + ByZy; + BsZy;+ Byly + BsZs; + &;
MODEL C: Y, = B, + BoZoi+ B3Zyt ByZyi + BsZs; t &
Hy: B,=0

In this case, we can reject Model C in favor of Model A and therefore reject the null
hypothesis that 8, = 0. The corresponding contrast A, codes the comparison between
Group 1 (Drug A with psychotherapy treatment) and the average of all the other groups;
thus, we can conclude that Group 1 is significantly different from the average of all
other cells in the study.

We interpret the value of the coefficient the same as we always have. Specifically,
the coefficient b, = 2.4 means that for a one-unit increase in Z, the predicted mood score
increases, on average, by 2.4 points. To verify this, reexamine Figure 9.2 to see that
the value of Z, for all the other groups is —1 but for Group 1 the value of Z, is 5. Thus,
there is a change of six units on Z, between the two comparison groups. Model A therefore
predicts the mean for Group 1 to be 6 X 2.4 = 14.4 higher than the average in all the
other groups. This is indeed the case: the mean for Group 1 is 32 and the mean for all
the other groups combined is (26 + 17 + 17 + 19 + 9)/5 = 17.6, thus 32 — 17.6 = 14.4.
But why is Group 1 better, on average, than all the other groups? Is it because of Drug
A? Or is it because patients receiving psychotherapy score higher regardless of which
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drug they receive? Or is it because Drug A is especially effective for patients who also
receive psychotherapy treatment? The contrast A, cannot tell us. It simply indicates that
there is a difference.

We can similarly interpret the results for the contrast-coded predictor Z,. That the
estimate b, = 2.1 is significantly different from zero indicates that Group 2 (Drug B
administered to those receiving psychotherapy treatment) is different from the average
of all the subsequent groups (i.e., excluding Group 1). The difference in means equals
5 X 2.1 =10.5. But again we do not know whether the higher average mood scores of
Group 2 are due to Drug B or psychotherapy treatment or their combination.

The other contrast-coded predictor whose coefficient is significantly different from
zero (using « = .05) is Z;; the corresponding contrast A; compares Groups 5 and 6 or
the difference between taking Drug B versus placebo for those in the Control condition.
We know in this case that the higher average score for Group 5 (2 X 5 = 10) is due to
Drug B relative to the placebo because all patients in this comparison are in the control
group not receiving psychotherapy. But is Drug B also better than the placebo for those
patients who do receive psychotherapy treatment? None of the Z contrasts help to answer
that question.

A BETTER SET OF CONTRAST CODES

Even though the one-way analysis of variance using the Z contrast-coded predictors is
statistically correct, it has failed to answer important questions we want to ask of the
data. One solution would be to use the multiple comparison procedures of Chapter 8 to
address some of the unanswered questions. However, a much more efficient strategy is
to begin with a set of contrast codes that do ask many of the questions we would naturally
want to consider. Given the two-way layout of the data (as in Figure 9.1), there are
several sets of codes that are more natural than the Z codes. “Two-way” ANOVA is
nothing more than one-way ANOVA using one of these natural sets of codes.

To develop a more natural set of codes, we begin by considering each of the two
categorical variables separately. The strategy is to develop contrast codes identical to
the ones that we would use if each categorical variable were considered alone in its own
one-way ANOVA. That is, our first step is to code each categorical variable as if the
other one did not exist. For the Drug variable an interesting question is whether the
drugs (either A or B), on average, do better than the placebo. The contrast code A, (and
its corresponding contrast-coded predictor X;) in Figure 9.5 makes precisely that
comparison with the pattern (1, 1, —2). This pattern is repeated for each level of the other
categorical variable (in this case, Psychotherapy). The contrast code A, (and its
corresponding contrast-coded predictor X;) then asks whether there is any difference
between Drugs A and B. We can verify that A, and A, are orthogonal by checking whether
the sum of their crossproducts equals zero. That is:

Z)LM)LZ,; 1(1) + 1(-1) = 2(0) + 1(1) + 1(-1) = 2(0)
k=1

=1-1+0+1-1+0
=0
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FIGURE 9.5 Hypothetical data of Figure 9.1 coded for two-way ANOVA

Group 1 Group 2 Group 3 Group 4 Group 5 Group 6

(AT) B7) (T AQ 6,0 (O

31 25 17 17 23 9

31 25 18 15 18 10

34 28 16 19 16 8
Mean 32 26 17 17 19 9

Group

Contrast codes Predictor 1 2 3 4 5 6
A, Drugs vs. Placebo X, 1 1 -2 1 1 -2
A, Drug Avs. Drug B X, 1 -1 0 1 -1 0
A;  Treatment vs. Control X5 1 1 1 -1 -1 =1
A, Interaction: A; x A5 X4 1 1 -2 -1 -1 2
As  Interaction: A, x A5 Xs 1 -1 0 -1 1 0

The orthogonality combined with the equal numbers of observations in each cell ensures
that the coded predictors X, and X, are uncorrelated or not redundant. With three levels
of the Drug categorical variable, we can only have two orthogonal codes so A, and A,
are sufficient for the one-way analysis of that variable.

There are only two levels of the Psychotherapy categorical variable, so we need
only one code. Hence, A, codes the contrast between receiving psychotherapy treatment
versus being in the control condition and provides the complete one-way ANOVA for
that variable.

So far we have only three codes, A, A,, and A, for the two separate one-way analyses
of the categorical variables, but five orthogonal contrast codes are required for the
complete analysis of six groups. To generate the other two necessary codes, we simply
multiply the contrast codes between the two categorical variables; that is, A, = A; X A,
and A; = A, X A;. These are the same kind of product terms we considered in Chapter
7 when we introduced the concept of interactions between variables. In the context of
two-way ANOVA these product terms ask especially interesting questions. The code
A4, the product of A, and A, asks whether the difference coded by A, (Drugs vs. Placebo)
depends on the level of psychotherapy (Treatment vs. Control). In other words, might
there be one drug effect for those receiving psychotherapy treatment and a different drug
effect for those in the control group. Similarly, A5, the product of A, and A, asks whether
the comparison coded by A, (Drug A vs. Drug B) depends on the level of Psychotherapy
(Treatment vs. Control). The order of multiplication is arbitrary, so either statement could
be reversed. That is, A, asks whether the effectiveness of psychotherapy (the Treatment
vs. Control difference) depends on whether the patient also received a drug or the placebo.
We consider the interpretation of interactions like these in greater detail later.

Note that we do not form a code by multiplying A, X A, because that would yield
another code for just the Drug categorical variable that could not be orthogonal to the
other two codes for that variable. However, the two codes formed from products, A, and
As, are orthogonal to each other and to the other codes. You may want to compute some
of the crossproducts to verify this claim. This gives a total of five orthogonal contrast
codes, precisely the number we need for the analysis of six groups.
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FIGURE 9.6 Data matrix for analyzing mood scores using multiple regression and two-way
coded predictors

Group Mood scores Predictors

©
<
Q

Psychotherapy Y X, X, X X, X

31
31
34
25
25
28
17 -2 0
18 -2 0
16 -2 0 1 -2 0

1

1

1

—_
U Y

17 1
15 1
19 1
23 1 -1 -1 -1 1
18 1
16 1
9 -2 0 -1 2
10 -2 0 2
8 -2 0 -1 2
Mean 20 0 0 0
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Figure 9.6 shows the data matrix that we can analyze with a multiple regression
program to model mood scores in terms of the X variables. That is, we can regress Y,
on X, to X;. Note again that the mean for each predictor is zero because we are using
contrast codes and there are an equal number of observations for each group.

Figure 9.7 presents the results of the regression analysis using the X contrast-
coded predictors. Note that the sum of squares for the augmented model including all
the predictors, and the ' and PRE for the omnibus test of the complete model are exactly
the same as when we used the Z predictors. This must be the case because in each analysis
we used a complete set of codes so that, as in one-way ANOVA, the predicted value
Y for each group is the mean ¥ for that group. If the predictions of the two models are

FIGURE 9.7 ANOVA table of the hypothetical mood scores using the model:
Yi=Bo+ BiXyi+ BXy + BaXsi+ BuXy + BsXsi + &

Source b; SS df MS F p PRE
Between groups 960 5 192.0 46.1 .0001 .95
Drug 453 2 226.5 53.9 .0001 .90
X 3.5 441 1 441 105.8 .0001 .90
X, 1.0 12 1 12 2.9 1 .19
Psychotherapy 450 1 450 108.0 .0001 .90
X5 5.0 450 1 450 108.0 .0001 .90
Drug x Psychotherapy 57 2 28.5 6.8 .01 .53
X, 0.5 9 1 9 2.2 16 15
X 2.0 48 1 48 1.5 .005 49
Within groups (MSE) 50.0 12 4.2
Total 1010.0 17
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the same, then the total error and the total error reduced must be the same. The only
difference in the two analyses is how that total error reduction is divided into separate
components. The X predictors ask different questions than the Z predictors, so the
individual error reduction associated with each of the X predictors differs from that of
the Z predictors, but the total error reduction must be the same.

There are nine PRE and F values in Figure 9.7. Each one corresponds to a comparison
between a particular Model C and a Model A. To understand the meaning of each test,
it is important to be precise about those models for each test. The omnibus test is reported
in the row labeled “Between groups” and represents the comparison between the
following two models:

MODEL A: Y, = By + BX); + BXy; + BsXy; + ByXy + BsXs; + &

MODEL C: Y, =B, + ¢

Hy: B =B,=B;=B,=Bs=0
This corresponding null hypothesis, equivalent to assuming that all the group means are
equal, is rejected by the large values of PRE and F.

The rows for each of the X; compare a Model A that uses all the contrast-coded

predictors to a Model C that includes all the predictors except X,. For example, the PRE
and F in the row labeled X, compare:

MODEL A: Y, = B, + BiX); + BoXy + B3 X5 + BXy + BsXs; t &
MODEL C: Y, =B, + BoXy; t By, + ByXy + BsXs T &
Hy: B,=0

We generated the predictors X; and X, as one-way codes for the Drug categorical
variable for the data matrix in Figure 9.1. The row labeled “Drug” in Figure 9.7 reports
the results from testing a model including all the contrast codes to one that omits both
the drug codes X, and X,. That is, we are comparing:

MODEL A: Y; = By + B X); + BXy; + B3Xy; + BuXy + BsXs; + ¢

MODEL C: Y, = B, + BsX5; + BXy + BsXs + &

Hy: Bi=B,=0
In other words, we are asking whether the predictions would suffer if we were to ignore
the Drug categorical variable. The large PRE and F indicate that we cannot ignore which
drug a patient received. In the traditional language of ANOVA, this is known as the test
of the main effect of the Drug categorical variable. In this case, we would conclude that
overall there is a statistically significant main effect for the Drug categorical variable.
Note that because X| and X, are uncorrelated in this instance, their sums of squares add
to produce the sum of squares attributable to both of them.

We prefer the single-degree-of-freedom tests of the focused comparisons X| and X,
to this global test of the drug effect because rejection of the hypothesis 8, = 8, = 0 is
ambiguous. We do not know which part of this multiple-degree-of-freedom hypothesis
is at fault. Maybe the global hypothesis is rejected because 8, = 0 or because 3, = 0 or
because both 3, and S, are not equal to zero. We present the omnibus test for the Drug
variable in Figure 9.7 not as a recommended practice, but only to show what hypothesis
is being tested by the “main effect” in the traditional approach to analysis of variance.
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Unfortunately, in the traditional approach usually only the omnibus tests in Figure 9.7
are presented in a source table. Doing so ignores readily available detailed information
about the data revealed by the single-degree-of-freedom contrast codes.

We can similarly assess the main effect for the Psychotherapy variable. In this case
there is only one code so that test is the same as the test of the null hypothesis that 3,
= 0. Finally, we can group together the two codes X, and X5, which we constructed from
products of other codes. Each of these two products involved one code for the Drug
categorical variable and one code for the Psychotherapy categorical variables. So, in the
traditional language of ANOVA, they are known together as the “Drug X Psychotherapy
Interaction.” Testing the Drug X Psychotherapy interaction is equivalent to comparing:

MODEL A: Y, = By + B X); + BXy; + ByX;; + ByXy + BsXs; + ¢

MODEL C: Y; = B, + BX); + BXy; + By X5, teg

Hy B,=Bs=0

A traditional ANOVA source table similar to the one in Figure 9.7 would contain
rows only for Drug, Psychotherapy, Drug X Psychotherapy, Within groups (or Error),
and Total. Such a source table, because it aggregates individual contrasts into more global
effects, omits information that is readily available in the individual contrasts. In other
words, the traditional ANOVA table fails to analyze the variance as much as is possible
using the focused comparisons of contrast codes.

Any standard multiple regression program can produce the analysis in Figure 9.7.
Equivalently, one can use the equations from Chapter 8 expressing the parameter
estimates and their corresponding sums of squares as a function of the contrast codes
and the cell means. As an illustration, we use the formulas to calculate the estimate b,
and its associated SSR. The coefficient that estimates 3, is:

Zk e
pI

1(32) + 1(26) - 2(17) + 1(17) + 1(19) - 2(9)
- P4 124+ (=22 + 12+ 12+ (=2)

b,

42

-—=-35
12

Then the sum of squared error reduced by including X, in the model along with all the
other predictors is:

zkllk )-/k
SSR, = g—l

2
,\,Alk/”k

[132)+ 1(26) - 2(17) + 1(17) + 1(19) - 2(9)°
- (P4 P2+ (=27+ 12+ 12+ (=2)2)/3

42?
1213

- 441
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Note that because two-way ANOVA is exactly the same as a one-way ANOVA with a
clever set of codes, the formulas and all other details from Chapter 8 apply unaltered to
two-way ANOVA. Thus, in terms of parameter estimates and statistical tests there is
nothing new that needs to be learned to do two-way ANOVA—it is exactly the same
as one-way ANOVA.

INTERPRETATION OF COEFFICIENTS

The one new difficulty introduced by the generalization of one-way ANOVA to two-
way and higher ANOVA is the interpretation of the coefficients. But it is simply an
interpretation problem and not a difficulty involving statistical procedures. And the
strategy for interpreting coefficients in two-way and higher ANOVA is the same as the
strategies we have developed in Chapters 7 and 8. The new difficulty is interpretation
of the coefficients for the predictor variables that code the interactions—the products
between one-way codes. Newcomers to ANOVA, whether using our approach or more
traditional approaches, often have initial difficulty understanding the concept of an
interaction. We therefore devote considerable attention in this section to the interpretation
of interactions. We do so by considering two different approaches to interpreting the
coefficients in a model with two-way codes such as those in Figure 9.5. Those two
approaches are (a) re-expression of the codes in terms of the cell means, as was done
in Chapter 8, and (b) interpretation of product predictors as changes in simple slopes,
as was done in Chapter 7. In each approach we also consider the interpretation of the
coefficients for predictors not involving products because interactions are best understood
in comparison.

Interpretation in Terms of Cell Means

The interpretation of the parameter estimates associated with the X predictors proceeds
in the same manner as for any set of predictors in the one-way analyses of Chapter 8.
The surprisingly large values, relative to Model C being correct, of F ;, = 105.8 and
PRE = .95 for X, reject the null hypothesis that 8, = 0. To see exactly what the rejection
of this null hypothesis means, we express 3, in terms of the contrast code using the
equation from Chapter 8 that expresses the parameter estimate as a function of the codes
and the cell means. That is, an equivalent statement of the null hypothesis 8, = 0 is:

= Z"ﬂlkﬂk= Moar + Mpr = 2ipr + e + Mee = 2pc =
12
DM

where u,, represents the true but unknown mean for the group that received Drug A
and participated in Psychotherapy treatment, etc. Doing a little algebra (multiplying by
12 and moving the terms for the placebo conditions to the right side of the equation)
yields the following equivalent statement of the hypothesis:

0

1

Mrt Rge T tprt ppe = 2(pr + Hpe)
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Dividing each side of this equation by 2 gives:

Mar + Myc N Mpr + Mpc _ Z(MPT + IU’PC>
2 2 2

If we let u, = (m,r + mye)/2, which is the mean of the Drug A conditions averaged
(indicated by the dot) across both the Treatment and Control levels of the Psycho-
therapy variable, w, = (ugr + )2 and up = (pr + wpe)/2, then the null hypothesis
reduces to:

Hy: py + g = 2pp

Dividing each side of this equation by 2 gives:

My + Mp —u
> P

That is, concluding that 8, = 0 is equivalent to concluding that the average of the drug
conditions combined is not equal to the average for the placebo groups, ignoring whether
the patients received psychotherapy treatment or not. Thus, unlike the ambiguous
conclusions using the Z contrast codes, rejection of the null hypothesis for B, clearly
implies that the mood scores for the drug groups, on average, differed from the mood
scores of the placebo groups. With experience it is usually easy to go directly from the
contrast codes to a statement of the null hypothesis without doing the formal derivation
as above. For example, the (1, -1, 0) code for X, compares the Drug A groups with the
Drug B groups so that the null hypothesis 8, = 0 is equivalent to the following null
hypothesis:

Hy py —pp =0 or Hy:py = pg

The direction and magnitude of a difference revealed by rejecting the null hypothesis
is given by b, the estimate of B, For X, this estimaAte is b, = 3.5. As with all regression
coefficients, this means that our model prediction Y; increases, on average, by 3.5 units
for each unit increase in X;. The change on X, from the placebo groups (X, =-2) to the
drug groups (X, = 1) is a change of 3 units, so the predicted difference between the
placebo and drug groups is 3 X 3.5 = 10.5. Indeed, the average of the four drug groups,
(32 +26 + 17 + 19)/4 = 23.5, exceeds by 10.5 the average of the two placebo groups,
(17 +9)/2 = 13. Figure 9.8(a) depicts graphically the means compared by the first contrast.

We cannot conclude in this analysis that the estimate b, = 1.0 for B, is reliably
different from zero. Nevertheless, it is useful to interpret it to see which means are not
significantly different from one another. On X, there is a two-unit difference between
those taking Drug B and those taking Drug A, regardless of whether they were also
receiving psychotherapy treatment or not. Thus, the mood scores of those taking Drug
A are 2 X 1 =2 points higher than the mood scores of those taking Drug B, but this
difference is not statistically significant. Figure 9.8(b) depicts this comparison graphically.

The coefficient b, = 5.0 is significantly different from zero. The predictor X; codes
the difference between the two psychotherapy groups, so we can conclude that, on
average, there is a significant difference between the mood scores of those receiving
treatment compared to those in the control group. That is, we can reject the null
hypothesis:
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Hypr=pc

where the dots in the subscript indicate that we averaged across levels of drug. To be
specific about the amount of difference in mood scores between receiving psychotherapy
versus not, we need to interpret the meaning of the estimate b, = 5.0 as before. There
is a two-unit difference on X; between receiving Treatment (X; = 1) and receiving the
Control (X; = —1). Thus, the predicted average difference between the two groups is
2 X 5=10. Indeed, the average of the three groups receiving Treatment (32 + 26 + 17)/3
= 25, exceeds by 10 the average of the three Control groups (17 + 19 + 9)/3 = 15. Figure
9.8(c) depicts these means and their comparison.

Even though the coefficient for b, = 0.5 is not significantly different from zero, its
interpretation provides a good introduction to understanding interactions: products of
contrast codes. We begin by considering the full expression for B, in terms of the
unknown means:

A
B Zk Ak _ Mar+ Mpr— 2kpr = Mac = Mpc + 2ipe B
), = = =
12
Zk'l“zk

Except for the signs on the last three terms, this is very similar to the expression for B,
above. Putting the T and C terms on opposite sides of the equation gives:

0

Mt + Mpr = 2ihpr _ Mact Mpe = 2upc
12 12

Dividing the numerators and denominators on both sides by 2 yields:

1[MAT+MBT_ ]=l|:/-LAC+/-LBC_ ]
6 5 Hpr 6 B Mpc

Note that the terms in each of the two brackets are identical to the question asked by
the first code: Is there a difference in mood scores between those taking either drug
compared to those taking the placebo? The first coded predictor X, asked whether there
was a difference regardless of whether the patient was also receiving psychotherapy
treatment or not. The interaction code X, = X; X X; asks whether that difference,
whatever it might be, is the same for those receiving psychotherapy treatment:

Mur + Mpr
T = Mpr

as it is for those in the control condition:

Mac + Mse _

B Mpc

In other words, the null hypothesis for this and all interactions is whether two differences
are equal. Different differences imply an interaction. Figure 9.8(d) depicts the means
and differences involved in this comparison. For the Treatment groups, the means for
those receiving a drug (either A or B) are 32 and 26 (the top-left oval) and their mean
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of 29 differs from the mean of the Treatment group taking the placebo (17) by 12 points.
For the Control group, the mean of those taking either Drug A or Drug B (the top-right
oval) is (17 + 19)/2 = 18, which exceeds the mean of those taking the placebo (9) by 9
points. The statistical test for 3, is therefore equivalent to asking whether these two
differences—12 for the Treatment group and 9 for the Control group—are significantly
different from each other. Or, equivalently, whether the difference of the differences
(12 — 9 =3) is significantly different from zero. In this case, because we could not reject
the null hypothesis that 8, = 0, we also cannot reject the null hypothesis that the Drug
versus Placebo difference is the same for the Treatment group as it is for the Control
group. Note that the algebra above shows that the estimated coefficient b, = 0.5 equals
one-sixth of the difference of the differences. Indeed, 0.5 X 6 = 3, which is the difference
of the differences depicted in Figure 9.8(d).

The algebra to determine which differences are being compared in an interaction
may seem complicated at first, but again with experience it is usually easy to jump
from the code to a specification of the differences being compared. For example, X, =
X, X X; so the null hypothesis:

Hy: B;=0

is equivalent to testing whether the difference coded by X,—the difference between those
taking Drug A versus Drug B—depends on the level coded by X;, whether the patient
is in the Treatment or Control groups. Thus, the equivalent null hypothesis is:

Ho: mar— mpr = tac — Mpe

In words, the null hypothesis is that the difference between Drugs A and B is the same
for those receiving Psychotherapy treatment as it is for those in the Control group.
Knowing that b = 2 is reliably different from zero allows us to conclude that the drug
effect is different for those receiving treatment than for those in the control group. Figure
9.8(e) depicts this difference and shows its magnitude. For those receiving Treatment,
the difference in mood scores for those taking Drug A compared to those taking Drug
B equals 32 — 26 = 6, whereas for those in the Control group the difference is in the
other direction: 17 — 19 = -2. The difference of the differences is 8 and is significantly
different from zero. Note that although it appears that Drug A is better for those receiving
Treatment but Drug B is better for those in the Control group, we have no statistical test
of these two individual differences. In other words, we do not know whether the drug
difference of 6 for the Treatment group or the difference of —2 for the Control group
differs significantly firom zero. We simply know that 6 is significantly different from —2.
We return later to address the specific question of whether there are significant differences
between the drugs within each treatment condition.

In Chapter 7 we noted that we can always interpret an interaction with either
variable in the product as the focal variable. The same is true for products of categorical
predictors. Thus, we can focus on whether the Treatment versus Control difference is
the same for those taking Drug A as it is for those taking Drug B. That is, the null
hypothesis is:

Ho t myr— e = Hpr— mpe

Figure 9.8(f) depicts this way of viewing the same interaction depicted in Figure 9.8(¢)
and displays the differences being compared. For those receiving Drug A, the
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Treatment—Control difference equals 32 — 17 = 15, but for those receiving Drug B the
difference is only 26 — 19 = 7. The difference of the differences is 15 — 7 = 8, the same
as before, as it must be. In other words, Treatment is more effective if one takes Drug
A instead of Drug B. We therefore have two equivalent interpretations for the interaction
implied by rejecting the null hypothesis that 8; = 0. Indeed, for any interaction there
will be multiple ways to express it. It will often help to understand the interaction if all
the possible interpretations are considered, but it is important to realize that they are all
equivalent statements of the same effect.

Interpretation in Terms of Slopes

It is also useful to examine the coefficients for two-way contrast-coded predictors using
the same procedures we developed in Chapter 7 for multiple regression models involving
product terms. We begin with the estimated equation for Model A:

Y=20+3.5X, + X, + 5X; + 0.5X, + 2X,
Then we substitute for the product definitions (X, = X .X; and X; = X,X;) to get:
Y =20 +3.5X, + X, + 5X, + 0.5X X, + 2X,X,

Next we regroup the terms to express the “simple” linear relationship between Y and
one of the three predictors X;, X,, or X;. We will begin with X;; regrouping terms yields:

Y=(20+3.5X, + X)) + (5 + 0.5X, + 2X,)X,

which expresses the “simple” linear relationship between Y and X;. The term in the first
set of parentheses represents the intercept (given specific values of X, and X,), and the
term in the second set of parentheses represents the slope (i.e., as always, the change in
Y given a unit change in X, given specific values of X; and X,). Remember that X; codes
whether or not the patient received psychotherapy treatment, so this linear relationship
reflects the effectiveness of treatment versus control—the steeper the slope, the more
effective the treatment relative to the control.

To understand the equation expressing Y as a linear function of X;, we begin by
examining Figure 9.9, which displays the relationship between Y and X; when X, =0
and X, = 0.

Both X, and X, are contrast-coded predictors with an equal number of observations
in each cell, so average values of X| and X, are zero; hence, the line in Figure 9.9 depicts
the average relationship between Yand X;. For X, =0 and X, = 0, the relationship between
Y and X, reduces to:

Y=20+5x%3

The intercept of 20 is, as always, the predicted value when X; = 0. Although X; is
never zero (it is either +1 or —1), its average value is zero. Hence, we can interpret the
intercept as the average value across levels of X;. Indeed, 20 is the grand mean for these
data. The slope for X; is 5, which implies that for every unit change in X; the predicted
value ¥ changes by 5. The two-unit change from X; =—1 (Control) to X; = +1 (Treatment)
predicts a change in Y (mood scores) of 2(5) = 10 points. This, as it must be, is the same
interpretation we obtained for b; = 5 in terms of cell means. On average, ignoring the
Drug condition, those receiving Treatment had mood scores 10 points higher than those
in the Control condition.
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FIGURE 9.9 Simple relationship between Y and X; when X, =0 and X, = 0
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What happens to the simple relationship between Y and X; if we do not focus on
the average relationship, but instead allow X; and X, to be different from zero? The
intercept term in the “simple” relationship is:

(20 +3.5X, + X,)

so if X; = 1 (indicating Drug A or B) then the intercept will increase by 3.5 points and
if X, =-2 (indicating Placebo) then the intercept will decrease by 7 points. These represent
the changes in Y due to X, , when X; equals zero (which it does equal on average). On
average, then, Y for the four drug groups ought to be 3.5 + 7 = 10.5 points higher than
Y for the two placebo groups. That is, on average, mood scores for those receiving Drug
A or B are 10.5 points higher than for those in the Control group. This is necessarily
the same interpretation we obtained in terms of cell means. Similarly, for X, =+1 (Drug
A), X, = 0 (Placebo), and X, = —1 (Drug B), the intercept increases, stays the same, or
decreases. These changes in Y (mood scores) are similarly interpreted.

Now we turn to the slope in the “simple” relationship between Y and X; and observe
what happens when X, and X, are not equal to zero. The slope term is:

(5 +0.5X, +2X,)

so the slope relating ¥ and X, changes as a function of both X, and X,. If X, = +1 (Drug
A), then the slope for the prediction increases by 2 X 1 = 2 units. If X, = -1 (Drug B)
then the slope decreases by 2 X —1 =2 units. The steepness of the slope for X; represents
the relative effectiveness of Treatment versus Control. Hence, the steeper slope for Drug
A indicates that the relative effectiveness of Treatment versus Control is greater for Drug
A than for Drug B. This is the essence of any ANOVA interaction. If there is an
interaction, the effect of one categorical variable depends on the level of another
variable. In this case, the relative effectiveness of Treatment depends on whether the
patient is taking Drug A or Drug B.

Similarly, different values of X also yield different slopes. If X; = +1 (either Drug
A or B), then the slope for X; increases slightly by b, = 0.5 units, and if X; =2 (Placebo)
then the slope decreases by 0.5(-2) = —1 units. However, b, = 0.5 is not statistically
different from zero so there is no evidence that the Treatment versus Control difference
depends on whether any Drug was administered (X; = —1) as compared to the Placebo.
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Figure 9.10 depicts the changes in the intercept and the slope for X; as X, and X,
change. Clearly, the different values of X; (Drug versus Placebo) yield noticeably
different intercepts, but the changes in the slope for X; (Treatment versus Control) due
to changes in X, are minimal. Although it may not appear to be the case, the slope for
the bottom line (X; = -2, or Placebo) is slightly flatter than the average of the slopes
of the top two lines (X, = +1, Drugs). In contrast, the intercept changes due to X, (Drug
A versus Drug B) are noticeable but much smaller than those due to X; (any Drug versus
Placebo). However, the slope changes due to X, are obvious. Indeed, the lines cross
within the range of values used in this study. That is, mood scores are higher for Drug
A (X, = +1) than for Drug B (X, = —1) for those receiving Treatment (X; = +1). For
those in the Control condition (X; = —1) the reverse is true—mood scores for Drug B
are higher than those for Drug A. These differences in slopes are the essence of an
interaction.

Similar to the above 1nterpretat1on of the augmented model in terms of the 51mple
linear relationship between ¥ and X;, we could also do the interpretation in terms of Y
and X,. Although the interpretation of the interaction between X, and X; must necessarily
be equivalent, the alternative interpretation in terms of the relationship between Y and
X, may produce different insights. We do not provide that interpretation here, but it is
recommended as an exercise for the reader to construct and interpret the relevant graph
similar to Figure 9.10. Finally, we could do the interpretation in terms of the simple
linear relationship between Y and X,. However, that is unlikely to be useful for these
data because the only interaction involving X, is X, = X; X X; and the coeftficient b, for
that interaction was not significantly different from zero.

Summary of Interpretation

Although both interpretation strategies yield the same interpretation, each is useful for
providing a slightly different perspective. For interpreting a given ANOVA, you should
use as many of the strategies as necessary until a clear interpretation of the model emerges.
Below we suggest a summary interpretation that one might include in a research report:

On average, both drug treatments produced higher mood scores (M = 23.5) than
did the placebo (M = 13), PRE = .90, F(1, 12) = 105.8, p < .0001. There was not
a statistically significant difference in the average mood scores produced by Drug
A (M =24.5) versus Drug B (M =22.5), PRE=.19, F(1,12)=2.9, p=.11. Averaged
across all three drug conditions, patients receiving psychotherapy treatment had
higher mood scores (M = 25) than did those in the control group (M = 15), PRE =
.90, F(1, 12) = 108, p <.0001. However there was a significant interaction between
type of drug administered (A versus B) and whether or not the patient received
psychotherapy treatment, PRE = .49, F(1, 12) = 11.5, p <.005, such that Drug A,
relative to Drug B, produced an increase in mood scores of 6 points for those
receiving treatment, but a slight decrease of 2 points for those in the control group.

Useful adjuncts to the above journal summary are graphs of the cell means (which of
course are also the predicted values for the full model) as a function of the drug and
psychotherapy variables. Figure 9.10 (which we developed in the section on interpreting
slopes) and Figure 9.11 present two views of these data. In Figure 9.10, the differences
between the lines for the drug treatments represent the “Drug” differences. In particular,
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FIGURE 9.10 Simple relationship between Y and X; for different values of X, and X, (filled
circles represent cell means)
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FIGURE 9.11 Cell means for mood scores by drug and psychotherapy treatment
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the relatively large difference between the two lines for Drug A and Drug B and the
line for Placebo corresponds to the large value for b,, and the small difference between
the Drug A and Drug B lines corresponds to the small value for b,. That the three lines
for the drug treatment groups are not parallel—the differences between lines are not
constant— indicates the interaction between the drug and psychotherapy variables. In
particular, the crossing of the Drug A and Drug B lines corresponds to the statistically
significant value of b; (X; = X,X;), which asks whether the difference between the
Drug A and Drug B lines is constant or dependent on whether the patient was in the
Treatment or Control groups. The relatively large difference between the two treat-
ment lines in Figure 9.11 similarly corresponds to the large value of b, and the non-
parallelism corresponds to the statistically significant value of b;. Each of these graphs
depicts the interaction, but from different perspectives, just as we were able to examine
the interaction from different perspectives in each of the interpretation strategies presented
above.
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HIGHER ORDER ANOVA

Our strategy for two-way ANOVA was to generate an appropriate set of contrast codes
reflecting that two-way structure and then do the statistical analysis exactly as we did
for one-way ANOVA. We can use that same strategy when we have three or more
categorical predictor variables. Once we have an appropriate set of contrast codes for
an experimental design with more than two categorical variables, the statistical analysis
proceeds just as before. We therefore only need to learn a procedure for generating the
appropriate codes. That procedure is a generalization of the same procedure we used for
two-way ANOVA. For a factorial design of ¢ categorical variables, the appropriate
contrast codes are constructed according to the following rules:

1. For each of the g categorical variables, develop a set of orthogonal one-way contrast
codes.

2. For each pair of categorical variables, construct additional contrast codes by
multiplying all possible pairs of contrast codes, one from each categorical variable.

3. For each triple of categorical variables, construct additional contrast codes by
multiplying all possible triads of contrast codes, one from each categorical variable.

4. Continue this procedure for each quadruple, quintuple, etc., until products are
formed using codes from all ¢ categorical variables simultaneously.

If ky, k,,. . ., k, are the respective number of categories for each of the g categorical
variables, then the above algorithm for generating contrast codes will produce the
complete set of k; X k, X ... X k,— 1 orthogonal contrast codes.

As an example, suppose we also wanted to use the patient’s gender as a predictor
variable in the study of mood scores. Figure 9.12 shows the design of such a study with
12 groups, for which we will need 11 orthogonal contrast codes. We can use the five
contrast codes we have already specified for the Drug by Psychotherapy design. Let A
be the code for gender, with —1 indicating males and +1 indicating females. Then we
need to form the products between that code and each code from the other variables.
For the Drug by Gender interactions:

A=A X Ag

Ag = Ay X Ag
and for the Psychotherapy by Gender interaction:

Ay =y X Ag
Finally, for the Drug by Psychotherapy by Gender three-way interactions, we form the
products of each triple of categorical codes:

A=Ay X A3 X Aq

A=A X Ay X A
This provides the 11 orthogonal contrast codes required by the 12 groups of the three-
way design. Figure 9.13 shows the codes for each group. Select some codes and verify

that they sum to zero as required for contrasts. Select several pairs of codes and verify
that their crossproducts sum to zero as required by orthogonality.
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FIGURE 9.12 A three-way factorial design: Drug (3) by Psychotherapy (2) by Gender (2)

Gender
Male Female
Psychotherapy Psychotherapy
Drug Control Treatment Control Treatment
A
B
Placebo

FIGURE 9.13 Orthogonal contrast codes for the three-way design of Figure 9.12

Group

ACM BCM PCM ATM BTM PTM ACF BCF PCF ATF BTF PTF
A 1 1 -2 1 1 -2 1 1 -2 1 1 -2
Ay 1 -1 0 1 -1 0 1 -1 0 1 -1 0
A3 -1 -1 -1 1 1 1 -1 -1 -1 1 1 1
Ay = AAg -1 -1 2 1 1 -2 -1 -1 2 1 1 -2
As = AN, -1 1 0 1 -1 0 -1 1 0 1 -1 0
Ag -1 -1 -1 -1 -1 -1 1 1 1 1 1 1
A = AAg -1 -1 2 -1 =1 2 1 1 -2 1 1 -2
Ag = A -1 1 0 -1 1 0 1 -1 0 1 -1 0
Ag = A3Ag 1 1 1 -1 -1 -1 -1 -1 -1 1 1 1
Ao = MAsAg 1 1 -2 -1 -1 2 -1 -1 2 1 1 -2
Ay =AM 1 -1 0 -1 1 0 -1 1 0 1 -1 0

Interpretation of the one-way codes A,,A,,A;, and A and the two-way codes A,,Ag,A;,Ag,
and A, use the same strategy illustrated for interpreting codes in two-way ANOVA. The
three-way codes A, and A, ask whether a given two-way interaction depends on the level
of the third variable. For example, we can represent A,, = A;A;A4 as A A5 X A, asking
whether the two-way interaction of A, (Drug versus Placebo) by A, (Treatment versus
Control) is the same for each level of A, (Female versus Male). Equivalently, the
representation A, = A;A; X A, shows that the three-way interaction equally asks whether
the two-way interaction of A, (Drug versus Placebo) by A (Female versus Male) depends
on the level of A (Treatment versus Control). Finally, the representation A;, = A;A¢ X A,
asks whether the two-way interaction of A, (Treatment versus Control) by A, (Female versus
Male) depends on the level of A, (Drug versus Placebo). At a fundamental level, these
three questions are the same. However, depending on the focus of the study (is it about
drug effects, psychotherapy effects, or gender differences?), one representation of each
three-way interaction will be most appropriate to report.

The global tests, as for one-way ANOVA, are not generally as useful as the focused
questions represented by the one-degree-of-freedom contrasts. However, the testing of
interactions is one instance for which global tests are sometimes useful. The proliferation
of interaction contrasts in factorial designs makes testing and interpreting individual
contrasts unwieldy. Interpretations of three-way and higher order interactions are often
so theoretically ad hoc that some data analysts recommend examining only those
interactions having a priori theoretical predictions. If the higher order interactions are
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not expected and not to be examined, then it might be better to eliminate them from the
analysis, using only those contrasts that will be considered. This effectively includes
those eliminated interaction contrast codes in the “Error” term of the source table. Rather
than eliminating the higher order interactions outright, a more conservative strategy that
is frequently recommended is to do a global test of the higher order interactions and
then pool those contrasts in the Error term only if the null hypothesis is not rejected for
the global test. This strategy protects against missing something very unusual in the data
while greatly simplifying the data analysis and its presentation. An extra benefit is that
the statistical power of the other contrasts will be increased if the F' for the higher order
interactions is < 1, because then more will be gained by adding degrees of freedom to
the within-group (Error) term than will be lost by adding extra SS in that term.

When eliminating interaction terms one must remember the rule from Chapter 7
that products represent interactions only if all the components of the product are also
included in the model. This implies, for example, that if the three-way interactions are
retained, then none of the one-way contrasts can be eliminated. Less obviously, it also
implies that none of the two-way contrasts can be eliminated because, as illustrated above,
any three-way interaction can be represented as the product of any of the two-way
interactions and one of the one-way contrasts.

OTHER DETAILS IN FACTORIAL ANOVA

In all other details factorial ANOVA with two or more categorical variables is exactly
the same as one-way ANOVA with one categorical variable. Specifically, confidence
intervals, problems with nonorthogonal codes, handling unequal numbers of observations
in each group, source tables, computational formulas for b; and SSR; for contrast-coded
predictors, planned and post hoc comparisons, and statistical power are exactly the same.
However, we provide additional details on two issues—asking other questions and
assessing statistical power—in order to highlight some issues that frequently arise in
factorial ANOVA.

Asking Other Questions

It is sometimes not possible to generate a set of orthogonal contrast codes addressing all
the theoretical questions that one might want to ask of a given set of data. This is often
true for questions that span two or more categorical variables. The strategy above for
generating codes for a standard factorial design allows choice of the one-way codes for
each categorical variable but then determines the remaining interaction codes as products
of those one-way codes. Those products may not ask the most relevant theoretical questions.
For example, in a 2 X 2 design there is only one choice (+1, —1) for each one-way code,
so there is no choice for the interaction code, which must be the product of the two one-
way codes. Thus, the necessary codes for two variables A and B are:

AB, AB, A,B, A,B,
A 1 1 -1 -1
A, 1 -1 1 -1
A, 1 -1 -1 1
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The interaction code A; asks whether the average of the 4,8, and 4,B, groups equals
the average of the other two groups. However, the theoretical question of interest might
be whether the mean of one group, say 4,B,, differs from the average of the other three
groups. For example, the research hypothesis might be that both 4, and B, must be present
for an effect to exist. If so, the code of interest is [-1, —1, —1, 3]. This is not an interaction
because it cannot be represented as the product of two contrast codes, one for each
categorical variable. Nevertheless, if it is the question of interest, then it should be asked.
We can compute its SSR with the usual formula and then compare it as a planned
comparison (as in Chapter 8) to the mean within-group error (MSE) resulting from the
analysis of variance using A, through A,. Or, if that question is the focus of the study,
one may simply ignore the factorial structure of the design and analyze the data using
a set of one-way codes for four groups.

Other questions may also present themselves after the initial analysis. We can use
the same post hoc c